arXiv:2410.09214v1 [math.AP] 11 Oct 2024

EXTENDED DIVERGENCE-MEASURE FIELDS,
THE GAUSS-GREEN FORMULA
AND CAUCHY FLUXES

GUI-QIANG G. CHEN, CHRISTOPHER IRVING, AND MONICA TORRES

ABSTRACT. We establish the Gauss-Green formula for extended divergence-measure fields
(i.e., vector-valued measures whose distributional divergences are Radon measures) over
open sets. We prove that, for almost every open set, the normal trace is a measure sup-
ported on the boundary of the set. Moreover, for any open set, we provide a representation
of the normal trace of the field over the boundary of the open set as the limit of measure-
valued normal traces over the boundaries of approximating sets. Furthermore, using this
theory, we extend the balance law from classical continuum physics to a general framework
in which the production on any open set is measured with a Radon measure and the asso-
ciated Cauchy flux is bounded by a Radon measure concentrated on the boundary of the
set. We prove that there exists an extended divergence-measure field such that the Cauchy
flux can be recovered through the field, locally on almost every open set and globally on
every open set. Our results generalize the classical Cauchy’s Theorem (that is only valid
for continuous vector fields) and extend the previous formulations of the Cauchy flux (that
generate vector fields within LP). Thereby, we establish the equivalence between entropy
solutions of the multidimensional nonlinear partial differential equations of divergence form
and of the mathematical formulation of physical balance laws via the Cauchy flux through
the constitutive relations in the axiomatic foundation of Continuum Physics.

1. INTRODUCTION

Divergence-measure fields are defined as vector-valued fields F' = (Fy, Fy, - - , F},) whose
distributional divergences are represented by (signed) Radon measures. An underlying
connection between divergence-measure fields and hyperbolic conservation laws was first
observed in [10], and such vector fields over domains with Lipschitz boundary were analyzed
in [I0J11]. Since then, the analysis of divergence-measure fields has depended essentially on
the regularity of F'. For example, the divergence-measure fields were extensively analyzed
first in L in [I9] and then in LP in [9]. See also [1114}14,16,20-25,58]59,62H64] and the
references therein for further developments for the theory of divergence-measure fields. In
this paper, we focus on the case when F' is only a vector-valued Radon measure. More
precisely, we analyze extended divergence-measure fields which are defined as vector-valued
Radon measures whose distributional divergences are Radon measures.

Our approach in this paper is motivated by the previous results in the LP setting in
[9,19]. However, the case of extended divergence-measure fields is more delicate, since F
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may concentrate on lower dimensional sets (for instance, rectifiable curves). We prove that,
for almost every open set, the normal trace of an extended divergence-measure field is a
Radon measure supported on the boundary of the set. Moreover, for every open set, the
normal trace distribution can be computed as the limit of measure-valued normal traces
over the boundaries of approximating sets. Equipped with these results, we further develop
a theory of Cauchy fluxes, starting from the balance law and establishing a one-to-one
correspondence:

{Cauchy fluxes F in Q} +— {Extended divergence-measure fields F' in Q}

via the normal trace. The precise statement is given in §6.21

In the development of a theory of divergence-measure fields, one of the fundamental issues
is whether a Gauss-Green formula involving these weakly differentiable vector fields can still
be provided. We refer the reader to [18] for a detailed exposition on the development of
this fundamental formula, starting from Lagrange (1762) and culminating with the classical
formula

/(bdidex—i-/V(b-Fdx:— SF - vdH" L, (1.1)
U U oUu

valid for any smooth vector field F', smooth test function ¢, and open set U with smooth
boundary and interior unit normal v. A first extension of this formula was achieved by
Federer and De-Giorgi [28,29,36,[37] for the cases of Lipschitz vector fields and sets with
irregular boundaries (sets of finite perimeter) by using tools of geometric-measure theory.

Further extensions of (I]) to divergence-measure fields require a notion of normal trace
on the boundary OU of any open U. For the case of bounded vector fields and sets of finite
perimeter, the approach in [19] consisted in constructing essentially interior and exterior
approximations of the sets of finite perimeter with smooth sets and then obtaining the
normal traces as the limits of classical normal traces on the smooth approximating sets,
which leads to the existence of interior and exterior traces for every set of finite perimeter
(see also [23]). This approach is consistent with applications to hyperbolic conservation laws
since solutions to these equations have jumps across the shock waves (cf. [8/10,2745]). For a
divergence-measure field whose underlying field is bounded, given any set of finite perimeter,
it was shown in [19] that the normal trace is a bounded function supported on the reduced
boundary of the set. For the case of an unbounded vector field, the normal trace is classical
for almost every open set, and it was shown in [9] that the normal trace distribution on
every open set can be computed as the limit of the classical normal traces on the boundaries
of approximating sets. For unbounded vector fields, several counterexamples show that the
normal trace distribution can not be represented in general as a measure supported on the
boundary of the set (see for instance [9,[I8,64]). The technique that we use in this paper
in order to generalize ([LT]) to the case of extended-divergence fields is the disintegration of
measures.

As indicated earlier, divergence-measure fields arise naturally in the field of nonlinear
hyperbolic conservation laws:

O+ 0y f(u)=0  for (t,z) € Ry x R™,
j=1

or in short form

Ju + div, f(u) =0 for (t,z) € Ry x R™, (1.2)
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where n = m + 1, taking the row-wise divergence of f(u) = (fi(u), f2(u),--- ,f,,(u)), where
where f] : RN — R™ for 4 = 1,--- ,m and u = (uy,us,--- ,ux)T. One of the main features
of ([L.2)) is that, no matter how smooth the initial data start with, the solution may develop
singularities to become discontinuous or singular (unbounded or measure-valued). Physical
relevant solutions, so-called entropy solutions, of (I2]) are required to be characterized by
the entropy inequality:

on(u) + div, q(u) <0 (1.3)
that holds in the distributional sense for any entropy-entropy flux pair (n,q) = (7, q1,"** , ¢m)
(i.e., Vg;(u) = Vn(w)f;(u),i = 1,--- ,m) which is convez in that V?n(u) > 0, for which
the field (n(u(t,x)),q(u(t,z))) is defined. From (L.3]), it follows that there is a non-negative
measure o, such that

- divt@‘ (T](U_(t, ‘T))v q(u(tv ‘T))) = Op-

Therefore, (n(u(t,z)),q(u(t,z))) is an extended divergence-measure field. To study the
jumps of entropy solutions across shock waves, we want to obtain the interior and exte-
rior normal traces of entropy-entropy flux fields of the solutions on the shock waves by
approximating them with smooth surfaces.

The theory of divergence-measure fields in L> has been applied to the analysis of prop-
erties of entropy solutions of nonlinear hyperbolic conservation laws (I.2]); see for instance
[TO,17,18] and the references cited therein, as well as §12 below for the details. Divergence-
measure fields also appear in many other areas of analysis, including the study of prescribed
mean curvature equations, the 1-Laplacian, the continuity equation, and related topics. We
refer to [26]/44,[46H48][55H57] and the references therein. The theory of divergence-measure
fields (such as normal traces, Gauss-Green formulas, and product rules, among others) pro-
vide a mathematical foundation for developing new techniques and tools for entropy meth-
ods, measure-theoretic analysis, partial differential equations, free boundary problems, and
related areas.

Furthermore, there are underlying intrinsic connections between divergence-measure fields
and the Cauchy fluxes for the physical balance laws in Continuum Physics. In this paper, we
further analyze such connections and present how the Cauchy fluxes can be represented by
extended divergence-measure fields. The origin of the study of Cauchy fluxes dates back to
the fundamental paper by Cauchy [6] who considered the balance law in Classical Physics:

/ p(z)dz = fz,v(z)dH" H(z) for any U € Q, (1.4)
U oUu

where Q is a bounded open set, v is the interior unit normal, the production p(x) is a
bounded function in z € €, and the density function f(x,v) is continuous in x € Q. The
balance law postulates that the production of a quantity in any bounded open set U &€ €2
is balanced by the flux of this quantity through oU. It was shown in [6] that there exists a
continuous vector field F' such that

flx,v) = F(z)- v (1.5)

From classical continuum physics, it follows that the object of study should be the total
flux across a surface S contained in QU, that is,

F(S) = /S () A (@),

In this paper, we formulate the conditions on the Cauchy flux F which guarantee the ex-
istence of an extended divergence-measure field F' with the property that F(S) can be



4 GUI-QIANG G. CHEN, CHRISTOPHER IRVING, AND MONICA TORRES

recovered through the normal trace of F' on open sets. This recovery is global for every
open set, and local for almost every open set. Since the fundamental work of Cauchy [0],
some important developments have been made on the problem of removing the continuity
assumption; see [9,19,31]43,52,(59H63L67] and the references cited therein. We refer the
reader to §6.1] for a more detailed description of the history of Cauchy fluxes and contribu-
tions of the aforementioned references.

Classically, the derivation of nonlinear system (L2]) of conservation laws is carried out
directly from the balance law (L4]) under the assumption that the vector field is classically
differentiable. This procedure is not rigorous, since the solutions to (.2 may be discontin-
uous, or even measure-valued, in general. We seek to rigorously derive (L5 under a general
framework with much weaker assumptions. We consider the generalized balance law:

o(U) = F(oU) for any U € €,

where the production ¢ is a Radon measure and the Cauchy Flux F is bounded by a Radon
measure concentrated on the boundary oU of U (see Definition [6.4]). Moreover, we seek to
recover the fluz locally as

Fu(S) = (F - v)ou(5), (1.6)

valid for almost all open U € Q and all Borel S C 90U, where the right-hand side is the
normal trace of F' to be made precise in Definition 2.4l An extensive analysis has been
made when the underlying field is bounded or lies in LP, however a complete treatment in
the measure-valued case has remained open, which is one of our motivations.

In this paper, we propose a general formulation for the Cauchy flux in Definition [6.4]
which encapsulates the case of measure-valued fields. One of our main results, Theorem
[6.0] states that the balance law, together with the conditions imposed on the Cauchy flux,
implies the existence of an extended divergence-measure field F' such that the Cauchy flux
can be locally recovered through the normal trace of F' on the boundary of almost every
open set in the sense of (L.4]).

The outline of this paper is as follows: In §2] we introduce the distributional normal trace
and a product rule for extended divergence-measure fields. We show in §3] more precisely
in Theorem [3.3] that the disintegration of measures yields the Gauss-Green formulas for
extended divergence-measure fields. Further properties of this disintegration are studied in
§4 In particular, Theorem [4]] is a coarea-type formula for divergence-measure fields. In
g5l the localization properties of the normal trace are developed, which further motivates
our notion of the Cauchy flux in the sequel. In §61-§91 we are devoted to the analysis of the
Cauchy flux and the proof of Theorem The extensions of the aforementioned results
to general open sets U C () are analyzed in §I0l In §I1] we discuss the solvability of the
equation —div F' = ¢. Finally, in §12] we apply the theory of Cauchy fluxes to study the
equivalence between entropy solutions of the multidimensional nonlinear partial differential
equations of balance laws and of the mathematical formulation of physical balance laws
through the constitutive relations in the axiomatic foundation of Continuum Physics.

2. EXTENDED DIVERGENCE-MEASURE FIELDS AND DISTRIBUTIONAL NORMAL TRACES

We start this section by introducing some basic notation and recalling some properties
of Radon measures, and then introduce divergence-measure fields and the normal traces.
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2.1. Preliminary notions. Throughout this paper, we work with open subsets 2 C R",
with the standing assumption that n > 2 unless otherwise specified. We use B,.(z) to
denote an open ball of radius r > 0 centered at x € R"™; more generally, we write B,.(A) =
Ugea Br(a) for a set A C R™. For any set A C R", denote the characteristic function of A
by 14, and use A° = R"\ A to denote the complement of A. We also write A € Q if A is
compact and A C Q.

For any space X (2, R™) of vector function fields on Q@ C R™, denote by Xj,.(£2, R™) the
space of vector function fields f for which f|o € X (€, R™) for all ' € €, and by X (Q,R")
the space of vector function fields f € X (Q,R™) which are compactly supported in Q. We
write X (£2) for the space of scalar functions and define X),.(£2) and X (Q2) analogously.

Denote by Lipy (€2) the space of Lipschitz-continuous functions that are bounded in the
sense that

19l Lip,, () := 9l Lo (@) + Lip(¢) < oo.
Rademacher’s Theorem implies that Lip, (Q) € W1°(Q); however, this inclusion may be

strict for a general open set €.
For any open set U C 2 and € > 0, throughout the paper, we use the notation:

Ut :={z €U : dist(z,0U) > e}.
We also set U? = U and
U :={zeR" : dist(z,U) < e}.

We see that OU® are the interior approximations of OU, while OU ¢ give exterior approz-
imations. We often abbreviate the distance function d(z) = dy(x) = dist(z,0U) if the
underlying set is clear from the context.

By a standard mollifier we mean a non-negative function p € C°(R™), supported in the
unit ball, such that [, p(z)dz = 1. For § > 0, we set ps(z) = 6 "p(%) and, for f € L{ (),
we often write fs = f * ps for the mollification defined in Q7.

