STOCHASTIC CALCULUS - MA 598

PROBLEMS - LIST 1

1. PROBABILITY PRELIMINARIES

Problem 1. A restaurant can serve 75 meals. In practice, it has been established that 20 % of
customers with a reservation do not show up.

1.1. The restaurant owner has accepted 90 reservations. What is the probability that more than
65 persons will come?

1.2. What is the maximal number of reservations which can be accepted if we wish to serve all
customers with probability > 0.97

Problem 2. Let v,; be the function:

f}/a,b (x) == F(a)ba xaileim/b1{$>0}7

where a,b > 0 and '(z) = [~ e~"t""dt.
2.1. Show that v,y is a density.

2.2. Let X a random variable with density 7,;. Check, for A > 0:
1

B = e BXI=ab VerX —ab?

2.3. Let X (resp. X') a random variable with density 7,5 (resp. Yap). We assume X and X'
independent. Show that X + X’ admits the density Yota/p-

2.4. Application: Let X, X5, ..., X,,,n i.i.d random variables, with law A(0,1). Show that X7 +
X2+ ...+ X? is Gamma distributed.

Problem 3. Let X; and X, two independent random variables, Poisson distributed with param-
eter . Let Y = X; + X5. Compute
P(X; =ilY).

Problem 4. Let (X,Y) be a couple of random variables with joint density
f(z,y) = dy(z —y) exp(=(z + ) lo<y<a-

4.1. Compute E[X|Y].

4.2. Compute P(X < 1]Y).

Problem 5. The classical definition for A-system is often given in the following way: we say that
L is a A-system if:

(1) Qe L.

(2) If A\ Be L and B C A, then A\ B € L.

(3) If (A,)n>1 is an increasing sequence of elements of £, then U,>1 A, € L.
1
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Show that this definition is equivalent to the one seen in class.

Problem 6. Let X = {X;;t € Ry} be a stochastic process such that for all n > 2 and 0 =
to < t1 < --- < t,, the random variables (5thtj+1)0§j§n_1 are independent. Show that for all
0 <s<t< oo, we also have 6 X,; independent of .FSX.

Problem 7. For ¢t > 0, let C; be the collection of cylindrical sets of C([0, t];R). Specifically, A € C;
if there exists n > 1,0<t; <---<t, <tand By,...,B, € B(R) such that:

A= {f c C([0,t];R); f, € Bj, for j = 1,...,n}.
Show that o(C;) = B(C([0,t];R)).

2. (GAUSSIAN VECTORS

Problem 8. Let A be the matrix defined by

1 1 1
1 5 -1
1 -1 2

8.1. Show that there exist a centered Gaussian vector G with covariance matrix A. The coordi-
nates of GG are denoted by X,Y and Z.

8.2. Is G a random variable with density? Compute the characteristic function of G.

8.3. Characterize the law of U = X +Y + Z.

8.4. Show that (X — Y, X + Z) is a Gaussian vector.

8.5. Determine the set of random variables £ = aX + bY + ¢Z, independent of U.

Problem 9. Let X,Y ~ N(0,1) be two independent random variables. For all a € (—1,1), show

that:

E[exp (aXY)] =E [exp (gX2>] E [exp (—%Y2>] :

Problem 10. Let X and Y two independent standard Gaussian random variables N'(0,1). We

set U=X?+Y?and V = % Show that U and V are independent, and compute their law.

Problem 11. The aim of this problem is to give an example of application for the multidimen-
sional central limit theorem. Let (Y;; ¢ > 1) be a sequence of i.i.d real valued random variable.

