
Midreum Fall 24-solutions

Here we have

S = (sequences of double throws in
31 . . . .,632]

otherwise stated

S = 41, . . .,62N ,

where

IN <1 , 2, ....



For a given throw we have

#(((i , (2)])= 56 ,
F(

,j) &31 , · ., 63

Then So takes the following values

123456

1234567

234 5678

5- T 8 a 10 11

7 8 a 10 11 12

we decuce that Si <2, ..., 123 and
the pmf p(i) is given by

J 234567890111

Pli)t



An

= (S . (5,73) 1 ... 1(Sm (5,73)1 (n =5)

otherwisecrated :

An= (S (5,73)1(n = 5)



P(A) = P(An)
=)An) (disjoint An's (

= (S(5,73)1(n =5)(f. +3)

= (h5,73) x P(Sn=5)(3H)

= (from pinf of Si
36

=

- i
1

kum geometric series)

=
we get

P(A) - 5



P(A) = P(AIF5) NIEs) (Bayes 1)
+ P(AIF)IP(F)

+ P(AIF)P(F) ()

= (x P(Fj) + O + PP(E) + P(A)P(FE) ,
where we justify PAIEE) : PLA)
by writing

PAIFF) = P(S . #45,73 1 (WEn))
,

P(S, <5,73)

and En = (See(5, ]]) 1 ... 1 (Sn.# (5, [3)1(n=5) .
Since the Se !

...
Su are I of S , we

get

PIAIF) = P((, (5
,
73) PEn)

PP((((5, 73)

= P)En)
= P(A) (En are shifted versions of En)



Going back to PCA) : we have seen
in (1) that

P(A) = P(Fz) + PIFE) PIA)

= P() , = 5) + ↑(St (5, 73) IPIA)

= + P(A)

solving the linear equation we get
1- B P(A) = &

↑ P(A) = t

PA) = &
5



Data We have

PP)A(B)= 88 (B) =. 01

IP(AC IB") =. 86

Application of Bayes

P(BIA) = P(AIB) (B)

PP(A(B)(P(B)+ P(AIBC) IP(BY

=

-88x . 01

· 88x - 01 + 14 x . 99

= 88

88 + 14 x 99

P(BIA) = 6% < not accurate !



State space

In order to see i = 3 wins
,
one needs

r play
(i) A minimum of 3 games

(ii) A maximum of 5 games

THUS
~

NE (3
,
4
,
5)

The state space is <3,4,5)



Duf

The pref is given by

P(31= P(N =3)
, p(4) : P(N=4)

P(5) = P(N= 5)
&

There is an underlying sample space
Se 50,

130
where I: team A wins .

We have

(i) ( =3) = < 10
,
0
,

0 ) ; (1, 1, 113

= P(N =3) = ps + (1-p)3

(ii) (N= 4) =
-

& (0 , 0, 1
,
01; (0, 1, 0,01 ; (1, 0, 0,09 ,

(1
,
1
,
0
,
1) ; (1 ,0, 1 , 1); 10 , 1, 1, 133

=> P(N= 3)= 3 p(l-p) + 3p(1-p)3



(iii) ( = 5) =

& (0
,
0
,

1
,
1) ; 10, 1, 0, 1) ; 10, 1

,
1
,
0

(1
,
0
,
0
,
17 ; (1

,
0
,
1
,
01 ; (1, 1

,
0
, 013

=> P(N= 5)

= 6 p2(l-p>

we have obtained

P(3) = pi + (-p)3

P(4) = 3 p(l-p) + 3p(1-p)3

p(5) = 6 ph(l-p)



Expected value we have

EINJE P(i)
= 3(p3 + (1-p(s)

+ 12 (p (l-p) + p(t-p))

+ 30p(1-p)

= 3 - 3(3p(1-p) + 3p(1 -p()

+ 12)p2 (l-p)p + P(t-p)(t-p))

+ 15(pt(l-p)(1 -p) + p(1-pip (

= 3

+ p2 (l-p)( - a + 12p + 15(1 -p))

+ p(1-pk( - q + 12(l-p) + 15p)

= 3 + p2(1 -p))3 + 3(1 -p))

+ p(1 -p((3 + 3p)



we thus get

#[NT = 3) 1+ p(l-p) p(1 + (l-p))
+ Ap((HP))

= 3(1t p(rp)(1 + 2 p(1-p))) ·

EIN] as a function of i

Set x = p(l-p) . We have
obtained

E [N] = 3 (2x + x + 1)



(i) We have found
EINT = f(x)

with

f(x) = 3)2x2 + x + 1)

Since a f(x) is an

increasing function , f(x) is
maximal if i is maximal

(ii) We have x = p(l-p) .
Thus

Prx(p1 maximal when p=

Therefore
PrEIN] maximal when p = I