For any open set 2 C R", denote M (2, R™) as the space of all finite vector-valued Radon
measures on {2 and M(2) as the space of finite signed Radon measures. If p is a sequence
of vector-valued Radon measures in M(§2,R"™), we use the notation:

[y — p
to denote that the sequence converges to u in the weak™topology. If i is a Radon measure,
denote its total variation as |u|. We say that u is concentrated in a set £ C R™ if |u| (R™\
E) = 0. The support of p, denoted as spt(u), is the intersection of all closed sets E such
that p is concentrated on E. In particular,
R™\'spt(p) = {z € R" : |u| (By(x)) =0 for some r > 0}.

Let p and A be non-negative Radon measures on M, (€2). Define Dif A : spt(u) — [0, oc]
and DA :spt(p) — [0,00] as

, AN By (z)) _ . ABr ()

D \(z) := limsup ——=——~£, D> \(z) := liminf ==

A I By PN T )

If DFA(x) = D, A(x), we denote this value as Dy A(x). The function D A(z) is called the

pu-density of A at . We now recall the well-known Lebesgue-Besicovitch Differentiation
Theorem (see for instance [2, §2.4] and [34] §1.6]) which states that

plfa: DEAG) < DEAN@D =0, p({ s DiA@) = oo}) =0,

for = € spt(u).
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that is, D, is defined and finite p—a.e. on R".
Moreover, D, is Borel measurable and locally p-integrable, and satisfies

A= (DyA) 4 Asing-
Here the Radon measure Ag,g is defined as
Asing = ALY
with
Y =spt(p)*U{z € spt(u) : DjA(z) = oo}
that satisfies p(Y) = 0. We will make frequent use of the following property:

Lemma 2.1. Let ji and A be non-negative Radon measures on Q. Then DyAsing(x) =0 for
p—a.e. x €.

Proof. Let Asing = ALY as above. Consider the decomposition:
)\sing = (Du)\sing) ®+ ()\sing)sing'

Since all the measures are non-negative and Aging(R™ \'Y) = (Asing)sing(R™ \ Y) = 0, it
follows that

[ (Duding)(a) du) =0,
R"\Y

so that DyAgng(z) = 0 for p—a.e. z € R*\'Y. Since Y is p-null, then the conclusion
follows. O

The above extends to the case when A is a signed Radon measure by considering the
Jordan decomposition A = AT — A\~ with AT and A~ non-negative Radon measures (see [2,
§1.1]). Working componentwise, we can also allow for vector-valued measures.

Lemma 2.2. Let p and A be Radon measures on an open set 0 C R™. Suppose that A
18 a family of Borel subsets which is closed under intersections and generates the Borel
o-algebra. If p(A) = MN(A) for all A € A, then u = X as measures.

This is shown in [2 Proposition 1.8] by noting that any Radon measure is o-finite. While
the aforementioned proposition is only stated for non-negative measures, an inspection of
the proof reveals that the result also holds for signed and vector-valued measures.

2.2. Divergence-measure fields and normal traces. We are now ready to introduce
our central notions of interest:

Definition 2.3. If F € M(Q,R"), define
|div F|(2) := sup{/ V- dF : o € CHQ), |¢| < 1}.
Q

We say that F is an extended divergence-measure field over Q if F € M(Q,R™) and
|div F'|(2) < oo. In this case, the Riesz Representation Theorem implies that div F' € M(Q)
and the total variation measure |div F| is computed as

|div F'|(A) = Sup{/ Vo dF : ¢ e CHA), |p| < 1} for every open set A C Q,
Q

and |div F| (E) = inf{|div F'| (A) : A open set, A D E} for arbitrary measurable sets E.
If F € LP(Q,R™) for 1 < p < oo, then we may view F as a measure in the sense:

/V(p- dF:/Vgp'Fdx. (2.1)
Q Q
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The spaces of all LP-divergence-measure fields and extended divergence-measure fields
are denoted as DMP(Q) and DM (Q), respectively. They are Banach spaces with norms
given respectively by

1 Fllpae ey = 1Fll Lo rny + [div F|(£2)
and
1 [l ppgext ) = [F1(€) + |div F[(92).

Since the distributional divergences (div F, -) of these vector fields are measures, we see
that, for any ¢ € C°(Q),

(div F, ) = / pd(divF) = / V- Fdx for F € LP(Q2,R"),

and
(div F', @) = / pd(div F) / Ve dF for F € M(Q2,R").

In what follows, we drop the term “extended” and refer to fields F € DM™*(Q) simply
as divergence-measure fields. For such fields, we can make sense of its normal trace in a
distributional sense.

Definition 2.4. Let F € DM®(Q), and let E € ) be a Borel set. The normal trace of
F on the boundary of E is defined as

(F-v, ¢)sr /ws dF — /¢d (div F) for ¢ € CL(Q). (2.2)

Equivalently, we can write (Z2) as an equality of distributions:

(F-v, - )op =div(lgF) — 1gdivF in D'(Q). (2.3)
If the distribution ([2.3)) can be identified as a measure in 2, then we denote this measure by
(F-v)oE.

Note that the integrals in (2.2]) are well-defined for Borel sets E, since F' and div F are
Radon measures on 2. In the case of a field F' € DMP (), the normal trace is defined by
identifying F' with the vector-valued Radon measure FL" as in (2.1]).

Remark 2.5. We have opted to define the normal trace as a distribution in €2; while one
can more generally consider the normal trace as a distribution on R", we will postpone this
discussion to J101

Moreover, compared to the prior works such as [9,[11,[59,/64], our definition differs by a
minus sign, which corresponds to the use of the interior unit normal v in the classical case.

Lemma 2.6. For F € DM®(Q) and any Borel set E € ), the normal trace (F - v, -)og
1s represented by a measure on 2 if and only if
1gF € DM (Q).
Proof. By definition of the normal trace, we have
(F-v, )op =div(lgF) — 1g div F
as distributions in €. Since 1 div F' is a Radon measure on €2, we see that the normal trace

is a measure if and only if div(1gF') is a measure. This precisely corresponds to imposing
that 1pF € DM (Q). O
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While we can view the normal trace as a distribution in €2, analogously to the classical
case, one may wonder if it can be represented by a measure on OF, or equivalently as a
distribution of order zero. While counterexamples show this need not hold in general (see
[64, Example 2.5]), one can expand the allowed test functions ¢ in the definition of normal
trace. This will follow from the following product rule for DMt fields due to Silhavy [64]
based on the notion of pairings introduced by Anzelotti [3] (also see [10,11]). Far-reaching
generalizations of this pairing have recently been obtained by Comi, Cicco & Scilla [20].

Theorem 2.7. If F € DM™(Q) and ¢ € WH>2(Q), then ¢F € DM™*(Q) and
div(¢pF) =¢ divF + V¢ - F,

where V¢ - F is a signed measure on ) characterized by

/ YdVe¢ - F = lim/ YVs - dF for any ¢ € C.(£2), (2.4)
Q 0—=0 Jo

and satisfies the estimate:
Vo - F| <[V Loo(o) | F| (25)
as measures in ).

Proof. Let ps be a standard mollifer, and set ¢5 = ¢ * ps. We first claim that
div(¢sF) = ¢5 divF + Vs - F in Q7 (2.6)

and notice that the right-hand side is well-defined since both terms are a product of a Borel
measure with a continuous function. To see this, we mollify the field F' by F. = F x p., so
that the classical product rule

div(¢sF.) = ¢s div F. + Vs - F. (2.7)

holds in Q9 for 0 < e < §. Let ¢ € C(Q) be supported in Q9. Since div F. = (div F) * p.,
(Vos) € C.(2), and the mollifications converge weakly*, we have

lim / Vo5 div F. dr = / Wos d(div F).
e—0 [¢) [¢)

In particular, ¢5 div F'. 1 ¢ div F as measures in Q9. Similarly, Vs - F'. SN Vs - F
in Q9. Thus, since div(¢sFc) LN div(¢sF') as distributions in Q% and this limit is unique,
sending ¢ — 0 in (7)) gives that div(¢sF) is a measure on Q° given by (2.6) as claimed.

We now send § — 0. By continuity of ¢, we see that ¢5 — ¢ uniformly in Q% for each
8o > 0, which implies that ¢s div F = ¢ div F' in each Q%. Also, since ¢ is Lipschitz, we
now show that the second term in (2.6]) is uniformly bounded in § < dy:

L 901 AR < 1950 i [FUQE) < [Vl ey | FI@) < 0. (28)

Thus, for any oy — 0, we can find a further subsequence dg,, — 0 for which Vg;, - F
converges weakly* in Q2% to some limiting measure as m — oo. Moreover, for each &y > 0,
we have /

Vs - F = div(¢sF) — ¢5 div F —— div(¢F) — ¢ div F (2.9)
as distributions in Q%, so the limiting measure is uniquely determined in D’(€%) for each
d9 > 0. Thus, we deduce the existence of a Radon measure in €2, denoted as V¢ - F', such
that

Vos-F V- F  asd —0in Q0
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for each dp > 0. Then we can upgrade the convergence in ([2.9]) to hold weakly* as measures,
and conclude that div(¢F') is a measure in 2 given by

div(¢pF) =¢ divF + V¢ - F.
Finally, to show (2.5), we use (2.8) to estimate

Y Vs - dF
Q%

Sending § — 0 and noting that 1 is arbitrary, we deduce that
V6 FILQ® < V|| oo (g ||

as measures. Since this estimate is uniform in dp, it holds in €. O

<Vl o) /mo Y d|F| for any 1 € C.(2%) and 0 < § < &.

Remark 2.8. As the proof illustrates, if ¢ € C*(Q), the product rule reduces to
div(pF) =¢ divF + V¢ - F, (2.10)

where the right-hand side can be understood classically via multiplying a Radon measure
by a continuous function. However, if ¢ is merely Lipschitz, then V¢ is only defined almost
everywhere. Since the measure F' may concentrate on the points of non-differentiablity, it
is necessary to understand the product via a suitable pairing. Moreover, if ¢ € C1(), we
apply (2.10) to write the normal trace as

(F -v, ¢)gp = —div(¢F)(E) for any E € 2 Borel.

We observe that, owing to Theorem 2.7] the right-hand side is well defined even when
¢ € W1°(Q). This leads to the following corollary.

Corollary 2.9. Let F € DM®*(Q), and let E @ Q be a Borel set. Then the normal trace
extends to a bounded linear functional on W1>°(Q) by setting
(F v, 6)op =~ dv(oF)(B) = - [ ¢diaivF) - [ 0V6F
E E
for any ¢ € WH(Q).

Proof. By the product rule (Theorem [2.7)), the extension is well-defined and agrees with
Definition 2.4l when ¢ € C}(Q2). Moreover, by linearity of the distributional divergence, we
see that (F' - v, - )gp is linear. Its boundedness follows from the estimate:

(F . 0hox| < [ [o] dldiv Fl + (75 F(c)
< |[@ll oo (yldiv F[(Q) + [[V @[ Lo ) [ F'1(2)
< H¢”W1’°°(Q) ”FHDMe“(Q) )
valid for any ¢ € W1>°(Q), where we have used (Z.5). O

In what follows, we always take this extension when we test the normal trace against a
function in W1°°(Q). Note in particular that

(F-v, la)gu = —(div F)(U) for any U € Q, (2.11)
since 1 € leOO(Q) is a valid test function and V1g - F = 0.
Lemma 2.10. Let F € DM™(Q) with spt(|F|) C Q. Then
div F(Q) = 0.
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Proof. We extend F to a measure F' in R” by setting |F'|(R™\ Q) = 0. We claim that F' €
DMHR™) and that div F is the zero-extension of div F' to R™. Indeed, for ¢ € C2°(R"),
spt(¢) N spt(|F|) C Q is compact, so that we can find y € C°(Q) such that x = 1 in a
neighborhood of spt(¢) Nspt(|F]). Then x¢ € C(§2) and

/nw. dF:/QV(X¢). dF:—/Xqu(dlvF /qsd div F)

by our choice of x. Since ¢ was arbitrary, it follows that F € DM®(Q) with the claimed
divergence.