We will denote by F' common cumulative distribution function and F), the empirical cumulative
distribution function for the n-sample (Y7,...,Y}):

. 1 —
Fn([lf) = E Z 1{Y¢§m}7 r eR.
=1

11.1. Let z a fixed real number. Show :

e F,(x) converges a.s. to F(x), when n — oo;

o /n(F,(z) — F(z)) converges in law, when n — oo, to a centered Gaussian random variable
with variance F(z)(1 — F(x)).
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11.2. We will generalize this result to a multidimensional setting. Let x1, s, ..., 24 be a sequence
of real numbers such that 2, < x5 < ... < 24, and X,, be the random vector in R?, with coordinates
X,sl), X,(LZ), e ,XT(Ld) where:

XU =1ycay; 1<i<d,

n

for all n > 1. Show that:

(ValFa(@)) = F(z),... Vo Fa(za) = F(24)))

converges in law, when n — 00, to a centered Gaussian vector for which we will compute the
covariance matrix.

Problem 12. Let X = (X3,...,X,) be a centered Gaussian vector with covariance matrix Id,,.
12.1. Show that random vector (X;—X, ..., X,,— X)* is independent of X, where X = % Yo, X

12.2. Deduce that the random variables X and W = maxj<;<p X; —Min;<;<, X; are independent.
Why is this result (somewhat) surprising?

Problem 13. Let X and Y two real valued i.i.d random variables. We assume that X—\}%Y has

the same law as X and Y. We also suppose that this common law commune admits a variance,
denoted by o2
13.1. Show that X is centered random variable.

13.2. Show that if X7, X5, Y7 and Y5 are independent random variables having the same law as
X, then 3(X; + X, 4+ Y; + Y3) has the same law as X.

13.3. Applying the central limit theorem, show that X is a A(0, %) random variable.
Problem 14. Let X,Y ~ N(0,1) two independent variables.
14.1. Show that é is well-defined, and is distributed according to a Cauchy law.

14.2. If t > 0, compute P(| X| < t|Y]).

Problem 15. If (X,Y) is a centered Gaussian vector in R? with E[X?] = E[Y?] = 1 and if
E[XY] = r with r € (—1,1), calculer P(XY > 0). Hint: one can prove and use the following
claim: (X,Y) = (X, sX 4+ V1 —s%2Z) with X, Z ~ N(0,1) independent and s € (0,1) to be

determined. Then we invoke the result shown in Problem 14.

3. BROWNIAN MOTION
Problem 16. Let B be a standard Brownian motion.

16.1. Compute, for all couple (s, t), the quantities E[B;|.F;] and E[B,B?] (we do not assume s < ¢
here).

16.2. Compute E[B?B?].

16.3. What is the law of B; + B,?

16.4. Compute E[1(5,<q)] and E[B? 1(5,<g)).

16.5. Compute E[[ eP+ds] and E[e®Pt [ e7P:ds] for o,y > 0.
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Problem 17. For any continuous bounded function f : R — R and all 0 < u < ¢, show that
E[f(B;)] = E[f(G\/u + B;_,)] with a random variable G ~ N(0,1) independent of B;_,.

Problem 18. Let f : R — R be a C? function whose second derivative has at most exponential
growth. Show that

Blf(a+ )] = 1)+ 5 | ELf'(e+ Bl ds.

Hint: One can use the following Gaussian integration by parts formula: let N ~ A(0,1) and
Y € C' with exponential growth. Then E[N ¢(N)] = E[¢/(N)].

Problem 19. Consider a standard Brownian motion B. For all A\, 4 € R, compute

1 2
(MB1 A / Budu) ] .
0

Problem 20. Show that the integral fol |%

E

“ ds is finite almost surely if o < 2.

4. GAUSSIAN PROCESSES

Problem 21. Let (X, n > 1) a sequence of centered Gaussian random variables, converging in
law to a random variable X. Show that X is also a centered Gaussian random variable. Deduce
that the process Y = {Y}, t > 0} given by Y, = fot B,du is Gaussian. Compute its expected value
and its covariance function.

Problem 22. We define the Brownian bridge by Z; = By — tB; for 0 <t < 1.

22.1. Show that Z is a Gaussian process independent of B;. Give its law, that is its mean and
its covariance function.

22.2. Show that the process Z, with Zt = Z1_4, has the same law as 7.
22.3. Show that the process Y, with ¥; = (1 — t)Bﬁ, 0 <t < 1, has the same law as Z.

