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Definition of probability

A probability is an application which assigns a number (chances
to occur) to any event E . It must satisfy 3 axioms

1

0 Æ P(E ) Æ 1

2

P(S) = 1

3 If EiEj = ? for i , j Ø 1 such that i ”= j , then

P
A Œ€

i=1
Ei

B

=
Œÿ

i=1
P (Ei)

Definition 3.
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sample space s
Example : for E

,
F with ENF = 0 ,

PLEUF) = P(E)+ IP(f)

"Probability that something happens"



Easy consequence of the axioms

Let P be a probability on S. Then
1

P (?) = 0
2 For n Ø 1,

if EiEj = ? for 1 Æ i , j Æ n such that i ”= j then

P
A n€

i=1
Ei

B

=
nÿ

i=1
P (Ei)

Proposition 4.
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"Probabilitythat nothing happens"



Example: dice tossing

Experiment: tossing one dice

Model: S = {1, . . . , 6} and

P ({s}) = 1
6 , for all s œ S

Definition of an event We set

E = "even number obtained"
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Hyp : Dice is fair
1

P([13) = 1P((23) = - .. = P(46)) = 1)
T

Def of probab :

= P(E) = E



S= (1, . ., 63 ,
PKi))=t

Dice rossing example

E= "outcome is even number" = 42,
4

,
6]

Thus

P(E)= P((2
, 4

, 63) =

pairwise disjoint

= 1(423034384633) Prop - 2

= P((23) + P((43) + 1((63)

= 3x5 = t



Probability of an event for dice tossing

Computing the probability:
If E = "even number obtained", then

P(E ) = P({2, 4, 6}) = P ({2} fi {4} fi {6})

= P ({2}) + P ({4}) + P ({6}) = 3
6

= 1
2
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Probability of a complement

Let
P a probability on a sample space S
E an event

Then
P (E c) = 1 ≠ P(E )

Proposition 5.
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P(E)
S

E
> 1 -PP(E)



Proof

Use Axioms 2 and 3:

1 = P(S) = P (E fi E c) = P (E ) + P (E c)
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Probability of a subset

Let
P a probability on a sample space S
E , F two events, such that E µ F

Then
P(E ) Æ P(F )

Proposition 6.
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EF



Proof

Decomposition of F : Write

F = E fi E cF

Use Axioms 1 and 3: Since E and E cF are disjoint,

P(F ) = P (E fi E cF ) = P (E ) + P (E cF ) Ø P(E )
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Probability of a non disjoint union

Let
P a probability on a sample space S
E , F two events

Then
P(E fi F ) = P(E ) + P(F ) ≠ P(E fl F )

Proposition 7.
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-counted
twice

W

,
E

,
F non necessarily disjoint



Proof

Decomposition of E fi F :

E fi F = I fi II fi III
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Proof (2)

Decomposition for probabilities: We have

P(E fi F ) = P(I) + P(II) + P(III)
P(E ) = P(I) + P(II)
P(F ) = P(II) + P(III)

Conclusion: Since II = E fl F , we get

P(E fi F ) = P(E ) + P(F ) ≠ P(II)= P(E ) + P(F ) ≠ P(E fl F )
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Application of Propositions 5 and 7

Experiment: dice tossing
Òæ S = {1, . . . , 6} and P ({s}) = 1

6 for all s œ S

Events: We consider the 2 events

A = "even outcome"
B = "outcome multiple of 3"
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Dice rossing example
A= "even ourcome" = (2,

4
,
63

Aim : check that P(AY= 1 - P(A)

A "odd outcome" = 41 ,
3
, 5)

Thus

|P(A2) = P((1309330(53)

= P((13) + 1((33) + 1P(45))
Prop 5

= 3 = = 1 - #(A) "verified



Checking PLAUB) = IP(A) + 1P(B) - PCA1B)

A= "even ourcome" = (2,
4
,
63

B= "Outcome mult of 3" = <3.
6)

(B) = P((3)) + 1((63) = 3 = 5

P(UB) = 1(2 ,
3

,

4
,
63) = y =2

1P(A1B) = 1(63) = t
=1P(AUB) = 23

We have checked
-> Prop 7

P(A) + P(B) - 1P(A1B)= 2 + 5 - t = 3



Application of Propositions 5 and 7 (Ctd)

Experiment: dice tossing
Òæ S = {1, . . . , 6} and P ({s}) = 1

6 for all s œ S

Events:
We consider A = "even outcome" and B = "outcome multiple of 3"
∆ A = {2, 4, 6} and B = {3, 6}
∆ P(A) = 1/2 and P(B) = 1/3

Applying Propositions 5 and 7:
P(Ac) = 1 ≠ P(A) = 1/2
P(A fi B) = P(A) + P(B) ≠ P(A fl B) = 1/2 + 1/3 ≠ P({6}) = 2/3

Verification:
Ac = {1, 3, 5} ∆ P(Ac) = 1/2
A fi B = {2, 3, 4, 6} ∆ P(A fi B) = 4/6 = 2/3
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Inclusion-exclusion identity

Let
P a probability on a sample space S
n events E1, . . . , En

Then

P
A n€

i=1
Ei

B

=
nÿ

r=1
(≠1)r+1 ÿ

1Æi1<···<ir Æn
P (Ei1 · · · Eir )

Proposition 8.
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n =2 : PLE,UE) = P(E,
) + IPCE) -PPCE, nEz)



Proof for n = 3

Apply Proposition 7:

P (E1 fi E2 fi E3) = P (E1 fi E2) + P (E3) ≠ P ((E1 fi E2)E3)
= P (E1 fi E2) + P (E3) ≠ P (E1E3 fi E2E3)

Apply Proposition 7 to E1 fi E2 and E1E3 fi E2E3:

P (E1 fi E2 fi E3) =
ÿ

1Æi1Æ3
P (Ei1) ≠

ÿ

1Æi1<i2Æ3
P (Ei1Ei2) + P (E1E2E3)

Case of general n: By induction
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