Now, let xi € Cg°(2) such that 1p, ) < x < 1p,, ) in R" and |[xk|lp~@) < 2. By
definition of the distributional derivative,

/ i d(div F) = / e d(div F) = — / Vg - dF.
Q n n

Since xj is uniformly bounded in L* and converges pointwise to zero as k — oo, the
Dominated Convergence Theorem leads to

lim Vi - dF = 0.
k—oo Rn
Similarly, since i converges pointwise to 1gr and div F' is a finite measure, we have
div F(Q2) = hm Xk d(div F) = hm Vi - dF =0,
k—o00 Rn

as required. O

Corollary 2.11. Let F € DM®™Y(Q). Then, for any open set U € (),
(F v, ¢)op = / dVe¢ - F + ¢ d(div F) for any ¢ € Wh>o(Q).
O\U O\U
Proof. By Lemmal[ZI0 and the product rule, for ¢ € We™(Q), we see that ¢F € DM ()
is compactly supported, so that

0= / d(div(oF)) = / dV¢-F+/ ¢d(div F).
Q Q Q
By splitting the latter integrals to integrate over U and Q \ U respectively, we deduce

0=—(F v, ¢),p + /Q\was-fw Q\Uqﬁd(divF),

from which the result follows. O

Remark 2.12. Using Corollary ZTT] we can interpret —(F - v, -) 7 as the exterior normal
trace of F on QU. Since

(P v o= (F v )y = | aV5F+ [ odaiv), (2.12)

the interior and exterior traces agree (up to a sign), provided that |F|(0U) = |div F|(0U) =
0, by using the fact that |V¢ - F| < |F| by [2.35). In particular, this holds for 0U® for all
but countably many € > 0. In general, this need not hold, for which we say that there is
a jump across the boundary OU if the two traces do not coincide. We emphasize that this
does not occur if |div F| < L™ and |F| < L", provided that £"(0U) = 0, so it is necessary
to consider measure-valued fields to model such phenomena.
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Example 2.13. We now show, by means of an example, that the jump in (2.12]) can occur
due to the concentration of field F' itself. For this, consider Q = R? and

F=ce "' {z € R?: 2y = 0},

where e; = (1,0). Since F is a Radon measure on R? and
/ V¢ -dF = / Oy d(21,0)dzy =0 for any ¢ € CL(R?),
R?2 R

it follows that F' € DM (). Then, considering Q = (0,1)? € R?, we have

(F-v, 9)ag =0 for ¢ € CL(R?),
since supp (F') N Q = &. On the other hand, we have

1
(F v, 65 = /0 02y 6(21,0) dy = 4(1,0) — 6(0,0).
This implies that the normal traces on @ and @ are represented by measures such that

(F - v)ag = 01,00 — 00,0) # 0= (F - v)aq,

exhibiting a jump across the boundary 0Q, despite the fact that div F = 0 in R2. This
is in contrast to the DMP setting for which, for sufficiently regular domains (i.e., when
L"(0U) = 0), there is a jump across the boundary if and only if |div F|(OU) # 0.

We can also infer from Lemma 210 that the normal trace is supported on dF. We state
this result by using the language of distributions.

Lemma 2.14. Let F € DM™(Q), and let E € Q2 a Borel set. Then the normal trace
(F - v, ¢)op is a distribution of order 1 supported on OF.

Proof. For ¢ € C}(Q), we can estimate

(F v, $)on] < / 6] dldiv F| + / Vol d|F|
Q Q
< |[@ll oo ()l div F|(R2) + [[V | oo () [ F1(€2),

from which it follows that the normal trace is a distribution of order 1 in €.
For the second part, let ¢ € Cl(Q) be supported in Q \ OFE. Since OF is compact,
dist(spt(¢), OFE) > 0 so that V := spt(¢) N E € E. Then, by the product rule, we have

(F v, ¢)op = —div(pF)(E) = —div(¢F)(V), (2.13)

since ¢ vanishes in the relatively open set £'\ V. Now, let x € C1(Q) be a cutoff such that
X =1 on V and vanishes on Q\ E. Then xy¢oF € DM (Q) is compactly supported, agrees
with ¢F in a neighborhood of F, and vanishes outside V. Applying Lemma leads to

div(pF)(V) = div(x¢F)(V) = div(xF)(2) = 0.
We combine this with (2.I3]) to conclude the result. O

We can further refine Lemma [2.14] to allow for test functions that vanish merely on JF.
The following is due to [64] for the case of open sets; we record the proof for completeness
and observe that the result applies to more general cases.



12 GUI-QIANG G. CHEN, CHRISTOPHER IRVING, AND MONICA TORRES

Theorem 2.15. Let F € DM®™Y(Q), and let E € Q be either open or closed, or Borel
satisfying |F|(OF) = 0. Then, if ¢ € WH(Q) vanishes on OF,

<F'V7 ¢>8E:0

Proof. We first consider the case when spt(¢) N OF = &; in this case, the result follows by
arguing exactly as in Lemma 214l For ¢ € W1H*(Q), we see that (2.13) remains true by
Corollary [2.9] so the identical argument goes through.

For general ¢ € W1°°(2) vanishing on F, we reduce to the first case via an approxima-
tion argument. For § > 0, define

if 0 < dist(x,0F) < 0,
(dist(z,0F) —6) if 6 < dist(z,0F) < 20, (2.14)
if dist(z, 0F) > 20.

ds(z) =

— o= O

Then dy is %—Lipschitz and vanishes in a neighborhood of JF. Since ds¢ is supported away
from OF, we know that

0=(F-v, d5¢>aE:/Ed5¢d(divF)+/EdV(d5¢).F (2.15)

by above. We now argue that we can pass to the limit as § — 0.
This can be seen as follows: Since ¢ vanishes on 0F, by the Lipschitz property, we have

sup |p(z)| < 26]| V|l L= (q),
Bys(OF)

where Bos(OF) = {z € R™ : dist(z,0E) < 20}. By the product rule (namely, using (2.4),
we see that, for any ¢ € C.(9),

/ ¥ dV(d;0) F = lim / U (ds) % pe - AF
Q =0 Jq
= lin%) Y(dsVo + ¢Vds) % pe - dF
E—r 0
_ / 1/1d5dV¢-F+/ b dVd, - F,
Q Q

which implies

V(dsp) - F =dsVe¢-F+ ¢Vds - F as measures in Q.

Moreover, since spt(Vds) € As = {§ < dist(z,0E) < 20} C Bas(0F), Vds - F is also
supported in As. Hence, using (2.5]), we can estimate

/ <z>d7w6-F‘g sup |8/[[Vds| <oy | F|(As)
E Bos(OF) (2.16)

< 2|V oo ()| FI(As),
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which vanishes as 6 — 0 since limsup As = &. Thus, passing to the limit in (2.I5]) and
6—0
noting that ds — Lo\pr pointwise,

0=1im(F v, dsp)op
6—0
:%%[Edmd(dwF)+%1_>rr6[Ed5dV¢-F (2.17)
:/ gbd(divF)—i—/ dVe- F,
E\OE

E\OE

by ([2.16) and the Dominated Convergence Theorem.
Moreover, since ¢ vanishes in 9F, it follows that

/E\aEqbd(divF):/Egbd(divF).

Now, if E is open, then E\ 0F = 0 and (ZI7)) implies that (F - v, ¢)sr = 0. If E is closed,
the same argument applies to 2 \ E so that, by Corollary 211

(F-V)op = pd(divF)+ [ dV$-F =0.
O\E O\E

Finally, if E is merely Borel with |F|(OF) = 0, then, since V¢ - F' < |F| by (2.3]), it follows

that
/ dVe - F = 0.
ENOE
Combining this with (2I7]), we conclude the proof. O

Remark 2.16. We expect that the conclusion of Theorem holds for any Borel set
E € Q. However, we were unable to establish this without a further topological or measure-
theoretic condition to ensure that |V¢ - F|(E N JE) = 0. Note that, for DMP(Q)-fields
F, under the mild regularity condition that £"(0F) = 0, the condition that |F|(0F) =
JopF|dL™ = 0 is always satisfied.

Corollary 2.17. Let F € DM®™(Q), and let U € Q be open. Then there is a linear
functional Ny € Lipy, (OU)* satisfying
(F-v, 9)ou = Nu(dlou)  for any ¢ € Lip, ().

Proof. Given ¢g € Lip,(0U), let ¢ € Lip,(€2) be an extension of ¢y to ; this is possible
by [2, Proposition2.12] and multiplying the obtained extension by the Lipschitz cutoff
x(z) = max{0,1 — dist(x,U)} to ensure that it is bounded. We then define

Nu(¢o) :==(F -v,d)y.

Note that this extension can be chosen to satisfy that ||@||rip, ) < Cll9llLip, o), SO it
follows from the boundedness of (F - v, - )gy that Ny is bounded. To show that it is well-
defined, observe that, if ¢, ¢ € Lipy,(2) C W1°(Q) are two such extensions, then ¢; — ¢o
vanishes on QU so that

<F’V7 ¢1>U_<F'V7 ¢2>U: <F'V7 ¢1_¢2>207
by Theorem Therefore, Ny is well-defined, independent of the choice of extension. [
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3. REPRESENTATION AND LIMIT FORMULA FOR THE NORMAL TRACE VIA
DISINTEGRATION

In this section, we show the normal trace admits a measure representation on almost
every open set and derive a limit formula in the general case. A key tool in our analysis is
the disintegration of measures, which we apply in the following form:

Theorem 3.1. Let i be a finite Radon measure on an open set U C R™ such that U # &, R",
and let d = dist(-,0U) be the distance function. Then there exist both a mon-negative
and finite Radon measure T on (0,00) and a family of measures pu; in U such that the
mapping: t > pg is T-measurable. For T-a.e. t € (0,00), p; is supported on d='(t) with

el (@1(8)) = 1 and
W(AN T\ T / /d A () ),

where the T-integral is understood to be over the open interval (t1,t2). Furthermore, for any
bounded Borel function ¢ on U,

/<z> ) du(e / /d 2) dpig(w) dr (1),

p=T Qput (3.1)

We write

as a shorthand for this decomposition.

Proof. We define the function ®: U — (0,00) x U as ®(x) = (d(z),x). Then the push-
forward measure @y is a measure on (0,00) x U. By the Disintegration Theorem presented
n [2, Theorem 2.28] applied to ®4u, it follows that there exists a family of measures p
satisfying
CP#M:T@ND ‘(I)#N’ :T®’Nt‘7
where 7 is a measure on (0,00) defined as
T =mu(|Pyppl) with 7: (0,00) x U — (0,00) and 7(t,z) = t,

and py is a family of measures on U with |u| (U) =1 for 7—a.e. t € (0,00). For a Borel set
AcCU \Ut, since ® is injective, ®~1(®(A)) = A so that

H(A) = By (B(A)) = /O /U Yoy (1) dpn() dr (1) (3.2)

We now claim that, for 7—a.e. t € (0,00), u; is supported on 9U;. Indeed, for any ¢; < to,
we have

T((t1,t2)) = (| Pupl) ((t1, t2)) = |ppl (7" ((t1, 12)))
= [Pyp| ((t1,t2) X U) = Py |u| ((t1,t2) X U)

= |u (@Y ((t1,12) x U)) = || (U \T™),
and

U\ T™) = Byl (0 12) x @\ T") = [ /U\U dpu] dr ().
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Combining the above, we infer that

|| (U™ \ U) 1 /t2 ty\ T
= = U=\ Ut)dr(t).
WEt) A J, PO
Let t > 0 and 0 < € < §. Then we can employ the above with ¢ty =t —¢ and {5 =t+¢, and
apply that U\ Ut—¢ C U+° \ U= to obtain

t+e _
r((t — sl t+¢)) /t_ || (UTHO\ U=9) dr(s) > 1.

Since the function:

s = Jus| (U0 \ U9) (3-3)
is T-measurable for ¢ > 0 by [2, (2.19)], there is a 7-null set A/ C [0, 00) such that every
t ¢ N is a Lebesgue point for ([33) for each § = 1 with k € N. Then, for such ¢, we have

1 tte 1. 1 1. T 1
1< i J(UsTE\ U R - HHE\ UTE).
<tim o [l @ AU dr(s) = 0\ U

Since this holds for all k, we infer that
el(QU") = tim [pa,| (U5 \ UT) > 1.
— 00

However, since |u|(U) = 1, it follows that p; is supported on OU".
Since T-almost every pu; is supported on 9U?, ([3.2)) simplifies to give

t
p) = [ [ xat)dute)drce)
0 Jout
which is what we set out to prove. Moreover, an approximation argument implies (3.1)). O

Lemma 3.2. Let u be a Radon measure on an open set U C R™. Consider the decomposition

=T Qaut [t
from Theorem Bl Then, for T—a.e. t € [0,00),
Dy () = Dwtwt(x), |ut|-a.e. on AU,

Proof. We know from the above proof that ®xp =7 ® py and [®yp| = 7 & |pe|. Thus, if ¢
is a bounded Borel-measurable function on U, we have

/¢du=/ / ¢dutd7:/ / & Dy ie ljae] dr,
U 0 out 0 out

[ otn=[ oppndii= [~ [ oDuudpmlar
U U o Jaut
Now, replacing ¢ by 1

and

Uto \W¢ and then combining the above, we obtain

to to
/ / & Dyt ljug] dr = / / 6 Dyl dr.
t1 out t1 out
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Let {¢;} be a countable and uniformly dense subset of C.(U). Then, for 7—a.e. t > 0,

t+e
®; Dy, 1pe dlpee] = lim / @ Dy, s dlps| dT
| o Dl = tim [ [ 6,2yl
t+e
= lim / ¢; Dy, ud|ps| dr
e=0Ji ¢ Jous 7 u ‘ ‘
= / ¢j Dy d|pae].
out
By density of {¢,}, it follows that, for any such ¢,
(D) 1) [t ] = (D o)1t as measures on U,
from which the result follows. ]

Let 7 be a non-negative Radon measure on R. In the subsequent proof, we apply the
Lebesgue-Besicovitch Differentiation Theorem to write
T = (DUT),C1 + Tging,
where the Radon measure 7, satisfies
Tsing = T LYq, Y = {Dle = OO}, ,Cl(Yl) =0.
By Lemma 21} D/17sing(t) = 0 for L-a.e. t > 0.