5. MARTINGALES

Problem 23. Among the following processes, what are those who enjoy the martingale property?
Hint: use the Fubini type relation E[ [} B,du|F,] = [} E[B,|F,] du.

23.1. M, = B - 3 [, B, ds?
23.2. Z, = B," — 3tB,?
23.3. X, = tB, — [, By ds?
23.4. Y, = t*B, — 2 [, Byds?

Problem 24. Let G, = F;Vo(B;). Check that B is not a G;-martingale. Hint: get a contradiction,
showing that if B is a G,-martingale, then E[B;|B;| = E[B;|B;] for 0 < s,t < 1.

Problem 25. Let Z = {Z;, t > 0} le process defined par Z; = B, — fot % ds.
25.1. Show that Z is a Gaussian process.
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25.2. Compute the expected value and the covariance function of Z. Deduce that Z is a Brownian
motion.

25.3. Show that Z is not a FP-martingale, where (F7) is the natural filtration of B. Hint:
compute E[Z; — Z,|FP] for 0 < s < t.

25.4. Deduce that FZ C FB, but FZ # FP.

Problem 26. Let ¢ be a bounded adapted process on (2, F, (F;)i>0, P) and M a (F;)-martingale.
We set

t
Y=~ [ ouds. te Tl
0
Prove that T
Yt:E[/ gzﬁsds+YT|]-"t}, te|0,7T]. (1)
t

In the other direction, if Y satisfies (1) with a bounded adapted process ¢, show that M defined
by

M, :Y;+/t¢sds, t €[0,77,
is a martingale. "
P)’roblem 27. Let (My;);>0 be a square integrable Fi-martingale (that is such that M, € L? for all
t).
27.1. Show that E[(M; — M,)*|F,| = E[M?|F,] — M,* for t > s
27.2. Deduce that E[(M; — M,)?] = E[M;*] — E[M,?] for t > s
27.3. Consider the function ® defined by ®(¢) = E[M;?]. Check that ® is increasing.

Problem 28. Show that if M is a Fi-martingale, it is also a martingale with respect to its natural
filtration Gy = (M, s < t).

Problem 29. Let 7 be a positive random variable defined on (2, F, (F;)i>0, P) . Show that
Zy = P(1 < t|F;) is a sub-martingale.

Problem 30. Let X be a centered process with independent increments, such that for all n € N*
and any 0 < t; < ty < ... < t,, the random variables X, X;, — Xy, ..., Xy, — X, , are
independent. In addition, we assume that X is integrable, and that (F;) is the natural filtration
of X. Show that X is a martingale. If we further suppose that X is square integrable, show that
X? — E[X}?] is also a (F;)-martingale.

6. HITTING TIMES
In this section, a designates a real number and 7T}, is the random time defined by 7T, = inf{t >
O . Bt = CI/}.

Problem 31. Show that T, is a stopping time. Compute E[e=¢] for all A > 0. Show that
P(T, < c0) =1 and that E[T,] = cc.
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Problem 32. Prove (avoid computations) that for b > a > 0, the random variable T}, — T, is
independent of T;,. Deduce that the process (7},),>0 has independent and stationary increments.

Problem 33. Let a <0 <band T =T, A T,. Compute P(T, < T}) and E[T].
Hint: Apply the optional sampling theorem to B; and B? —t.

Problem 34. Compute Z; = P(T, > 1|F;) for 0 <t < 1 and a > 0. Recall that sup,; B ]Bt|

Problem 35. Let I = —inf,<q, B,;. Show that [ has a density given by f;(x) = m1[07+m[(m).
Hint: Use {I <z} ={Ty <T_.}.

Problem 36. Let 77 = inf{t > 0: B; = 1}. Use a Brownian scaling in order to show the following
identities in law:

N

527
@2) T, 2 o2

with S = sup(B,,u < 1);

7. WIENER INTEGRAL
Problem 37. In this problem we consider the process X defined by X; = fo sin s) d Bs.
37.1. Show that, for each t > 0, the random variable X, is well defined.

