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General definition

Let
(X , Y ) couple of continuous random variables
Joint density f
Marginal densities fX , fY
y such that fY (y) > 0

Then the conditional density of X given Y = y is defined by

fX |Y (x | y) = f (x , y)
fY (y)

Definition 21.
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Justification of the definition

Heuristics: fX |Y (x | y) can be interpreted as

fX |Y (x | y) dx = f (x , y) dxdy
fY (y) dy

ƒ P (x Æ X Æ x + dx , y Æ Y Æ y + dy)
P (y Æ Y Æ y + dy)

= P (x Æ X Æ x + dx | y Æ Y Æ y + dy)

Use of the conditional probability: compute probabilities like

P (X œ A| Y = y) =
⁄

A
fX |Y (x | y) dx

Rigorous definition: see MA 539
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Simple example of continuous conditioning (1)

Density: Let (X , Y ) be a random vector with density

e≠ x
y e≠y

y 1(0,Œ)(x) 1(0,Œ)(y)

Question: Compute
P(X > 1| Y = y)
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f(x,y) =

Strategy : (i) Compute fr (y)
(ii) compute Axixlys = fil,
(iii) ComputeP(X711= y)= (, fx (ly)dk
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Recalling the main densities
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Step (ii) Compute
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fxv(x(y)= f(xyy)
↳ fr(y) e-
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Step (iii) We wish to compute

P(X)1(V= y)
= 19 Axir(x(y)dx
=1 ch

= P(z) 1)
,
with zety)

=
e- (Formula for tails of E(ty)

Otherwise : N(X> 1 1V= y)

= - ey) = e
--



Simple example of continuous conditioning (2)

Marginal distribution of Y : We have

fY (y) =
⁄ Œ

0
f (x , y) dx

= e≠y

y
3⁄ Œ

0
e≠ x

y dx
4

1(0,Œ)(y)

= e≠y 1(0,Œ)(y)

Conditional density: For y > 0 we have

fX |Y (x | y) = f (x , y)
fY (y) = e≠ x

y

y 1(0,Œ)(x)

Namely L(X | Y = y) = E( 1
y )
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Simple example of continuous conditioning (3)

Conditional probability:

P(X > 1| Y = y) =
⁄ Œ

1
fX |Y (x | y) dx

=
⁄ Œ

1

e≠ x
y

y dx

= e≠ 1
y
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Characterizing r.v by expected values

Notation:
Cb(R2) © set of continuous and bounded functions on R2.

Let X = (X1, X2) be a r.v in R2. We assume that

E[Ï(X1, X2)] =
⁄

R2
Ï(x1, x2) f (x1, x2) dx1dx2,

for all functions Ï œ Cb(R2).

Then (X1, X2) is continuous, with density f .

Theorem 22.
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Application: change of variable

Problem: Let
X = (X1, X2) random variable with density f .
Set Y = h(X ) with h : R2 æ R2.

We wish to find the density of Y .
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Application: change of variable (2)

Recipe: One proceeds as follows
1 For Ï œ Cb(R2), write

E[Ï(Y )] = E[Ï(h(X ))] =
⁄

R2
Ï(h(x1, x2)) f (x1, x2) dx1dx2.

2 Change variables y = h(x) in the integral.
After some elementary computations we get

E[Ï(Y )] =
⁄

R2
Ï(y1, y2) g(y1, y2) dy1dy2.

3 This characterizes Y , which admits a density g
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Polar coordinates of Gaussian vectors (1)

Standard Gaussian vector in R2: Consider
X , Y ≥ N (0, 1), with X ‹‹ Y
Z = (X , Y )

Polar coordinates: Set

(X , Y ) = (R cos(�), R sin(�))

Question:
Find the joint density of (R , �)
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Model

~ N(0
,
1) = x()= Ge

Y ~W(0
,
1) = fv(y)= -

XHy

=> z = (X ,%) has density

f(x,y) = f x (x)fx(y)
= -ex
= 2iexp -z(+yz



fly) = 2i exp -z(+yz

General formula
We set (x= rcos(0) rsin(0)) =g -(r,d)
Then the density in Nois
h(r

,
d) = f(g+ (r,01) [ (r,0) 101=g(u))

Here (Ox(0) +(in t(01= 1

· f(g+(r,0))= exp)-z(v(0+ r 2 sin0))

= -Er



· x= (rcos(o) , rancoll

=> 5) r,0 = Ider
=

cos(o) -rschlos

sino) ~ coslos

= r ((Ox(0) + <ch> (01)

= v = J(r,0)



· Recall x = rcos(o) y = rsino)

e We get r >o

Of(0
,(n)

O
x

conclusion.Thedensity for (R ,$1 is

h(r
,
0)= e*= r + 1(0m, (5) 1,g(r)



Polar coordinates of Gaussian vectors (2)

Decomposition of the expected value: For Ï œ Cb(R2),

E [Ï(R , �)] = E
Ë
Ï(R , �) 1(Y >0)

È
+ E

Ë
Ï(R , �) 1(Y <0)

È

© A+ + A≠

Expression for A+:

A+ = E
C

Ï

A

(X 2 + Y 2)1/2, tan≠1
A

Y
X

BB

1(Y >0)

D

=
⁄

R◊R+
Ï

3
(x2 + y 2)1/2, tan≠1

3y
x

44 e≠ x2+y2
2

2fi
dxdy
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Polar coordinates of Gaussian vectors (3)

Change of variable for A+: Set

x = r cos(◊), y = r sin(◊) =∆ J(r , ◊) = r

Then

A+ =
⁄

R+◊(0,fi)
Ï(r , ◊) r e≠ r2

2

2fi
drd◊

Change of variable for A≠: We find

A≠ =
⁄

R+◊(fi,2fi)
Ï(r , ◊) r e≠ r2

2

2fi
drd◊
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Polar coordinates of Gaussian vectors (4)

Expression for the expected value:

E [Ï(R , �)] =
⁄

R+◊(0,2fi)
Ï(r , ◊) r e≠ r2

2

2fi
drd◊

Joint density for (R , �):

f (r , ◊) = 1
2fi

1(0,2fi)(◊) ◊ r e≠ r2
2 1R+(r)

Otherwise stated:
R ≥ Rayleigh, � ≥ U([0, 2fi])
R ‹‹ �

Samy T. Joint r.v Probability Theory 69 / 85



Change of variable: general result (repeated)

Let
X = (X1, X2) continuous random variable
Density: fX
g di�eomorphism of R2

Y = g(X )

Then Y has a density fY given by

fY (y) = fX
1
g≠1(y)

2
J(y) 1{y=g(x) for some x}

Theorem 23.
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