Theorem 3.3. Let F € DM™(Q), and let U € ) be open. Then there is an L'-null set
N C (0,00) such that, for any € ¢ N, there exists a measure (F - v)gy= supported on OU®
such that
(F v, ¢)oue = dd(F - v)gye- for any ¢ € Wl’OO(Q).
oue
Moreover, for every e, — 0 with e ¢ N, the normal trace of F on OU can be represented
as the limit of trace measures:

(Fov,d)ou = lim | ¢d(F-v)ouse  for any ¢ € WH2(Q).
k—o0 OUESk
Proof. We divide the proof into three steps.
1. For each 0 <t < s, we define wgs € Lip.(£2) by

s—t if x € U?,
v(x) =< d(z)—t ifzeU\U?, (3.4)
0 if v ¢ UL,
We first show that
/ P d(div(¢F)) = —/ __¢dVd-F (3.5)
U Ut\Us
for any ¢ € WH>°(Q) and all 0 < t < s for which
|Vd- F|(0U") = |[Vd- F|(0U®) =0 (3.6)

that holds for all but countably many s and ¢.
Since wg < is supported away from OU, by Lemma [2.14] we have

0= (F v, ¥ p)ou = div(py{,F)(U) = (¢F - v, Y )av.
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Now, using the product rule (Theorem 2.7]), we have

0= @F v fldav = [ wlativ(or) + [ ATIT(OF).
By definition of the pairing measure,
VUi, - (@F) = wlim (V(¢r, = p5) o F)
= w-lim (L= Vd) * psdF)
= oVd FL(U'\T),

where we have used ([B.0) to justify the weak*—limit in the last equality. Combining this
with (3.7 yields (8:), which can be written as

(s—1) [ d(div(eF))+ / (d(z) — 1) d(div(6F)) = — / 6dVAF,  (3.8)
Us UNU*® Ut\U*
by definition of 1/}5 o
2. We now apply the disintegration result (Theorem BI]) with 4 = Vd - F to write

/ ¢pdVd- F = / ¢ dpy dr(r).
Ut\Us t Jour
Now, given ¢,h > 0 with h < ¢, we apply [B.8) with s =+ h and t = ¢ — h to obtain

e+h
- / o dyy dr(t)
e—h JoUt (39)

= 2h /U ., d(@iv(eF)) + /U H\W(d(a;) — ¢+ h) d(div(¢F)).

This is valid for all but countably many h > 0 depending on . We also impose that
|F|(0U®) = |div F|(0U*) = 0, (3.10)
which holds for all but countably many .

We now divide both sides by 2h and study the limit as h — 0. Let hg N\, 0 be any
sequence such that (89) is valid with each hy in place of h. Since |d(z) — e + hy| < 2h; on

e—hu \UEH% and |div(¢F)|(Us \U€+h’“) — 0 as k — oo by (B.10), we have
1
i 5 [ (d(x) — &+ he) d(div(¢F)) = 0.
Us—hk\Uerhk
The Dominated Convergence Theorem gives

lim d(div(eF)) = d(div(e¢F)) = —(F - v, ¢)agu-.
k—00 U5+hk Us
Hence, we infer that

1 €+hk
(F v, $)oye = lim —— / 6 dpy dr(t). (3.11)
k—oo 2hy J._p, Jout

3. To proceed, we decompose measure 7 in two parts: the absolutely continuous part
with respect to £ and the singular part as

T= (Dl:lT)ﬁl + Tsing DﬁlT € Llloc((07 OO))
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Hence, with T := D 17, we have

e+hyg e+hy e+hy
/ 6 dp dr(t) = / 6 duy T(#) dt + / 6 dp drng(t).  (3.12)

—ny, Jout —hy, Jout —hy Jout

We can estimate the first integral on the right-hand side of ([B:I2]) by using the Lebesgue
Differentiation Theorem. Indeed, for £!-a.e. €, we obtain

1 E-i—hk
lim —— / ( / ¢dut)T(t) dt= [  ¢T()due, (3.13)
k—o00 2hk e—hy, Ut aue
so that
(F - v)oue = T(&) e, (3.14)
from (BII)). Since |p| (OU') =1 for Tging—a.e. t, we have

[ o] < 16l il OUY) = [0
out

Using this and Lemma 2.1], we can estimate the second integral on the right-hand side of

B.12) as

€+hk
— < o
gim il [ o dmmanc(d)] < ol

Tsmg( hk75 + hk)
Hl
h —0 El(s — hi, e + hy)

- H¢”L00 DﬁlTsmg( ) =0 (315)

for £-a.e. ¢ > 0. Thus, defining N’ C (0,00) to be the set of points where (B.10), (3.13)),
or ([3.I5) does not hold, which is £!'-null, and from (314,

(F-v, ¢)gye = ¢d(F - v)ay- for any £ ¢ N.
oue

Finally, taking any e, — 0 with ¢; ¢ N for all k, we have

(F-v, p)ou = hm <F v, )ousk = hm ¢d(F - v)aue=r
aUek

as required. O

Remark 3.4. Similar results were previously obtained by Frid [40] for domains with Lips-
chitz deformable boundaries.

Later in §7.11 we will use a similar decomposition to Vd - F' from the above proof applied
to a non-negative measure, which we record here.

Lemma 3.5. Let u be a non-negative Radon measure on an open set U C R™. Then there
exists a decomposition

p = L'L[0,00) @yt it + Teing Raurt fit,
where D piTsing = 0 L1-a.e. on [0,00), and we have used notation [B.1) from Theorem B.Il.
Proof. We apply Theorem 3] to u to decompose
p="T Qaut fit,
and then use the Lebesgue-Besicovitch Theorem to decompose

r=TL! L[0, 00) + Tsing,
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where £ and Tgng are mutually singular, and T = D17 € L1((0,00)). Taking the precise
representative of T', we set p; = T'(t)fiz, which is defined £'~a.e. on (0,00). This gives the
claimed decomposition by noting that the last part follows from Lemma 211 O

4. PROPERTIES OF THE DISINTEGRATION

In §3], we have established Theorem [3.3] by considering a suitable disintegration of Vd - F'
along {OU¢}.~o and showing that the obtained measures (F' - v)gye coincided with the
normal trace. We now investigate this decomposition more closely and show that measure
Vd - F can actually be recovered from these traces.

Informally, if we take d(x) = x;, which corresponds to taking U to be a half-plane
{z € R" : z; > 0} for some 1 < i < n, then it follows from Vd = e; that Vd - F = F; for
each 1 < i < n, where F' = (F}, Fy,--- , F,). Thus, such a result allows us to recover the
underlying field F' from the associated normal trace over the sets {OU® }.~¢; while Theorem
[Tl cannot directly be applied to the half-space which is unbounded, we adapt this later
in Lemma [R3] This observation serves as a fundamental starting point for the theory of
Cauchy fluxes in the extended setting, which will be developed from §6] onwards.

Theorem 4.1. Let F € DM®™(Q), U € Q, and let d(x) = dist(z,0U). Then

/OO<F ‘v, gyt dt = / ¢odVd- F for any ¢ € WH°(Q), (4.1)
0 U

where Vd - F is given as in Theorem 27 Moreover, ([L1) extends to any bounded Borel
function ¢ on 2, understanding that t — (F - v, ¢)gye is only defined for L'~a.e. t > 0.

Equivalently, consider the disintegration given by Theorem B.Il which allows us to write
/ $dVd F — / / () dpg () dr (1) (4.2)
U 0 Jd-1@t)

for any bounded Borel function ¢ on U. Now, in Theorem [3.3] we have seen that
(F v, Yoyt = (F-v)gue = Dpai7(t) e for £L'-a.e. t >0, (4.3)
so Theorem [l is equivalent to the assertion that 7y ,s = 0. To prove this, we use the

following elementary lemma.
Lemma 4.2. Let 7 and o be finite Radon measures on (0,00) such that
=0 in D'((0,00)),
that is,
- [Twwaro = [Tede)  for any v e CH(0.20)).
Then T < L1 anfl there exists T € 0BV((O, o)) such that T = TLL(0, 00).

Proof. Define v(z) = o((0,2)) for > 0, which lies in BV ((0,00)). Then v satisfies v' = o
and is bounded pointwise by |o|((0,00)). Define the measure: 7 = 7 —vL!. Since ¥ = 0 in
D'((0,00)), we claim 7 is a constant multiple of the Lebesgue measure. Indeed, mollifying
7, we obtain a smooth function 75 that satisfies 75 = 0 in (0,00). Thus, for each § > 0,
there exists a constant ¢s € R such that 75(z) = ¢5 for all x > §. Since 75 SN Fasd—=0
locally in (0, 00), we know that c; — ¢ for some ¢ € R. Hence, 7 = (v + ¢)L!, which implies
that 7 is represented by a BV function. O
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Proof of Theorem [{.1. We divide the proof into four steps.

1. Let v € C}((0,00)) and g € CL(Q), and set ¢(z) = ¥(d(x))g(x). Then ¢ € Lip,(U),
and the mollification ¢ is defined and vanishes on QU for 6 > 0 sufficiently small. By
Lemma 2,10l we have

/Ung-ngx - /Uv¢5 dF = —/Ugb(;d(divF) _ —/UgbdivF(;dx.
Expanding Vé(x) = ¢/(d(x))g(z)Vd(x) + ¢ (d(x))Vg(x) gives
—/ Y (d)gVd- Fsdx = / (¢ (div F)s +¢(d)Vyg - Fs) dx.
U U

Sending § — 0 and using Theorem 2.7], we obtain

—/ Y'(d)gdVd-F = / ¢d(div F) + / Y(d)Vg-dF. (4.4)
U U U
2. Now set A = g div F + Vg - F and use Proposition Bl to write

Vd-F =1 Qgut it, A =0 Qgut A¢-

Using this, we can rewrite (4.4]) as

- [Tve [ s@aueano = [Teo [ avea),

Hence, as distributions on (0, 1), we have shown that

G| s@an@r) = ([ av@)e

By Lemma (.2, we infer that ( Jorre 9(z) d,ut(x)) 7 can be represented by a BV function. In
particular, decomposing 7 = TL'L[0,00) + Tsing, We infer by uniqueness of the Lebesgue-
Besicovitch Decomposition Theorem that

</6Ut g(x) dut(az))T = (/aw g(z) dut(x)>T(t) £1L[0, )

as measures on [0, 00) so that, for any g € C(Q),
/ g(z)dpe(z) =0 Tsing —0- €. (4.5)
out

3. Set p = Vd - F and put § = D, p. In order to apply (4.5) with g, we approximate
G by mappings in C}(U). By the Lusin Theorem [2, Theorem 1.45, Remark 1.46], we can
find a sequence g of continuous functions in U such that

Jk(x) — g(x) for |p|-a.e. z € U as k — oo,

and |gx| < 1 holds |u|-a.e. for each k. Then, for any o, — 0, gr = (X265, Jk)s,, IS & sequence
of C°(U) functions converging pointwise |u|—a.e. to g in U, which is also uniformly bounded
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by the constant 1. Now applying ([435]) with each g yields

/000 ‘ /aw f]dﬂt(x)‘ ATging(t) = /OOO ‘ /aw gk — §dpe(x) | dTeing(t)
< /000 /aUt’gk — gl dus(x)dr

= / lgk — g|dp,
U

which tends to zero as k — oo by the Dominated Convergence Theorem. Hence, it follows
that

Dy () dpg () = 0 Tsing —0-€.
out
By Lemma B2, we have
Dyy() = Dy pae() for 7-a.e. t and pi—a.e. x,

so it follows that
|pe|(OUY) = /EJUt Dyyp() dpg () =0 Tsing —0-€.

However, by Theorem Bl |u| is a probability measure supported on dU? for 7—a.e. t €
(0,00), so the above can only hold if 7gne = 0.

4. By [@2)-(#3]), we have
/ quVd-F:/ ¢d(F-y)€d€+/ ¢ dpu dTging
U 0 Ut 0 Uy

for any bounded Borel function ¢ in €. Since we have shown that 7g,s = 0, the last integral
is zero, thus establishing the result. O

Remark 4.3. A similar coarea-type formula was recently obtained in [20, Theorem 6.1] in
a more general context. Moreover, while it is not explicitly stated, a careful inspection of
their argument reveals an alternative proof of Theorem 411

As a consequence, we obtain an alternative proof of the following result from [64], which
will be used later. Similar results for Lipschitz-deformable boundaries were proved earlier
in [11].

Theorem 4.4 (Theorem 2.4 in [64]). Let F € DM (Q) and U € 2, and let d(z) =
dist(x,0U). Then

1 _
(F-v, ¢)oy = lim — $dVd-F for any ¢ € WhHe(Q). (4.6)

Moreover, if
1 .
liminf — |Vd - F|(U \ U?) < o0,
e—=0 ¢
then the normal trace (F - v, - )gu is represented by a measure on OU.