37.2. Show that X = (X}):>0 is a Gaussian process. Compute its expected value and its covariance
function.

37.3. Compute E[X;|F;] for s,t > 0.

37.4. Show that X, = (sint)B; — [;(cos s)B,ds for all t > 0.

Problem 38. Let X be the process defined on (0,1) by: X; = (1 —t) (f 4B,
38.1. Show that X satisfies:

Xo=0 and dX;=

€ (0,1).

38.2. Show that X is a Gaussian process. Compute its expected value and its covariance function.
38.3. Show that lim X; = 0 in L?().

8. ITO’S FORMULA

Problem 39. Write the following processes as [to processes, specifying their drift and their
diffusion coefficient.

(1) X; = B,?

(2) X; =t+exp(By);

(3) X, = B* - 3tB;

(4) Xy = (By+t)exp(—B; — t/2);

(5) X¢ = exp(t/2) sin(By).

Problem 40. Let X and Y defined by:

X, = exp </0ta(s)ds> et Y,=Yo+ /Ot [b(s)exp (— /Osa(u)du)} dB,,

where a,b : R — R are bounded functions. We set Z; = X;Y;. Show that dZ; = a(t) Z;dt +b(t)dB;.
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Problem 41. Let Z be the process given by Z; =t X, Y;, where X and Y are defined by:
dX; = f(t)dt +o(t)dB;, and dY; =n(t)dB;.
Compute dZ;.

Problem 42. Show that Y = (Y;):>0 defined by Y; = sin(B;) + %fot sin(Bs) ds is a martingale.
Compute its expected value and its variance.

Problem 43. Let us assume that the following system admits a solution (X,Y):

t
X, = x—l—f(%stBs >0
Y; = y_foXsst

Show that X;* + Y;*> = (22 + y?)e! for all t > 0.
Problem 44. We define Y and Z in the following way for ¢t > 0:

¢ ¢
Y, = / e*dB;, and Z; = / Y.dB,.
0 0
Compute E[Z;], E[Z?] and E[Z,Z,] for s,t > 0.

Problem 45. Let ¢ be an adapted continuous process in L*(Q x R), and let X; = fg o,dB, —
L[5 o2ds. We set Y; = exp(X;) and Z, = Y, .
45.1. Give an explicit expression for the dynamics of Y, that is dY;.

45.2. Show that Y is a local martingale on [0,7] for all 7" > 0. If 0 = 1, show that YV is a
martingale on [0, 7] for all " > 0. Compute E[Y;] in this case.

45.3. Compute dZ;.
Problem 46. Let a,b, ¢, z be real valued constants, and let Z be the process defined by:

t
Zt — 6((1—(;2/2)t—|—ch <Z + b/ 6—(a—c2/2)s—chd8) > 0.
0

Give a simple expression for dZ;.

Problem 47. Let (X;)i>0 be a process satisfying X; = x + fot asds + fg osdB; for t > 0. In the
previous formula, = is a real number, a is a continuous process satisfying fot las|ds < oo for all
t >0, and o is an adapted continuous process verifying fot E[o2]ds < oo for all t > 0. We wish to
show that if X =0, then x =0, a =0 and o = 0.

47.1. Apply Ito’s formula to Y; = exp(—X?).

47.2. Prove the claim.

Problem 48. Let X be an [t0 process. A function s is called scale function for X if s(X) is a
local martingale. Determine the scale functions of the following processes:

(1) B, + vt;

(2) X; = exp(B; + vt);

(3) Xy =a + [ b(X,)ds + [; o(X,)dB,.

Problem 49. Let f: R — R be a C} function.
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49.1. Construct a function ¢ : [0,1] x R — R (expressed as an expected value) such that, for
t € [0,1], we have E[f(B1)|F] = ¥(t, By).

49.2. Write It6’s formula for ¢ and simplify as much as possible.
49.3. Show that, for all ¢ € [0, 1] we have:

E[f(B))|F] = E[f(B))] + / E[f/(B,)|F.JdB..

