
Characterization of convergence in distribution

Consider
{Xn; n → 1} sequence of random variables

Then the statements 1-2-3 are equivalent:
1 Xn

(d)↑↓ X
2 For any f ↔ Cb(R), we have

limn→↑
E [f (Xn)] = E [f (X )]

3 u ↗↓ E
[
eıuX

]
cont. at 0, and for every u ↔ R we have

limn→↑
E

[
eıuXn

]
= E

[
eıuX

]

Proposition 30.
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Proof of Proposition 30 (1)

Application of Skorohod: One can find

Yn
(d)= Xn, Y (d)= X

such that
Yn

a.s↑↓ Y

Convergence of g(Yn): Since g is continuous, we have

g (Yn) a.s↑↓ g(Y )

Proof of 1 =↘ 2: By bounded convergence,

E [g (Yn)] ↑↓ E [g(Y )]
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Aim : Assume Elf(Xn)] < EFAs]
for all feCo . Prove that

Fn(x) > F(x) Ex point of cont.

Problem

· Fn(x) = El 1(-0
,
x](Xn)]

·
However

, zr 1(-0,x](z) is
not continuous

strategy : approximate 1C-0, by Co-
functions



gxE(t) 1 if zX(z)=9x,s
O if zx+E9x,2 &linear betwenn
2 and x+2

ecte Z

We have
, for all >o

1(-c
,1]
(x) < gas (n)

=> Fn(x) = El 1(0
,
x(X)] - E[yx2(n)]

=> limsup Fn(x) -> limsup Elga (Xn1]
n D

= E[ge(x)]
- El I(0,x+2](x)] = F(x

+ 2)



We have obtained

lincup En() < F(xe)Exo
n

=> limcup Fu(x) < F(x)



Study oftiming

W
,
e

hae - 1 (-0
,x

-2 e Z

1-0
,
x (n) I Miss (n)

E
=> Fn(x) = E[hag(Xn)]

Emint limit Fu(x) = Elha(x)]
2 F(x-2) Exo

Ifa point of cont of F , we get
timist Fn() = F (2)



We have obtained
,ifSummary

is a point of cont. of F,

F(2) limit F(x (
-> limsup Fn(x) - f(x)

=> CmEnb = El

= Xn(X



Proof of Proposition 30 (2)

Next step:

Proof of 1 =→ 2

Approximation of 1(→↑,x ]: For ω > 0 we set

gω,x(y) =






1, if y ↑ x
0, if y ↓ x + ω

linear, if x ↑ y ↑ x + ω

Upper bound for Fn: For x ↔ R we have

gx ,ω(y) ↓ 1(y↓x)

=→ Fn(x) = E
[
1(Xn↓x)

]
↑ E [gω,x(Xn)]
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Proof of Proposition 30 (3)

Taking lim sup: Since we assume 2 holds,

lim sup
n↔↑

Fn(x) ↑ lim sup
n↔↑

E [gx ,ω(Xn)]

↑ P (X ↑ x + ω)
= F (x + ω)

Taking limits in ω: For all x we end up with

lim sup
n↔↑

Fn(x) ↑ F (x)
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Proof of Proposition 30 (4)

Taking lim inf: By considering gx→ω,ω we obtain

lim infn↔↑
Fn(x) ↓ lim infn↔↑

E [gx→ω,ω(Xn)]
↓ P (X ↑ x ↗ ω)
= F (x ↗ ω)

Taking limits in ω: For a continuity point x of F , we get

lim infn↔↑
Fn(x) ↓ F (x)

Conclusion: For a continuity point x of F , we have

limn↔↑
Fn(x) = F (x)
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