Proof. By Theorem [£.1] we see that

/ wd(F-y)aUtdt:/ded-F
0 out U
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holds for all bounded Borel functions ¥ on €2. Then, taking ¢ = ]lU\ng with € > 0 and
¢ € WH(Q), we have
1 /¢ — 1 [¢
g/ ¢dVd- F = —/ (F - v, @)y dt. (4.7)
0 0

€

Since the mapping:
t— (F v, §)aut :/ dVe - F + ¢ d(div F)
Ut Ut

is right-continuous on [0, 00) for ¢ € W1H>(Q), sending ¢ — 0 in (@), we deduce (@0).
Now, for any €, — 0, the above implies that

11— __ ’

—Vd-FLU\TE) 25 (F v, Yoy ask— oo

€k
as distributions in . If this sequence of measures is uniformly bounded in M(2), by the
weak*—compactness and uniqueness of the limit, we infer that the limiting distribution is
also a measure. O

5. LOCALIZATION OF THE NORMAL TRACE

In this section, we analyze how the normal trace relative to different boundaries can
differ. In particular, we seek to understand whether the relation

(F-v, p)ou = (F - v, p)ov (5.1)

holds for U,V C € with overlapping boundary and for any ¢ supported in a suitable
neighborhood of QU NJV. Moreover, if the normal traces of F' on the boundaries of U and
V' are represented by measures, one may ask if the equality holds as measures:

(F - v)ou L(OU N V) = (F - 1)y L(OU N V). (5.2)

This question is motivated by the study of Cauchy fluxes in the sequel. Indeed, it is
easily answered whenever the normal trace admits a representation of the form

(F v, hour = /8 0@ Fla) v aH

which is valid by the classical Gauss-Green formula for a Lipschitz F' and a bounded Lip-
schitz domain U; we see that it is necessary for the associated normals vy and vgy to
coincide H" ' -a.e. on the common intersection. For bounded divergence-measure fields
and sets of finite perimeter, this can be affirmatively answered by using [19, Theorem 5.3]
after reformulation to consider suitable notions of measure-theoretic boundaries and nor-
mals. However, for a general field F' and open sets U and V', the normal trace may fail
to be equal as measures on the common intersection, which is illustrated by the following
examples.

Example 5.1. Following [11, Example 1.1] which is itself based on [66, §I11.14, Example
1], consider the vector field

(21, x2)
F(x) - :17% + :17%

which lies in DM _(R?) with div F = 278y. Indeed, F(z) = 27 VI'(z), where T is the
fundamental solution for the Laplacian in R? (see e.g., [35 §2.2.1]). Let H = (0,00) x R be

for x = (21,72) € R?,
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the half-space where z; > 0, and let @ = (0,1) x (0,1) be the unit cube. Then we claim
the normal traces of F' on 0H and 0() can be represented by measures that take the form:

(F -v)om = —mo, (5.3)
(F-1)oo = —%50 +(F-v)H'LOQ. (5.4)

Indeed, for (5.3)), using an unbounded version of [J, Theorem 7.1], for ¢ € C>°(R?), we can
show that

<F v, ¢>8H = —;13%) Rmﬁb(eafﬂz)dfﬂz = —7T¢(0,0),

which implies (5.3)). To prove this limit, observe that
o
/ %QS(O, 0) dzo = 7¢(0,0) for any € > 0
—oo €+ 75

and, if ¢ is supported in Bg(0), the remainder can be estimated by

‘/Reu% (¢,22) = 6(0,0)) das|

<[ = 2|¢<sx2> 0(0.0)|dzs +2060.0)] [ * = ars

2¢e
d:EQ + |¢ 0 0)|

<[Vl peo (r2) iR

which vanishes as € N\ 0. Thus, (IB_ZI) follows.
For the flux on 0Q), we apply Theorem [£.4] near the origin to check that (F' - v)yq is a
measure on 0@; indeed, we now show that

lim sup 1/ _|Vd- F|dz < oc. (5.5)
B a( )NR\Q"

e—0

For this, observe that, for x € @ satisfying |z| < %, d(x) = dist(z, Q) satisfies

V() e1 if z1 < x9,
€Tr) =
eg if 29 < 1.

Then, for each € > 0, we split the integral in (5.5]) into four pieces:
Are = {(z1,22) € By5(0
Ay e = {(z1,22) € By2(0
Az = {(z1,22) € By2(0
Aye = {(z1,22) € By2(0

):0<x1<:1:2<6},

1
)1 0<a <e<wy <),
):O<x2<x1<€},

1
):O<x2<€<x1<§},

so that
Bi9(0)N(Q\ Q") = A1 UAs. UA3. UAy,.
Since Vd = e on Ay, and Ay ., we can compute

1
—/ |\Vd- F|dx < - / / dxldmg —log2, (5.6)
Als xl
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and

1
1 1 (2 [f
—/ ]Vd-F\dxg—/Q/ L day day
€JAy, €Je Jo a1+ x5 (5.7)

1 o 1 1. o«
= log(1 + 4¢7) 5 log2 + arctan(%) 7

by a direct calculation. Both terms remain bounded as ¢ — 0, since arctan(z) < § and

log(1 + x) < z for all x > 0. Moreover, the integrals over Az, and A4, coincide with

the integrals in (5.0) and (5.7)), respectively, by swapping the coordinates. Then the claim

follows.

Therefore, (F - v)sq is a measure on 9Q, which agrees with (F - v)H!'L(9Q \ {0}) on
0Q \ {0}, by using Theorem [5.3] below and since F' is smooth there. Then there is ¢p € R
such that (F - v)aq = codp + (F - v)H'LOQ. This constant can be determined by noting
that

(F - 1)50(0Q) = co + g = /Qd(div F)=0.
so that cg = —7, establishing (5.4). Then we have
(F - v)oqL(0Q NOH) = —gao + —70y = (F - 1)oirL(dQ N 9H).
Thus, the respective normal traces concentrate at the corner point (0,0) and take different
values there. This shows that (5.2 may fail in general.

The above example is for a field F' that is singular at the origin, and the discrepancy
arose due to the concentration of the normal trace at a point. One may also encounter
obstructions arising from the regularity of the domains, which is illustrated in the following
example.

Example 5.2. In R?, we can consider the domains:
V =B1(0)\ {(z1,0) : 1 >0}, U={z €V :29>0}=5B(0)".
Then we take F(z) = ez = (0,1), which is smooth and hence lies in DM (R?). Set

loc

A={z e Bi(0):z1 >0}. Then ANOU = ANV = {(x1,0) : 0 < 21 < 1}. However, we
have

(F-0)ouL(ANAU) = H'L{(21,0) : 0 <z < 1},
(F-v)ayL(ANOV) =0,

so the associated normal traces do not coincide, even though U C V. Indeed, the normal
trace on AU N A is understood in the classical sense, since U is a Lipschitz domain. For 0V,
using the definition, we can compute the normal trace for ¢ € W (R?) as

(F v, ¢>3V:—/V¢didex—/VV¢-Fdx

:—/ qbdiVFd:E—/ V¢ - Fdx
B1(0) By (0)

= <F ) ¢>8B1(0)7
by noting that £2(B1(0) \ V) = 0, so the normal trace indeed vanishes on A.
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In general, one may still hope for (5.1) to hold on relatively open portions of the common
boundary, which will be sufficient for our later purposes. More precisely, we have

Theorem 5.3. Let Q C R"™ be open and F € DM®™Y(Q). Given U,V € Q, let A C R™ be
open such that
UNA=VnA. (5.8)

Then ANOU = ANoOV and
(F-v, ¢)ou = (F-v, ®oy  for any ¢ € WH(A).

In particular, if the normal traces on OU and OV are represented by measures, then
(F-v)guL(QUNA) = (F -v)gy L(OV N A). (5.9)

Proof. Replacing A by A N if necessary, we can assume that A C Q. We first show that
ANOU = ANOV. Indeed, if x € ANOU, since U is open, then x ¢ U. Moreover, since A is
open, there is a sequence {x;} C ANU such that z; — z. However, by (5.8]), each x € V
while x ¢ V', so x € OV and the latter inclusion follows by symmetry.

Now, for any § > 0, when ¢ € (0,9), we claim that

AN (U\TE) = AN (V\V?),
and that dyy = dy on this common intersection. Indeed, if z € AN (U\U?), there is y € U
such that |z — y| < . Since € < §, we see that y € A and so y € 9V, giving
dy(z) < |z —y| <e.

Hence, z € A°N(V'\V?), and taking the infimum over all such y yields that dy (z) < dy(z).
By symmetry of U and V, the claim follows.
In particular,
Vdy - F L(A°NU\U%)Vdy - F L(A° NV \ VE),
by definition of the pairing from Theorem 2.7 Hence, by Theorem 4] it follows that, for
any ¢ € We >(A?),

1 I
(F v, $)or = lim = bdVdy - F

1 o
— lim - 6dVdy F = (F-v, d)ov.

Since § > 0 is arbitrary, it follows that the above holds for any ¢ € 1% *°(A). If the normal
traces are represented by measures, (0.9) follows by a standard density argument. O

Remark 5.4. One may wonder if the condition: U N A =V N A can be modified to hold
at the level of boundaries, that is, to impose OU N A = 0V N A instead. However, Example
shows that this is insufficient, even if the additional assumption that U C V is made.

We conclude this section by recording that a maximal portion of the common intersection
AU N OV can be defined, where Theorem [5.3] applies; that is, we can define
S(U,V)={x€dUNIV : Bc(x)NU = B:(x) NV for some ¢ > 0}.

Indeed, if A is any open set such that ANU = ANV, then, for every x € ANJU NIV, there
is € > 0 such that B.(x) C A. It follows that z € S(U,V') so that ANoU N9V C S(U,V).

Conversely, we can take A = Use sw,v) Bea (x), where €, > 0 is as in the definition of set
S(U,V).
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6. CaucHY FLux I: MAIN RESULTS AND CONNECTIONS

The balance law postulates that the production of a quantity in any open set U & () is
balanced by the Cauchy flux of this quantity through boundary U of U. We assume the
production is represented by a finite (signed) Radon measure o in  such that

o(U) = F(oU) for any U € Q,

where F is the flux through the boundary of U. In this section, we introduce the conditions
on the Cauchy flux F that guarantee the existence of an extended divergence-measure vector
field F' satisfying

—divF =0

and such that F can be recovered locally, on the boundary of almost every open set, through
the measure normal trace of F'. We begin by presenting the existing developments in this
direction and emphasizing the remaining difficulties, before stating our main results.

6.1. Connections to other formulations of the Cauchy flux. The origin of the study
of Cauchy fluxes dates back to the fundamental paper by Cauchy [6] in 1823 who considered
the balance law in a bounded domain §2 in Classical Physics:

/ p(z)dz = f(z,v(z))dH" () for any U C Q, (6.1)
U U

where the production p(x) is a bounded function in = € Q, and the density function f(x,v)
of the flux depends on point x € QU and the corresponding interior unit normal v. It was
shown in [6] that, if f is continuous in x, then f must be linear in v. For self-containedness
and subsequent development, we now present a brief description of Cauchy’s argument.

Theorem 6.1 (Cauchy’s tetrahedron argument). Consider the classical balance law (G.1))
in R™, where f is continuous in x and p € L>(Q). Then there exists a continuous vector
field F such that

flz,v(x)) = F(2) - v(z).

Proof. Consider the standard orthonormal basis {e;}!" ; of R". Let v = (vy,v92, - ,vy) be
any unit normal vector satisfying v - e; # 0 for each 1 < ¢ < n. Fix ¢ > 0 and consider
the tetrahedron 1. with vertices vg = 0, v; = E’;—’Zei for each 1 <i <n -1, and v, = ce,.
Then the boundary of T; is composed of (n + 1) faces, denoted by S;. for 1 < i < n and
Se. These are chosen so that S; . are contained in the planes: z; = 0,1 < ¢ < n, and S; is
contained in the plane perpendicular to v with the equation: > " | v;x; = ev,. For & € R”,
we consider the translated tetrahedron T . := & + 1., whose faces are denoted as Sz ;. and
Sie.
Then the balance law gives

J,

where we split the boundary integral in terms of the contributions on the (n + 1) faces.
Since the production is bounded, we can estimate

[ p)ds] < Ipllm @£ (T5)

p(z)de = Z/ fx,e)dH" 1 + fx,—v)dH" (6.2)
=175z

\E x,i,e Si,s
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We then divide both sides of (6.2) by H" !(Sz.) and observe that
(v-e))H" 1 (Sz.e) = H" (Szic)

to deduce
fs,. fla—)aH 1 (a Z e dH (@)
—|— (v-e;)—=
'Hn 1 Sm Hn—1 sz
( ,5) ( 5 ,5) (63)
ﬁn
< Il gy = Clplemoy
We let € — 0 in (6.3]) and use the fact that z — f(z,v) is continuous to obtain
F@,-v)+ ) vif(@e)=0. (6.4)
i=1

Define a vector field F = (Fy, Fy,--- , Fy,) by
Fi(z) :== f(z,e;) for x € Q.
Since & € Q is arbitrary in (6.4]), then F' satisfies
flz,—v)=—F(x)-v (6.5)

for any x € Q and v € R" such that v; # 0 for all 1 < ¢ < n. To extend this to hold
for any v, we can choose a different orthonormal basis {é;}!" ; and work in the associated
coordlnate system (Z1,-- - ,Zy) to allow for v € R" satisfying v-¢€; #0 for all 1 <i < nin
(E35). Since f is continuous, it follows that F' is also continuous. O

The above derivation assumes the existence of a continuous density f. However, in ap-
plications, we may naturally encounter solutions that are discontinuous or singular, thereby
violating this continuity hypothesis. It was not until 1959 that Noll in [52] considered the
problem of removing the continuity assumption of f and proposed an axiomatic scheme for
Continuum Mechanics, which reduces to the familiar balance law for contact forces in the
stationary case. In this setting, the body €2 is composed of parts that are sets with smooth
boundary. In [52] Theorem IV], it was shown that the density function should depend only
on the position z and the normal vector v(z), independent of other properties of the surface
such as the curvature. However, additional conditions are necessary to derive the linearity
of f, as it was later remarked in [5Il p.79] that “it is unfortunate that nobody has been
able, so far, to [establish the linearity of f] under [the proposed axioms| without the ad-hoc
continuity assumption...”.