Problem 50. Let S be the solution of: dS;, = rS;dt + S;o(t,S;)dBy;, t € [0,T], where r is a
constant and where o : R, x R — R is a function C''' with bounded derivatives.

50.1. Show that E[®(S7)|F;] is a martingale (as a function of ¢) for any bounded measurable
function ®.

In the sequel, we admit that E[®(Sr)|F;] = E[®(S7)|S,] for all t € [0,T] (Markov property for 5).

50.2. Let (¢, x) be the function defined by ¢(t,S;) = E[®(ST)[S;] (the existence of ¢ is admitted).
Write dZ; with Z; = ¢(t, Sy).

50.3. Invoking the fact that (¢, S;) is a martingale, and admitting that ¢ is C'*?  show that for
all £ > 0 and all x > 0 we have:

O O 1, 2 0%
Y (t,z) +rx e (t,z) + 50 (t,z)z 97

What is the value of (T, z)?

(t,z) = 0.

Problem 51. Let B be a d-dimensional Brownian motion. We consider an open bounded subset G
of R% and 7 = inf{t > 0; B; ¢ G}. We denote by K the diameter of G, i.e K = sup{|z—yl; =,y €
G}.

51.1. Show that there exists € = ex € (0,1) such that P,(1 > 1) > ¢ for all z € G.
51.2. Deduce that there exists p = px € (0,1) such that P, (7 > k) < p*F forall k > 1 and x € G.

51.3. Deduce that E,[7?] < oo for all p > 1. In particular, show that 7 < oo P -almost surely for
all z € G.
51.4. Let p € C?(G) be a harmonic function, i.e such that Ap = 0 sur G. Prove that E,[p(B,)] =
().
51.5. We now seek some harmonic functions ¢ : R? — R having the form ¢(z) = f(|z|*) with
f:R—R.

(1) Prove that f is solution of the differential equation f”(y) = —< f'(y) for y > 0.

2y
(2) Deduce the following form for radial harmonic functions:

x sid=1
o(x) =< In(|z]) sid=2
|z|>~¢ sid>3
Problem 52. We now consider a particular case of Problem 51, that we fix the dimension d = 1.

52.1. Let a < 2 < band 7 = inf{t > 0; B; € (a,b)}. Show that
b—x rT—a

Px(BT:a’)ib_a7
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52.2. For x € R we set T, = inf{t > 0; B; = x}. Prove that P,(T}, < c0) =1 for all z,y € R.
52.3. Let now s > 0 and z,y € R. Show that P,(B, =y forat>s)=1.

52.4. Let T, be the random set given by the points such that B, = y. Applying Markov’s property,
show that P,(7, unbounded) = 1.

Problem 53. The situation of Problem 51 is now particularized to dimension d = 2. For r > 0
we set S, = inf{t > 0; |B;| = r}.
53.1. Let x € R? such that 0 < r < |z| < R. Prove that

<0~ 30 )

53.2. Invoking the same kind of arguments as in Problem 52, show that B is recurrent, that is
for any couple z,y € R? and r > 0 we have P, (T, < o0) = 1.

53.3. Whenever = # 0, show that P, (7 < co) = 0, i.e the 2-dimensional Brownian motion does
not hit points. Hint: for a fixed R > 0 we have

(TO < SR) C ﬂ (Sl/n < SR) .

n>1

Problem 54. Consider now the case of a Brownian motion in dimension d > 3. For r > 0 we set
S, =1inf{t > 0; |B| = r}.

54.1. Let # € R? such that |z| > r > 0. Prove that P,(S, < o0) = (r/|z])¢2.
54.2. Let A, = {|B,| > n'/? for all t > S,,}. Show that P,(limsup, A,) =1 for all z € R%

54.3. Show that P -almost surely we have lim;_, | B;| = oo, for all z € R%

9. GEOMETRICAL BROWNIAN MOTION
Problem 55. Let S satisfying the following stochastic differential equation:
dS; = Sy(bdt + o dBy), So=1, (2)
where b and o are constants. Let S; = e ?S,.

