Promblity - O a umple yue S,
P EL) S[J de fived {bfpééoe/g
event €c S and

OC P(E) £)

P5)=1 , P(O) -0

T4 E, nE, = &, rhen

PCE, VE,) = PLE )+ PLE, )

> geperalirakion fo

El ) =" EIL



Tuwo erperic‘eg

W E,VE,) = TE )+ PLE,)-P(E, NE, )
( mdlusior - excluxon  formula for
n=2)




Tncloson -excluyor  for n=3
P(E,VE U &)

. PEN+PE)+ RED  r-]

~ {PLENEL) + PLENE) +P(E OE)) r=2
. PE 06 NE,)




Proof for n =3

Apply Proposition 7:

P(EEUEBUE) = P(ELUE)+P(E)—P((EUE)E)
P(E,UE)+P(E)—P(EEUEE)

Apply Proposition 7 to E; U E; and E;E3 U EyE5:

P(EUEUE)= Z P(E,) — Z P (E,E,) + P (E1EEs)

1<i1<3 1<ih<ih <3

Case of general n: By induction
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Bounds for P(U"_, E;)

,—[Proposition 9.] \
Let
@ P a probability on a sample space S
@ nevents Eq, ..., E,
Then

o
—
ICs

m
N——

|

> P(E)

1<i<n

> P(E)- > P(EE,)

1<i<n 1<h<i<n

)
T~
T
m
~
\Y

Il
N
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Bounds for P(U7_,E;) — Ctd

,—[Proposition 10.]
Let

@ P a probability on a sample space S
- En

@ nevents Eq,..

Then

*(0)

< > P(E)-

1<i<n

2: P(EilEiz)Jr

1<ih<ib<n

2.

1<ii<iph<iz<n

P(EAEEEE)
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Proof

Notation: Set

[dentity:
P (U7:1Ei) — P(El) + Z P (B,E,)

i=2
Second identity: Since B; = (U;<;E;)<,

P(BiE) =P (E) - P(U«EE)

Partial conclusion:

P(ULE)= > P(E)— > P(UEE)

1<i<n 1<i<n
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Proof (2)
Recall:
P(ULE)= > P(E)— > P(U<EE) (1)

1<i<n 1<i<n

Direct consequence of (1):

P(ULE)< > P(E) (2)

Application of (2) to P(U;<,EE;):
P(U<iEE) <) P(EE)
j<i
Plugging into (1) we get

P(ULE) 2 3 P(E) - P(EE)

1<i<n j<i

Probabilty Theory 4271



Outline

© Sample spaces having equally likely outcomes

=] = - = a



Model

Hypothesis for this section: We assume
e S= {51, .. ,SN} finite.
o P({s})=F forall1<i<N

Alert:

This is an important but
very particular case of probability space

T TE———



Example : Tov | die
S: A<I,..~, 6j —> 13‘26
Huop Pue 0 foir . Thuy
PLAY) = P({25)= — = R{6S)
- &

-— —

LY



E xam;/e 2 7o 4 dce
S= 41, .., 649 , SI= 6% - 1296

Hyp Dce are far. Thus
TP(<’/’/I/IS)= )P({,/’I‘,&b)
= 46,666)) - ’i%

—
—



Example of uniform probability

Experiment: tossing 4 fair dice

Corresponding probability We take
e S={1,...,6}*
@ Probability defined by

P({(1> L1, 1)}) = P({(lv L1, 2)}) == P({(6? 6,6, 6)})
1 1

64 1296
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Computing probabilities

,—{Proposition 11.}
Hypothesis: We assume
@ S={sy,...,sn} finite.
o P({si})=F forall1<i<N

In this situation, let E C S be an event. Then

P(E) = Card(E)  |E| _ # outcomes in E
B N N # outcomes in S

Probability Theory 4671



Example 1 : Oning | dice wih
PAIY) = -~ = P(465) = &

E= "even alome” = 42 4,65
Sinee He protabilily o uniform,

P(e)f LEL - 3 - 1
s 6 2



Example: tossing one dice

Model: tossing one dice, that is
1
S=1{1,...,6}, P({si}) = 6

Computing a simple probability: Let £ = "even outcome". Then

_E_3_1

P(E) N 6 2

Main problem: compute |E| in more complex situations
— Counting
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Example: drawing balls (1)

Situation: We have
@ A bowl with 6 White and 5 Black balls
o We draw 3 balls

Problem: Compute

P(E), with E ="Draw 1 W and 2 B"

Probability Theory 4871



Experiment: 6 W , 58, we dow 3 @l
S="all Ca/nghahlm qd xeedd 6w,B"

alls. T, 6,7 -, 01 . Thu

S: ‘4 (i‘/ ‘:L/‘:?,) 6%’,--., ) L"fLL "Z‘#Lb
ly£ G

Note - here (I(,¢,6)# (2,1,6)
oder’ maltter)

E="2%, lw” /7a’derm/fen
= BBW U BwB U wBR



TDescrgtion of BBw
BBW = { (4,0, 0p) € 4,152, G tevss

/ (/3 (,‘

T s, 1<, €5 <65

Ou)’comeJ are ua.llg Libely .

TPC{@I,CL/(g)b )-‘ﬁ: |

I il I
n.io-q9 | 990

-—
-




We gelr
P( BW )

?""’“ IBRBWI _ 5x4 x6

1S] 990

= WRwd?) = PCwad )
Thuy
P(E )= P(BRW)+IBWB)+ PWwB?R)

390




Pk - Hee we had oo model
dor which We order mallered.

We have andher pb mode?
40/ whoch He orger doe) not
alter

> ombenakin numbers



Example: drawing balls (2)

Model 1: We take
e S = {Ordered triples of balls, tagged from 1 to 11}
@ P = Uniform probability on S

Computing |S|: We have

S| =11-10-9 = 990

Decomposition of E: We have

E =WBBUBWBUBBW
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Example: drawing balls (3)
Counting E:

|E| = [WBB| + |BWB| + [ BBW| =3 x (6 x 5 x 4) = 360

Probability of E: We get
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