From Classical Mechanics, it follows that the object of study should be the total flux
across a surface S contained in OU, that is,

_ /S Fz,v(@)) dH™ L (2). (6.6)

This viewpoint of studying the Cauchy flur F was proposed by Gurtin & Martin in [43].
Since they assumed the production p is bounded, the balance law (6.I]) immediately implies
the inequality:

|FoU)| < KL"(U) for any U C Q. (6.7)
Moreover, from (6.0]), it also follows that the flux should be an additive function in the
sense that

F(S1USs) = F(S1) + F(S2) for disjoint S7,Se C 9U. (6.8)
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Therefore, Gurtin & Martins in [43] considered an additive set function F defined on (suffi-
ciently regular) oriented surfaces (S, v) which satisfies the properties of being area-bounded:

|F(S)| < CH"L(S), (6.9)

and weakly volume-bounded in the sense that (6.7)) holds. Under these assumptions, they
deduced the existence of a density function f(x,v) defined for £"-a.e. x € £ and all unit
vectors v for which (6.6]) holds for every admissible surface. Moreover, the following linearity
of f was proved: There exists a field F' € L such that

f(z,v)=F(z)- v for L"—a.e. x € Q.
Furthermore, the following uniform average density condition on F was introduced:

{fr(z,v)}r=0 with f(z,v) = 7}[53}5?&;2)), (6.10)
which converges uniformly as » — 0 on any compact set K C €, where D,(z,v) is the
(n — 1)-dimensional disk of radius r centered at = with normal v. It was proved that (610
is a necessary and sufficient condition for the Cauchy flux F to have a continuous density
f that is linear for every .

The class of admissible surfaces was extended by Ziemer in [67] to consider boundaries of
sets of finite perimeter. We refer the reader to [50] for a detailed exposition on the theory
of sets of finite perimeter, which gives a natural class of admissible surfaces that are closed
under the set operations and provides a suitable measure-theoretic notion of the normal.
Under the same assumptions (6.7)—(6.8]), considered on sets of finite perimeter, the existence
of a bounded density f(z,v) satisfying (6.6]) on every oriented surface S was established
in [67, Theorem 3.3]. Once the existence of a density was established, the linearity of the
flux followed from the results in [43]. Indeed, in both [43] and [67], the existence of the
vector field is ultimately based (after suitable mollifications) on the Cauchy’s tetrahedron
argument, as sketched above in Theorem [GIl Moreover, it was proved in [67] that the
constructed vector field F' € L™ satisfies div F' € L* and that the Gauss-Green formula

/ ddivF) = — | F(z)-v(z)dH" (@)
Q aQ

holds for almost all cubes @ = (a1,b1) X -+ X (ay, by). §
The boundedness conditions (6.7) and (6.9) were relaxed by Silhavy in [60,/61] to allow
the Cauchy fluxes of the form:

|7 ()] S/hd’H"‘l, (6.11)
S
F(0.M)] < / kda, (6.12)
M

for h,k € LP and any Borel set S C 9,M, where M is assumed to be a normalized set of
finite perimeter in 2 and 9, M is the measure-theoretic normal. We denote the collection
of such M by &. We note that (6.11]) holds only for a particular representative h in the L
class, which encodes fine properties of the underlying field, and the right-hand side may fail
to be finite in general. As such the class of admissible surfaces must be relaxed to “almost
all” surfaces, which is made precise by the class

Pu={Me»: Mecand [, hdH"" <oo}. (6.13)
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This leads to the establishment of a one-to-one correspondence between Cauchy fluxes and
LP—integrable fields F' with L? divergence in [61, Theorem 5.1]. It is shown that conditions
(611)—([©12) imply the existence of a vector field in LP.

However, the LP-regularity of the divergence rules out the important physical behavior
where the Cauchy flux may jump across the boundary. One may naturally wonder whether
the case of divergence-measure fields can be treated in this framework. This was answered by
Degiovanni, Marzocchi & Musesti [31], providing a definition of Cauchy fluxes representable
by DMPfields. For this, the upper bound (6.I1)) for the flux remains the same, while (6.12])
is replaced by the measure bound:

[ F(0.M)| < A(M)

for some non-negative Radon measure A on 2. In this setting, the flux is recovered on the
class of surfaces

P\ = {M ceP . MeQ, hdH"™! < 0o, A(B.M) = o}.

0« M
However, in general, the condition (9, M) = 0 rules out surfaces along which F has a jump,
say, F(—0.M) # —F(0.M). This requirement was removed by Schuricht [59], where the
flux is defined for all subsets in &%), where a formulation in terms of contact interactions
between two bodies is proposed.

We also refer to [19] for bounded divergence-measure fields in which every set of finite
perimeter can be treated and to [9] in which the limit formula for any general open subset
is obtained.

Nevertheless, a characterization of Cauchy fluxes in the extended case has still been
missing. Note that a formulation was proposed in [63] in which the flux is defined only
on planar polyhedra and involves the estimates valid for almost all translates, making
the hypotheses difficult to verify. Instead, we now seek a construction in the spirit of
[B1L43,591[61] that is also sufficiently robust to treat jumps across boundaries and one-sided
singularities.

6.2. Formulation of the Cauchy flux and statement of the main theorem for the
Cauchy flux. We begin by precisely defining the admissible class of surfaces under con-
sideration. This is because the class &), from (6.13) has seemingly no natural replacement
when h is replaced by a Radon measure p and, moreover, we wish to depart from sets of
finite perimeter and consider general open sets.

Definition 6.2. For a non-negative and finite Radon measure p in ), denote
1
Oy = {U € Q open : limi(l)lfgu({a: e U : dist(z,0U) < e}) < oo}. (6.14)
E—r

This condition is motivated by Theorem [4.4l We see later as a consequence of Lemma [7.4]
that, for any open set U € 1, U® € O,, for L'-a.e. ¢ > 0. Thus, in this sense, O,, contains
almost all open sets.

Remark 6.3. Recall that, for U C Q2 and € > 0, we write

U ={zeU : dist(xz,0U) > e}. (6.15)
We also set U? = U and

U ={zeR": dist(z,U) < e}.
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Using this notation, we can equivalently formulate (6.14]) as

TFE
lim inf M
e—0 e

1 .
— |1 1 _ €
= hlan_félf . w(U\ U?) < oo. (6.16)

Notice that u(dU¢) = 0 for L' a.e.e > 0 and e — u(U") is non-increasing and left-
continuous. If e — 0 is a sequence realizing this limit inferior in (6.16]), then, for each k,
we can find 0 < &, < &), such that p(U™") — %< w(T™) < (@) and p(@US) = 0 for
each k. Thus, we always have
ming 2O =#T) g #O) = n(U7)
e—0 € e—=0 €
regardless of whether both sides are finite or not. In addition, we may also consider the

O, —condition for subsets U C R" that are not necessarily compactly contained in €2; for
this, we simply extend measure u by zero to R™.

Definition 6.4. A Cauchy flux in Q is a mapping F defined on pairs (S,U) with S C OU
Borel and U € §2 open, so that the balance law is satisfied:
Fu(OU) =o(U) for any U € Q, (6.17)
and there is a non-negative finite Radon measure p such that the following conditions hold:
(i) Additivity property: For any U € O, and disjoint Borel subsets S,T C 0U,
]:U(S @] T) = ]:U(S) + ]:U(T).
(i) Localization property: For any U,V € O, and any open set A C Q such that ANU =
ANV, then
Fu(ANoU) = Fy(ANoV).
(ili) Upper bound: For any U € O,

[Fur (S)] < pgy (S) (6.18)

holds for any Borel set S C OU and any limiting measure
1 =\ % _
e—uL(U\U‘fk)éugl as € \ 0.
k

In Remark [7.5] we will draw some connections to Conditionin relation to the existing
formulations in the L? setting. However, our condition appears to be fundamentally different
to the class &7, that appears in the previously existing formulations.

Remark 6.5. In Condition since U € O, then there is a sequence € \, 0 for which
the non-negative measure sequence:

1 .
Vg = aul_(U\UEk)

satisfies 1
. T —
klggo v (Q) = 1116n_>1(1]1f ~H (U \ U?) < .

Thus, {vx} is uniformly bounded in M(2) and, up to a subsequence, converges weakly* to
a measure v. Moreover, since each vy, vanishes on (Q\U)UU®* for each k, the limit measure
v is supported on OU. Therefore, such a limiting measure //[}_1 always exists, even though
it is non-unique in general, and we impose (6.I8]) for every limiting measure obtained in
this way. However, it turns out that this limiting measure is unique on most surfaces, which
will be made precise in Lemma [7.4]
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The main result of this section is that Definition implies the existence of a vector-
valued Radon measure F' = (F},--- , Fy,) in , whose normal trace corresponds to F. More
precisely, we prove the following main theorem for the Cauchy flux.

Theorem 6.6. Let F be a Cauchy flux in Q). Then there exists a unique divergence-measure
field F € DM®™(Q) such that
—divF =0
and
Fu(S) = (F-v)ou(S) (6.19)

for any U € O, and any Borel set S C OU, where the measure (F -v)ay is the normal trace
of F on OU. Conversely, every F € DM (Q) defines a Cauchy fluzr, by taking p = |F|
and o0 = —div F'.

This makes precise the one-to-one correspondence
{Cauchy fluxes F in Q} +— DM(Q)

as we claimed in the introduction, and the local recovery is now precisely formulated via
the class O,. We point out that there is no hope to obtain the recovery on all open sets U,
as the normal trace appearing in (6.19)) is not generally a measure on arbitrary open sets.

The converse statement of Theorem is a consequence of the properties of the normal
trace established in earlier sections, which we record here.

Theorem 6.7. Let F € DM™ (). Define
Fu(S) = (F - v)ou(S) (6.20)

for any open set U € Q and any Borel set S C OU, whenever the normal trace (F - v)gy
restricts to a measure on OU. Furthermore, for U € ), define globally

Fu(0U) :=(F v, 1a)su- (6.21)

Then F defines a Cauchy flur in the sense of Definition 6.4], with o0 = —divF and any
non-negative Radon measure p such that |F| < p.

Proof. By definition of the normal trace, it follows that Fy;(0U) = —divF(U). Using
([21100), we see that the balance law holds for all U € Q. Also, if (F - v)sy is represented by
a measure on OU, then (6.20) and (6.21)) coincide when S = OU.

By Theorem [4.4] the normal trace (F - v)gy is represented by a measure whenever U €
O|F|, property follows from the fact that O, C Ojp|. The localization property
follows from Theorem [53] Finally, for for any U € O,, it follows from Remark
that there exists both € — 0 and a limiting measure ,uz_l such that

1 — %
— L UN\TF) s g,
€k

Since |Vd - F| < |F| < p by (23] from the product rule, we see from Theorem [4.4] that

[ ey
—Vd-FLU\U™") = (F-v)ov,
k

which implies that |(F - v)ay| < pjs ' as measures. Therefore, F is a Cauchy flux. O
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The main implication of Theorem [6.6] will be proven in several steps, which will be broken
up into separate theorems. After establishing several useful properties of the flux in §7] we
will first construct a candidate field F' by integrating the Cauchy flux along hyperplanes.
This will be done in §811 where the constructed field is shown to satisfy —divF = o,
thereby establishing global recovery of the flux. Although the construction of F' involves a
choice of measure to integrate the flux, in §82 we will justify our choice by showing that
the said flux is uniquely determined; this will rely on a version of Theorem H1] valid for
half-spaces. Finally, we will show that the flux and the normal trace coincide in the sense of
(619), which will be a local recovery result, in §9 This will first be done on generic cubes,
after which an approximation argument will extend this to general surfaces. Once the main
theorem is proven, we will also collect a few consequences in §9.21

7. CaucHy FrLux II: PROPERTIES OF THE CAUCHY FLUX

7.1. General properties of the Cauchy flux. We now present some useful properties of
the Cauchy flux, starting with some properties of sets in O, and consequences of property
Recall that we have defined the class of open subsets:

et —e
O, = {U@Qopen : hlgl_)l(l)lfgu(U\U ) <oo}.
In what follows, we also consider the more restrictive class:
~ 1 _
O, = {U € Q open : limsup = u(U\T") < oo}.
e=0 €

Lemma 7.1. If U € Oy, then Fy(-) is represented by a measure supported on OU.

Proof. By Condition the flux is finitely additive. By there exists some measure
,u’l}_l such that the following upper bound holds:

|Fu (S)| < u1(S) for any Borel set S C 9U.