55.1. Show that (S,);0 is a martingale. Deduce the value of E[S,] and E[S,|F,] for any couple

(t,s).
55.2. Give an expression for the drift term and the diffusion coefficient of %

55.3. Show that S; = exp[(b — 30?)t + o B,] satisfies (2), and that

1
St = Syexpl(b — 502)(T —t)+o(Br — By)]
for all T > ¢.

55.4. Let L be a process verifying dL; = —L.0; dB; where 6, is an adapted continuous process in
L?(Q x R). We set Y; = S;L;. Compute dY;.



10 PROBLEMS - LIST 1

55.5. Let (; be defined by

d¢; = —((rdt + 6, dBy)
Show that (; = L;e™™. Compute d(¢™1); and then d(S();. How can we choose 6 in such a way
that ¢S is a martingale?

Problem 56. Let f be a bounded measurable function and S = (S;);>¢ be a process verifying
the equation

dSt = St(T’ - ft>dt + O'dBt, S() =1z € R.
The following questions are independent.

56.1. Show that e "S5, + fg fse S, ds is a local martingale.

56.2. Show that

t
St _ xert—fé5 fudu + O'/ er(t—s)—f: fu dudBS
0
is a possible expression for S. In the sequel, we work with this formula for S.

56.3. Compute the expected value and the variance of S; for ¢t > 0.
56.4. Let T, K > 0. Compute E[(S7 — K)] whenever f is constant.

10. STOCHASTIC DIFFERENTIAL EQUATIONS

Problem 57. Consider the stochastic differential equation
XO =T, dXt = bXtdt + dBt, t Z 0,
with z,b € R.

57.1. We set Y, = e " X,. What is the stochastic differential equation verified by Y;? Express Y;
under the form Y, =z + f; f(s)dBs, where f is a function which will be given explicitly.

57.2. Compute E[Y;] and Var(Y;).

57.3. Justify the fact that [| Yids is a Gaussian process. Compute Efeo Yads],

57.4. For t > s, compute E[Y;|F;] and Var (Y;|Fs) and E[X;|Fs| and Var (X;|F).

Problem 58. in this problem, we consider the following stochastic differential equation:
Xo=z, dX;=(a+aX)dt+ (b+ 8X;)dB;, t>0, (3)

where a, a, b, 5 are 4 real constants, and where x € R is the initial condition.

58.1. We first deal with the general case of equation (3).
(1) Show that (3) admits a unique solution.
(2) We set m(t) = E[X;] and M(t) = E[X?).
(a) Show that m(t) is the unique solution of the following ordinary differential equation:
v —ay=a et y(0)=uz. (4)

(b) Write Itd’s formula for X7, where X; is solution to (3).
(¢) Deduce that M (t) is the unique solution of the following ordinary differential equation:

Y — (o + By =2(a+bB)m+b et y(0) =2’ (5)

where m is the solution of (4).
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(d) Solve (4), then (5).

58.2. Particular case #1: we consider the case a = b = 0.

(1) Let (Y;)i>0 be the unique solution of equation (3) when a = b = 0 such that Yy = 1. Show
that

Yi = oxp {(a - Loy +ﬁBt} .

(2) Show that if « > 0, then Y is a sub-martingale with respect to the filtration (F;). Under
which condition on «, do we have the martingale property for Y7
(3) Let (Zt)i>0 be the process defined by

t t
Zt:x—k(a—bﬂ)/Ys_lds—i-b/ Y, 1dB,.
0 0

Show that the solution X; of (3) can be written as X; = Y;Z;.

58.3. Particular case #2: we consider the case a = 8 = 0:
X() =x, dXt = OéXt dt + deta t Z 0. (6)

(1) Show that the unique solution of (6) can be written as

t
X, = e (x + b/ e~ dBS> .
0

2) Show that X is a Gaussian process, compute its expected value and its variance.
3) Justifify the fact that f(f X,ds is a Gaussian process. Compute E (exp fg Xsd5>.
4) Compute E[X;|F;] and Var (X;|F;) for t > s.

