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© Conditional distributions: continuous case
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General definition

r—[Definition 21.} \
Let
@ (X, Y) couple of continuous random variables

@ Joint density f
@ Marginal densities fx, fy
e y such that fy(y) >0

Then the conditional density of X given Y = y is defined by

f(x,y)
fy(y)

fxiy(xly) =
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Justification of the definition

Heuristics: fx|y(x|y) can be interpreted as

flx, y) ddy
fy(y) dy
P(x<X<x+dx,y<Y<y+dy)
P(y <Y <y+dy)
= P(x<X<x+dx|ly<Y<y+dy)

fxv (x| y) dx

Use of the conditional probability: compute probabilities like
P(XEAlY=y)= /A v (x| y) dx

Rigorous definition: see MA 539
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Simple example of continuous conditioning (1)

Density: Let (X, Y) be a random vector with density
- e ve
!(2‘-,(0) - T 1(0,00) (%) L(0,00) ()

Question: Compute

P(X>1Y =y)
Stralegy: (0) Cmple  fy(y) 4
(ic) Cmple  fay(zhy = S

(e ) Cnple PCX>101v=9)= 7 4y (219) dx
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Simple example of continuous conditioning (2)

Marginal distribution of Y: We have
fr(y) =

-y 00 x
= </o e dX> Lio,00)(¥)
= e’ 1(0,00) (.y)

f(x,y)dx

k‘mﬁ

Conditional density: For y > 0 we have

fxiy(x]y) =

Namely L(X|Y =y) = 5(%)
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Simple example of continuous conditioning (3)

Conditional probability:

PX>1Y=y) = / v (x| y) dx
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Outline

@ Joint probability distribution of functions of random variables
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Characterizing r.v by expected values

Notation:
Cy(R?) = set of continuous and bounded functions on R2.

r—[Theorem 22.}
Let X = (X1, X2) be a r.vin R?. We assume that

Elp(X0, )] = [ ¢,) (. ) dadie,

for all functions ¢ € Cp(IR?).

Then (X1, X3) is continuous, with density f.
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Application: change of variable

Problem: Let
e X = (X1, Xz) random variable with density f.
e Set Y = h(X) with h: R?> — R2.

We wish to find the density of Y.
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Application: change of variable (2)

Recipe: One proceeds as follows
@ For ¢ € Co(R?), write

El(YV)] = E[p(h(X))] = [ ¢(h(a, ) (1, ) dad

@ Change variables y = h(x) in the integral.
After some elementary computations we get

E[o( )]—/ ©(y1,y2) 8(y1, y2) dyrdys.

© This characterizes Y, which admits a density g
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Polar coordinates of Gaussian vectors (1)

Standard Gaussian vector in R?: Consider
e X, Y ~N(0,1), with X 1L Y
o Z=(X,Y)

Polar coordinates: Set

(X,Y) = (Rcos(©), Rsin(©))

Question:
Find the joint density of (R, ©)

Probability Theory 6685



Todel

X w WO = £elx) = 23 e %
Yo WoN = f(y)- z= ot
X LY

= 2:- (%Y%) hy denly

Z[L‘g |’ c{x(l-) :{Y(‘j)
-&,




frg) = Zr ep(-3 @)
Gerneml formuta

we et (x= ras(®) - run®)
Thew He denily 1{,0/(j &) 1

1( r,6l= { (9-'(56) ) S(Ca)ﬁ@m.—g(w))

Here. Z(6) +)nt© )= |

. {(gd(r,ﬁ) ) - Z% @(P('z' (rtcy6+ r? xn*e ))

_ 4 -3re
S



. 12=(ro®), rone))

= 3(re)- /der(% %’é) |
3 2

@»®) -r xne)

—
—

Ion@) r co(®©)

= r( o4O +x?®))
Y = 3(”,6)

)




Rl z =rw®) y= )

) We g r=o
<C
L/ , O €(0d)

nclwaor . The denrly 4)" R,®) 0

M (r0)- = eFore 4 (0.20)(®) 4y, (1)




Polar coordinates of Gaussian vectors (2)

Decomposition of the expected value: For ¢ € Cp(R?),

E[p(R,©)] = E[¢(R,©)1(v=0)] +E [p(R,0) Ly<o)]
= AL+ A

Expression for A, :

Y
A+ = E |ﬁ0 ((X2 + Y2)1/2,tan_1 (Y)) 1(Y>O)]

= / © ((x2 +y*)2 tan"? (Z)> € dxdy
RxR, X 2T
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Polar coordinates of Gaussian vectors (3)
Change of variable for A,: Set

x = r cos(f),

y=rsin(0) = J(r,0)=r
Then ,
re =z
A :/ 9 drdf
* Ry x(0,7) w(r.9) 27 :

Change of variable for A_: We find

N

r

A= (r,0) 5~ drdo
T R+X(7r,27r)(p 7 2T
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Polar coordinates of Gaussian vectors (4)

Expression for the expected value:

re

NS

drdf

Ep(ROI=[  o(r0)

R, x(0,27)

Joint density fOf (R, @)
f(r,0) = z 102n)(0) X re rzzl]R (r)
) o (0,27)

Otherwise stated:
e R ~ Rayleigh, © ~ U([0, 27])
e RI1 O
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Change of variable: general result (repeated)

r—[Theorem 23.}
Let

e X = (X1, Xz) continuous random variable
e Density: fx —> olOULr denyly

e g diffeomorphism of R?

° Y =g(X)

Then Y has a density fy given by

fy(y) = fx (g_l(y)> J()/) l{y:g(x) for some x}
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