Note that setting S = @ gives Fy7(@) = 0. For countable additivity, let {S;}7°, be disjoint
Borel subsets of OU, and set S = [ Jg—; Sk. Then, for each N > 1, we can estimate

‘fU ZfU (Sk) ‘—‘}_U U Sk‘

k=N+1
< ,uU U Sk) = Z o -0 as N — oo,
k N+1 k=N+1

where we have repeatedly used the additivity property in addition to and the fact
that ,ug_l is a measure. Thus, it follows that

S) = Fu(Sk),
k=1

from which the result follows. O

Lemma 7.2. Suppose that Uy € O, and U € 6#' Then Uy NUz and Uy UU; lie in O. In
addition, if Uy € O, then Uy NUz, Uy UU; € O,,.
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Proof. For any U1,Uy C Q, set U =Uy NUy and V = U; U Us. Then we claim:
U\U® C (U1 \T;) U (U2\ Ts), (7.1)
VAVEC (Ui \U;) U (U2\ T3). (7.2)
Indeed, if z € U \ U¢, then there exists y € R" \ U such that |z —y| < e. Since R"\ U =
(R*\Uy) U(R™\ Uy), then z € Uy \U§ if y € R*\ Uy, and x € Uy \ U5 if y € R™ \ Us.
Similarly, if z € V' \ V€, there is y € R" \ V with |z —y| <e. If x € Uy, then y € R"\ U3

so that x € Uy \ Us; similarly, if z € Uy, then z € Uy \ Us.
Thus, taking p on both sides of (7.1]), we obtain

1 — 1 — 1 —
Z p(U\U*) < z u(U\ UF) + g#(Uz \U3) for any e > 0, (7.3)

so that
liminf 2 (U \ TF) < liminf ~ u(U7 \ TF) + limsup ~ (U \ TF) <
im inf g < lim inf = u(@\TF) + limsup —p(Us \ U5) < oo
which implies that U € O,,. Moreover, if Uy € (5“, we have

1 1 1
lim sup — ,u(U \ U?) < hmsup ,u(Ul \U$) + hmsup ,u(Ug \ US) < oo,

e—0

so U € Ou' The same result holds for V' by using (7.2) instead to obtain an estimate
analogous to (7.3)). O

Adapting the arguments of the above proof allows us to establish the following upper
bound for the limit measure ,ug[}l.

Lemma 7.3. Let Uy,--- ,Un € O such that there exists a common subsequence e, — 0 so

that )
e—ul_(UZ-\Ufk)L,uz,_l for each 1 <i <N,
k

7

and set
N N
v=U, Vv=U.

i=1 i=1

(i) If 2 ulL(U\T=) = pg ", then

<Zu (Snaov; ﬂﬂU for any Borel set S C OU.
JFi
(i) If - pl(V \ VEr) == it then

LS n(au; \ U Uj) for any Borel set S C V.
J#i

Proof. For arguing as in (1) from the proof of Lemma [[2] we have

”MZ

N
UNTE | (Ui \TF) for € > 0.
=1
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Given any non-negative ¢ € C.(2), we can integrate ¢ over these levels sets with respect
to p and take the limit as e, — 0 to obtain

N
¢d'un—1 < / qbdun—l
/8U v ; ; v

Then we can argue by density to infer that

N
T S) <> pp (SNt for any Borel set S C Q.
=1

Now, since ,ugfjl is supported on OU, we can replace S by S N OU on the right-hand side.
Moreover, since
oU; NoU C aU; N (T,
J#i

the result follows. The argument for is analogous, based on the inclusions:
N
VAVEC T \T5)
i=1

for each € > 0 which is established analogously to (Z.2]) and

N
ov c | Joui\|JU;.

i=1 ji
d

Lemma 7.4. Let F be a Cauchy fluz, and let U C R™ be an open set. Consider the
disintegration of u along OU given by

p=L'J0,00) Rppt 1 + Teing Dot fie

from Lemma [35], extending v by zero to a measure on R™. Then, for L'~a.e. t > 0,
1 e * 1 ey *
gul_QﬂUt\UHa) — H; gul_(QﬂUt‘e\Ut) S ase— 0, (7.4)

and (2N OUY) = 0. In particular, if U € 2, then U?, (Ult)C € Oy, and ,uzzl and “?U_tl)c are
uniquely determined as p; for L'—a.e. t > 0.

Proof. We apply Lemma 3.5 which asserts that, for any ¢ € C.(2) and any 0 < t < s,
L / qu,u—L/s odu dr—l—i/ ¢ djiy ATsing (1)
s =1 Junus s—tJy Jour " s =1 Jit,s) Jour T

For ¢ > 0, we apply the above with s = ¢ +e¢. For any countable dense subset {¢;} of C.(£2)
(with respect to the uniform convergence), consider the partial mappings:

O;i(t) := /EJUt @i dpy for each j.
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Then we choose t > 0 to be a Lebesgue point for each ®; and to satisfy D, 1(7sing)(t) = 0
(using Lemma 1)), which forms a set whose complement is £!-null. For such ¢, sending
e — 0 gives that, for each j,

1 t+e
= [ oands=am = [ o

and

. 1 - . 1
lim sup —‘ / ¢j dfis dTSmg(s)‘ < ¢l Lo (@) limsup = |7sing (¢, +€))[ = 0.
VL (t,t+e) JouUt e=0 €

e—0

Combining the above, we deduce

1
gli}r(l] g Ut\Ut+5 ¢J d“ o /aUt ¢J d/Jt (75)

Applying the same to (t,s) = (t — e,t) with 0 < e < t, we have

1
lim — ¢jdp = / ¢j dpy for the same t.
e20¢€ Jyt-=\Ut Ut

Discarding a null set if necessary, we can moreover assume that

1 _
lim sup > w(UE\ Ut+5) < 00,

e—0 €

so, in particular, U?, (Ut)C € (5M and u(QNOUY) = 0. Then, for any sequence e — 0 giving
rise to a limiting measure
1 - X
—ul UM\ AR
€

testing against ¢; and using (7.5)) yields

/ ¢pjdv = / ¢j dpy for any j.
Q Ut

By density of {¢;}, it follows that v = p'L OU". This uniquely determines the limit. We
can similarly show that

1 —
—pLUTENTE —
as required. n

Remark 7.5. In the theory of LP—integrable fields, one may consider p = h L" with a
non-negative function h € LP(£2). In this case, the disintegration reads as

p= L0, 00) @yt pit, e = hlgge H T LOU?

by using the coarea formula, where a representative of h is fixed. In this case, using Lemma

74l condition implies that
| Fue(S)] < / hdH™ for £1-a.e. t > 0 and any Borel set S C 9U".
S

This is reminiscent of the flux bound appearing in [9,31,[59,61], even though the notions
need not coincide for a general open set U.
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For the next result, we introduce the sets:
Q° = Bys0 0° = {:17 € Q : dist(z,00) > 0, |z| < %} for each 0 > 0. (7.6)
Note that each Q° € Q and Us=o Q0 = Q. Using Lemmas[7.2 and [74}, we see that Q% € 6#
for £L'-a.e. § > 0.
Lemma 7.6. Suppose that U C R"™ is open such that
é,ul_(Q AWUNTF) = ase—o. (7.7)
Then an extension of the Cauchy flux can be defined by
Fu(S) == Fyrps (5) (7.8)

for L' -a.e. § > 0 such that Q% e (5“ and for any Borel set S C OU such that S C QS NoU.
Moreover, this extends uniquely to a measure on QN OU satisfying

\Fu(S)| < u(S) for any Borel set S C QN OU. (7.9)
Proof. First, the weak*—convergence in (7.7)) implies that

1 .
limsup — u(2N (U \ U?)) < 0.
e=0 €

By Lemmal[72 applied in R™ via extending p by zero outside €, if § > 0 such that €20 € (5,“
then Q9 NU € O. By property we see that

a ANoU) = F

UnQo1 ( UnQs2 (Anov)

for any 0; and do such that 0 < §; < &9, as above, and A C §~252 open. Since the flux
is a measure on O, by Lemma [Z1], by approximation (Lemma 2.2]), the above extends to

general Borel sets S C Q% NOU. Hence, (78) is well-defined. To show that it extends to a
measure, using Lemma [.4] let § > 0 such that

1 a1 e
(N s =l (Buys \ B ) < i

Then, since U N O € O, by Lemma [3] we can estimate
ks S ETILD + (i + ) L@ D)
as measures. Then, if S C QN OU such that S & ﬁ‘s, we obtain the claimed bound
\Fu(S)] < pgr(5).

Since this estimate is independent of § > 0, we claim that 7 extends uniquely to a measure
on QN OU. Indeed, take ¢; \, 0 such that each 0% e O, and, given S C QN OU, define

S1=SNQ% and S; = 5N (Q% \ Q9%-1) for j > 2. Then, by additivity, we have

N N

> FulSy) = Fu(lJ S

j=1 j=1
which is uniformly bounded in N by noting that

D |Fu(S))] < uiH(S) < oo
j=1
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Thus, there is a unique limit

8) =3 Fu(s)),
j=1

which also satisfies (7.9]). Arguing analogously with disjoint sets Sy, Sy C OU and consider-

ing S; j = 5;N (ﬁéj \ﬁéﬂ'*l), we see that this extension is also additive. Since this extension
is additive and satisfies ((T9)), arguing as in the proof of Lemma [T], we conclude that this
extension Fy is a measure on 2 N OU. O

Remark 7.7. In the case that U = V° = R"\ V for some V € €, it suffices to assume that
1 _
liminf — u(QN(V7E\V)) < oo,
e—=0 ¢

which is written as V° e O,. In this case, we can set
Fye = Fany LQ° (7.10)

for any 0 > 0 such that § < dist(V, OQ) V C Byys, and Qe (5 Indeed, by Lemma [7.2]
(applied in R™ extending p by zero), 0° \V € O, so it follows from Lemma[T.Tthat F, anT is

a measure. By the localization propertyﬂ, (i1)} its restriction to OV is mdependent of the choice

of § > 0, so (CI0) is well-defined. Also, for any such J, we can set ,u%? = ugé\leav

which satisfies
| Fe(9)] < ,u%Zl(S) for any Borel set S C 9V.

7.2. Properties of the Cauchy flux on cubes and half-spaces. Our proof of Theorem
relies on considering the Cauchy flux F on the boundaries of half-spaces and cubes, and
integrating along suitable hyperplanes to construct the desired field F. Since a general
half-space H = {r € R™ : a-x > t} need not be contained in 2, we use Lemma
to consider the flux on QN AH for almost all H. In doing so, it is useful to understand
the behavior of the flux on cubes and, in particular, write Fg(-) as a sum of fluxes going
through the respective faces. It turns out that this is not possible for arbitrary cubes, since
the vector field may potentially concentrate at the corners, as illustrated for the normal
traces in Example (.11

However, localization to faces is possible for almost all cubes, which we will make precise
below. For this, it is useful to introduce some notation. For simplicity, we consider only
cubes and hyperplanes subordinate to the coordinate axes x1,--- ,x,, even though more
general frames in R™ can also be considered as done in [31] with minimal modifications.

Definition 7.8. For a cube Q = Q(a,b) := (a1,b1) X -+ X (an, by), define the 2-skeleton of
Q as

= {:17 €qQ :x; € {ai, bi},zj € {aj,b;} for some i # j}.
Note that, in two dimensions, 0*Q consists of the corner points, whereas it is the union of

all of the edges of Q (including the vertices) in three dimensions.
Additionally, for 1 < i <mn, define the half-spaces

Z+—{:E€R" x>t Hi_:{xERn Day <t}
Note that (Hj | )* = HH'€ and (Hj _)* = Ht_6 by recalling definition ([6I5). In particular,
0H a; and 8H * contain the faces of Q for each 1 <i < n.
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We also define suitable null sets to make precise our notions of almost all cubes and
half-spaces.

Definition 7.9. Given the Radon measures p and o from Definition [6.4], for 1 < i < n,

define Nj,, C R to be the complement of the set of points t € R for which M(E?Hf’Jr) 0,
and the limits:
1 TN ok -1 1 *
SR\ HE) — iy and - — pl(HEZ H{ ) =y
erist as € — 0 with ,uz_tl = u’;l_tl , where p is viewed as a measure on R™ by setting
i+ i,—

lu|(R™ \ ) = 0, and the set N;, C R is L'-null by Lemma [ Furthermore, define
M; s CR as the complement of the set of points t € R such that

ol (0H] ) = 0,
which is at most countable and hence L1 -null.

Observe that Lemma [7.6] applies to the half-spaces H! 4, provided that ¢ ¢ Ni ., allowing
us to make sense of F H which will frequently be used in what follows.