5) Let ¢ : R — R be a function in the class C%. Write Ito’s formula for Z; = ¢(X;). deduce
that if ¢(z) = [ exp(—oﬂé—j) dy, then Z, = b [, exp(—oz)lf—;) dBs. Is Z = (Z;) a square
integrable martingale?

(6) Let A be a fixed number.

(a) Compute ®(t,\) = E[e*X?].

(b) For a fixed time ¢ > 0, study the martingale s € [0, t] — E[e*X7 | F,).

)
(c¢) Show that @ is solution of a partial differential equation.
(d) Show that

U(t,z) = 2%a(t) + b(t), with a'(t) = —a(t)(2a + b%a(t)) and V' (t) = —b*a(t).

(
(
(
(

58.4. Particular case #3: we consider the case a = a = 0:

XO =x et dXt = (b + ﬁXt)dBt, t Z 0 (7)
where x # —%. Let h be the function defined by
1. |b+ By
h(y) = =1
W)=pl ' b+ Ba

fory;«é—%

(1) We set Y; = h(X;). What is the equation satisfied by Y;?
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(2) Deduce that the solution of equation (7) can be written as:

B b i b

58.5. Particular case #4: we consider the case a = 1 and b = 0. We set Y; = e ' X,.

(1) What is the differential equation satisfied by Y7
(2) Compute E[X;] and Var (X;).

Problem 59. Let f,F,g,G : R, — R be bounded continuous functions. We denote by X the
solution of

Xo=2 and dX,=[f(t)+ F(t)Xdt + [g(t) + G(t)X;]dB;, t >0,
and we set Y for the solution of
Yo=1 and dY;,=F(t)Y,dt+ G(t)Y,dB;, t>0.
59.1. Give an explicit expression for Y.
59.2. Let Z be defined by:

=+ / YUf(s) — G(s)g(s)]ds + / Y lg(s)dB,
0 0
Show that X =Y 7.

59.3. Let m(t) = E[X;] and M, = E[X?]. Show that m is the unique solution of the ordinary
differential equation y'(t) — F(t)y(t) = (t), with initial condition y(0) = x. Deduce that

) = exp(Fo) [+ "o (~F)£(5) ok

where F fo s)ds. Show that M is the unique solution of

Y’( ) - [2F< )+ GAOIY(E) = 2L (1) + gGMIm(E) + g*(t) with y(0) = a2,
Problem 60. Let S; be the solution of dS; = S; (rdt + o dBy), for some fixed parameters r, 0.
60.1. Let K be a constant, and M be the process defined by:

1 [T
Mt:E{(—/ Sudu—K>
T J, N
Prove that M is a martingale.

60.2. Show that, setting ¢, = S; ' (K — %fot Sy du), we have

K [ 5m-a) [7]
60.3. Let ® be the function given by:

owraf(hf $us) ]

v e[ (L [ )

7).

Show that we also have

o
and that M; = S;®(t, ().
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60.4. Write [t0’s formula for M. Deduce a partial differential equation satisfied by ®.

Problem 61. Let « be a constant and
dX, = o*X2(1 — X;)dt + aX,(1 — X,)dB,, (8)

the initial condition being given by Xy = x with x € (0,1). We admit that X takes values in the

interval (0,1) and we set Y; = 1i<)t(t.

61.1. What is the stochastic differential equation satisfied by Y7

61.2. Deduce that X; = - eipe(’;péfig;;ta/zgfl)_x.

Problem 62. In this problem, we consider 2 equations whose solutions are Gaussian processes.

62.1. Let N ~ N(0,1) be a random variable independent of B. Check that the solution of

N - X,
dX, = dB, + 1_ttdt
is given by X; = tN + (1 — t) J i“?;. Deduce that X is a Gaussian process, and compute its

expected value and its covariance.

62.2. Let W be a Brownian motion independent of B. Check that the solution of

W, — X
dX, = dB; + ——dt
is given by X; = (1 —t) fot (llf/—s)Q ds+ (1 —1t) Ot‘f—f;;. Deduce that X is a Gaussian process, and

compute its expected value and its covariance.



