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© Axioms of probability
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Definition of probability bam,;é Jpace S
Examgle 3 : for E,F weHh Znr =4, P(CU:—)- PE) +PCF)
— Definition 3.W \

A probability is an application which assigns a number (chances
to occur) to any event E. It must satisfy 3 axioms

o
0<P(E)<1

o " Pr Oba‘n'(iho hhat Jomeﬂld’lg happens v
=P(S=1

@ If EiE; = @ for i,j > 1 such that i # j, then

P(DIE,) —iP(E

\. J
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Easy consequence of the axioms

,—[Proposition 4.] \

Let P be a probability on S. Then

o “Probubilily tha}’ nothing hagpens *
= P(2)=0

Q@ Forn>1,
if E;Ej = @ for 1 <i,j < nsuch that i # j then

P <I:LHJ1 E,-) = i;P(E
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Example: dice tossing

Hap: Deee v :{au'r

Experiment: tossing one dice 7\

Model: S = {1,...,6} and P(13)2425) = = H{EY) = 6_’
2

Ded of probub : p({s)) :/é forall s€S

Definition of an event We set

E = "even number obtained"

= P(E)-= Z(
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S:{II.., 6§ ﬂ{L'S)_"’L
e hwing, example / ©

E="outtome 0 even number ” = 42,4,6}
Thuy
PCE )= P(42,4,65) =

= P42y v{45u 465 )

) v
= P(42Y) + M444) + P({4§) “

: 3 F[= 4




Probability of an event for dice tossing

Computing the probability:
If E = "even number obtained", then
P(E) = P({2,4,6}) =P ({2} u{4tu{6})

= P([2))+P({4) +P((6) =
1

2
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Outline

o Some simple propositions
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- E)
Probability of a complement / j S

EC—

~L 5 ”IP(E)

,—{Proposition 5.}

Let
@ P a probability on a sample space S

@ E an event

Then

P(E) =1— P(E)

Probability Theory  28/70



PrOOf

Use Axioms 2 and 3:

1:P(S):P(EUEC)

P(E)+ P (E%)

o - . o



Probability of a subset

,—[Proposition 6.]

F
Let

@ P a probability on a sample space S
e E, F two events, such that E C F

Then

P(E) < P(F)
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Proof

Decomposition of F: Write

F—EUEF

Use Axioms 1 and 3: Since E and EF are disjoint,

P(F)=P(EUEF) =P (E)+P(EF) > P(E)
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Probability of a non disjoint union ., cunfed
fwice

,—{Proposition 7.}

Let
@ P a probability on a sample space S
o E,F two events E,F non necemn’(g dc".)a.cx,h/

Then

P(EUF)=P(E)+P(F)—P(ENF)
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Proof

Decomposition of E U F:

EUF=TUllUIII
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Proof (2)

Decomposition for probabilities: We have

P(EUF) = P(I)+ P(II) + P(III)
P(E) = P(I)+P(II)
P(F) = P(II)+ P(III)

Conclusion: Since II = EN F, we get

P(EUF) =P(E)+ P(F) — P(l)= P(E) + P(F) — P(EN F)
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Application of Propositions 5 and 7

Experiment: dice tossing
—S={1,....6} and P({s}) = ¢ forallse S

Events: We consider the 2 events

A = "even outcome"
B = "outcome multiple of 3"
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Dce_sing example

A= “even oufcome ” = {2,465
Acm - check that PA)= 1- P(A)
AC = “odd oufome” = 41,3, 5]

Thuy
PCA<) = PC({1YUu {35 0 455)

= POy ) + N43Y) + P(455)
, i Vrop5
= I-P(A) 7~ verdied

—

- 2 _
-6 - 2




Cheching PLAVB) = IAA) + IP(B) — RANB)
A= “even outcome “ = {2,46§

B= “oulome mulh of 3" - 434§
PCB) = P(435)+ P(L65) - & -2
PAUB) M2, > 4 6)) ‘“?"é

ANd) = IMA65

> (AU B) = 24 ﬂw%rgc;o;z checked
77(A)+[P(B) WAND )- z*‘L ‘6L: ?Z;




Application of Propositions 5 and 7 (Ctd)

Experiment: dice tossing
—S={1,....6} and P({s}) =L forallse S

Events:

We consider A = "even outcome" and B = "outcome multiple of 3"
= A={2,4,6} and B= {3,6}

= P(A)=1/2and P(B) =1/3

Applying Propositions 5 and 7:

P(A)=1-P(A)=1/2
P(AUB)=P(A)+P(B)—P(ANnB)=1/2+1/3—-P({6}) =2/3
Verification:

Ac=1{1,3,5} = P(A°) =1/2

AUB={2,3,46} = P(AUB)=4/6=2/3
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Inclusion-exclusion identity
n=2: WEVE) - MEI+IE,)-E nE,)

,—[Proposition 8.] \
Let
@ P a probability on a sample space S
@ nevents Ey, ..., E,
Then
P(UB) -3¢0 ¥ P8
i=1 r=1 1<ip<--<ir<n
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Proof for n =3

Apply Proposition 7:

P(EEUEBUE) = P(ELUE)+P(E)—P((EUE)E)
P(E,UE)+P(E)—P(EEUEE)

Apply Proposition 7 to E; U E; and E;E3 U EyE5:

P(EUEUE)= Z P(E,) — Z P (E,E,) + P (E1EEs)

1<i1<3 1<ih<ih <3

Case of general n: By induction
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