Lemma 7.10. Let Q = Q(a,b) € Q be a cube such that a;,b; ¢ N, and
,uHal Ho*Q) = ”H_bil (0*°Q) =0 for any 1 <i <n. (7.11)

Then Q,Q° € (5,“ and there is a unique measure ,u’é_l such that

1 — % 1 N
EIU'(Q\Qa);NQ L EN(Q \NQ) — g ! ase — 0. (7.12)
Furthermore, for each 1 <i <mn,

pgy HL(OH N OQ) = ’;{a} L(OH NdQ),
ot L(@Hﬁi_ NoQ) = u"3! I_(8Hb NnoQ),
which uniquely determines pg, . In particular, ,u" Y92Q) = u%:l(a%)) =0

Proof. Viewing p as a measure on R"™, we see that each Hla H bi ¢ 6#' Then it follows

from Lemma that @ € 6#- Now, for any e; \, 0, there exists a limit measure A such
that

Ei,ul_(Q\W)L)\ as k — oo.
k

We now show this limit measure is uniquely determined, from which the full convergence

[T12) follows.
Since @ = (i, (H;" N Hb ') by using Lemma [Z3(i)| together with (ZII), we have

\62Q) = 0. (7.13)
Moreover, if ¢ € C.(Q\ 0%2Q), then ¢ is supported in some open subset A € Q\ 9%Q
Choosing & > 0 such that & < dist(A,9?Q) and & < $(b; — a;) for each 1 < j < n, we have

NQ\@) = U( H“f“))uCJ(Am( \HPT),

: ]:1

3
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and the sets of the right-hand side are disjoint. Hence, integrating over ¢ with respect to
% 1 and sending g \, 0 give

n n
pd\ = / Cdptt + / Cpdut.
/aqz ; oHt. Mk ; or'i  HL

This, combined with (7.I3]), uniquely determines A\ = ,ug_l. Similarly, for the complement,
we obtain that Q° € O, by using Lemma and noting that it is the union of H Z‘“_ and
szﬁr for each 1 < i < n. Then, if g5 \, 0 for which

LL@=\Q) =,
£k

it follows from Lemma [Z3(b) that A(8>Q) = 0. Moreover, we argue that, for each A €
0\ 0%Q,

A=Y (Mg;gj L(ANDQ) +p |, L(AN aQ)),
j=1 -

J» J,+
from which we infer that A = //Q‘_l, since u"_}lj = un_}lj and p""L = p""1 for each
OH; " OH; % OH;', OH;_
1<j5<n. O

Lemma 7.11. Let Q = Q(a,b) € Q be a cube such that a;,b; ¢ N;, for each 1 <i <n
and that (TI1)) holds. Then, for any Borel set S C 0Q),

Fols)=%" (fHai+ (SNOHM) +F,u, (SN 8Hf’j_)) , (7.14)
i=1 ’ o

Fo8) =Y (fHZi (SNOHL) + Fyps, (S1 aH;ﬁ;)). (7.15)
i=1 ’

Proof. By Lemma [.6] the flux is defined on the hyperplanes associated with each face of
Q. Also, by Lemma [T.10l and condition Q,Q° O, so that Fg and F g° are measures

majorized by //Q‘_l (by using Remark [T.7] for the complement).
Since Q) \ 6%Q) is open, for any open set A C Q\ 9Q, the additivity property from
Definition gives
Fo(AnoQ) =" (FolANoQnoH,) + Fo(AN0QNOHI)),
i=1
by noting that the collection {(8Hf’+, 8Hff_) : 1 <4 < n} is pairwise disjoint in R” \ 6%Q.
We now claim that, for each 1 <1i¢ < n,

FQ(ANOQNOoHY, ) = ngi(A NoQ NOH,),

FQ(ANOQNOH ) = Fpp, (ANOQNOH]").

Indeed, when i = 1, writing Q = (ay,b1) x Q' with Q" C R"™!, for § > 0 sufficiently small,
we see that Q15 = (a1 — 0,a1 +0) X Q' is an open cube such that

ANQisNQ=ANQ1s me}Jr.
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Thus, applying property with the open set AN Q1 , we have
Fo(ANnoQ N 8Hf,1-i-) = Fo(ANQ15N0Q)
=Ty (ANQus NOHYL) = Fyer (ANOQNOHY, ).

Arguing similarly for the remaining terms, the claim follows.

Therefore, we have

n
FolAnaQ) =Y (le_
i=1
for any open set A C Q\ 9°Q.

By Lemmas [T.1] and [7.6, we know that both sides of (7.14]) are Radon measures on 0Q),
and the equality holds for any relatively open set S C 9Q \ 9Q, so that this extends to
all Borel subsets S C 0Q \ 6°Q by Lemma Moreover, since both sides of (7.14]) vanish
on 0?Q by property (71d)), and Lemma [.T0] this extends to hold for any Borel set
S C 9Q. The argument for the flux on the complement, namely (7.I5]), is analogous. O

(ANOQNOH) + Fon (ANOQN 8Hf’j_))

1
+

The previous lemma relies crucially on condition (.IT]), which ensures that the flux does
not concentrate on the corners of the cube. The following result asserts that this condition
holds for almost all cubes in a suitable sense, which is used frequently in the sequel. We
postpone the technical proof until the end of this section, as it is disjoint from the discussion
which follows.

Lemma 7.12. Given a cube Q = Q(a,b) € Q, for L"—a.e. x € R™, (TII]) holds for x + Q:

e (0% (2 + Q) = ph 0 (P2 +Q)) =0 forany1<i<n.
1,+ ]

1, —

Lemma 7.13. Consider a cube Q = Q(a,b) € Q with a;,b; ¢ N, which satisfies (Z11))
for each 1 < i < n. Then, for each 1 < j < n, there exists an L'-null set N C (aj,b5)
such that

t Fpr (@0 OH; ) (7.16)
is continuous when restricted to R\ Nj g and hence is L'-measurable on R, and
-FH;# (QNoH; ) = _‘FH;7 (QNoH; ) for any t € R\ N q. (7.17)

Proof. We divide the proof into two steps.

1. By permuting the coordinates, we can assume that j = 1. We write Q = (a1,b1) x Q’
and set Qs := (s,t) x Q' C Q for a; < s <t < by. This satisfies

0?Qsy C {s,t} x 0Q' UI*Q,
viewing 0Q’ as the boundary of Q' C R*~!. Furthermore, notice that
Qs M (OH UOH) ) C 0Q' UD*Q  for any 2 <i <.
combining this with (Z.II]), we obtain
u’;@; (0°Qs) = u;;;{ (0°Qst) =0  forany 2<i<n. (7.18)
Observe that, since a;,b; & N, we ilave
u((ar,b1) x 0Q") =0
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owing to ,u(@Hzﬂr) = ,u(@Hff_) = 0 for all 2 < ¢ < n by Definition Thus, for £'-a.e.
te (al, bl),

i (o, br) x 0Q) NI L) = i (((ar,by) x 9Q') 1 OHE_) =0,

We denote by T the set of points t € (a1,b1) \ (N1, U M) for which the above holds.
Then, for s,t € T with s < t, we have

,qu (82628 t) NHt (82628 t)

Then, combined with (TI8]), Lemmas [[.TOHT.IT] apply to Qs ..

2. We now show the result holds with Nj g = (a1,b1) \ 7.
Let e, > 0 such that e, 0 \ 0 and t — e, + §; € T for each k. Then, applying
Lemma [[.11] and the balance law ([6.17) to cube Q;_, +, we deduce

U(Qt—ak,t) = th—sk,t (aQt—ak,t)
= Figten (QNOH, )+ Frr (QNOH] )

" Z ( H (Qteyt N 8qu,ii-) + ‘Fnyii (8Qt—ak7t N aHf”_))

[1++Il_+z oHIED).
=2

By Lemma [Tl the fluxes on the respective hyperplanes are measures. It follows that
Iki — 0 as k — oo for each 2 <4 < n. Similarly, 0(Q¢—c,+) — 0. Then we see that

Jim F e ek(Q NOH; [*) = Jim_ If,=-I_= ~Fu;_(QNoH]_).

Analogously, for Qt,t+5k, it follows that

Jim s (QNOHIT™) = —Fpgy (QNOH]),
and, for Q¢_c, i+s,, we apply that o(0H; ;) = 0 to obtain

Jlim F t+5k(QmaHt+5k) + lim F i sk(QﬂﬁHt ) = 0.
Thus, it follows that
Fui ,(@NOH] ) = ~Fyy (QNoOH] )
establishing (7.17]), which implies
Jim s, (QNOH™™) = Fur (QNOH] ),

hm Fy - sk(QﬂaHt 8") ]:H{Jr(QﬂaHi-;-),

k—00

leading to the continuity of (IEZEI) restricted to R \ N g. Finally, the £!-measurability
follows from a general principle; indeed, denoting this mapping by g, if A C R is open, then

g A) = (glew,o) " (A) U (971(A) NN ).

This is the union of a relatively open subset of the £!-measurable set R \ N, and an
L'-null set, so both are £'-measurable by using the completeness of the Lebesgue measure.
Therefore, g is £!'-measurable, as required. O
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Combining Lemma [[.12] with measure-theoretic argument allows us to extend Lemma
[.13] to hold for general Borel subsets. This provides a key step in the construction of an
associated field F' in §8.11

Lemma 7.14. For each 1 < j < n, there is a null set Kj C R containing Nj,, UM, such
that, fort ¢ K;,

}—Hf,+ (SN 8H;f7+) = —]:H;_Yi (SN 8H;f7_) for any Borel set S C §). (7.19)

Moreover, for any such S, the mapping:

t ' .
R }'H;,+(S NOH; ) ift¢K;, (7.20)
ifte ICj,
is L'-integrable satisfying
t
/R e, (SNOHL)| dt < u(S). (7.21)

Proof. Consider the collection {Q(a,b) : a,b € Q™} of cubes with rational endpoints in R™.
Then, for L"—a.e. x € R™, the conclusion of Lemma is satisfied for all = + Q(a, b) with
a,b rational, and x; + a;,z; + b; ¢ Nj,, UM, for all 1 < i < n. We then let Qq be the
collection of such cubes = + @) € €2 that are compactly contained in 2. Observe that Qg
is a countable collection of open cubes generating the Borel o-algebra of €2, which is also
closed under finite intersections.

Writing Qq = {Qk}ren and applying Lemma [T.13] to each Q, we obtain an associated
null set Nj g, for each 1 < j < n, which contains Nj, U M, , by construction. We set
K; := UL N;,Q., which is a null set for each j. Then, for all ¢t ¢ K; and k € N, (.19) holds
with S = Q},, and the mapping in (IHII) with S = Q}, is £'-measurable.

Now, for any ¢t ¢ K;, Lemma ensures that F H! ( NOH} 1) are measures on €2, so
we can extend (.19) that holds for any S = @ to all Borel Sets S C Q by using Lemma
2.2l For the second part, let D; denote the set of Borel subsets S C € for which the result
holds; that is, (.20) is ﬁl—integrable satisfying (7.21]).

We now show that D; contains all Borel subsets of 2, by a similar argument to that in
[2, Remark 1.9], thereby establishing the result. For this, observe first that, if S C  is a
Borel set, then, by property and Lemma [7.4]

‘JTH;# (SNOH; )| < m(SNOH;] ) for L1-a.e. t,
where u; is given by the disintegration
n= £1 |_[0, OO) ®8H;-+ Ht + Tsing ®8H;.+ [Lt.

Hence, if mapping (7.20) is measurable, we can integrate in ¢t to deduce (Z.2I]) and thus
infer that S € D;. In particular, Qo C D, since the associated mapping is measurable.

We now claim that D; is closed under the set differences and countable increasing unions.
Indeed, if A, B € D; with A C B, then, for t ¢ K;, we can write

F [ (B\A)NOH ) = F (BNOH] ) = Fi (ANOH].),
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which is evidently measurable in ¢, so that B\ A € D;. Also, if {S;} C D; is any countable
collection of pairwise disjoint Borel subsets in Q, then, setting S = J ;Sj, we have

ZfH;#(sj NOH}.)=Fy: (SNOHj,)  foranyt¢K;,
J

so this is also measurable in t. Now, if {A;} C D; is a countable collection of Borel subsets
which is not necessarily disjoint, define {S;} by setting S; = A; and Sy = A \ (Uf;ll Sj)
for each k > 2. Then {Si} are pairwise disjoint such that (J, S = U, Ax =: A and, by
induction, each Sj € Dj, so that A € D;. Using this, we also obtain Q € Dj, so D; is a
o-algebra containing Qq and hence contains all Borel subsets S C 2, thereby establishing
the result. d

Lemma 7.15. Suppose that Q = Q(a,b) € Q such that a;,b; ¢ K; for all 1 < i < n and

(TII) holds. Then

Fo(S) = ; (Fazs (SNOH) = i (SNOHY,)) = ~Fe(S)
for any Borel set S C 0Q. In particular, for any cube @, this holds for x + @Q for L"-
a.e. x € R,

Proof. The representations of F(S5) and Fge(S) follow by combining Lemma [Z.11] with
(C19) from Lemma [14] and recalling that N, U M;, C K; for each 1 < j < n. For
the last part, we apply Lemma to see that (IT) is satisfied for £L"—a.e. z € R™. By

increasing the null set if necessary, we also require that z;+a;,z;+b; ¢ K forall 1 < j < n,
where Q = Q(a,b). O

We now conclude this section with the proof of Lemma [7.12]

Proof of Lemma [7.12 Extending u by zero, we view ;1 as a measure on R™ in what follows:
Let v, w € R™ be unit vectors with non-zero components such that, for all 1 < i < j < n, the
vectors (vj,v;) and (w;, w;) are linearly independent. For instance, we can define o, w € R"
by setting v; = j and w; = 42 for each 1 < j < n, which can then be normalized by letting

v = % and w = ‘ - For this choice, we can readily verify that v;w; # v;w; for all ¢ # j,
which implies linear independence. Now we define
C:=J (Bu+°Q). (7.22)
BER

Then we divide the rest of the proof into three steps.
1. We first prove that, for the set C as defined in ([.22]) above,

wlav+C) =0 for L'-a.e. « € R. (7.23)

We establish this in two substeps, starting with the following algebraic result.
1.1. We show that there is M € N sufficiently large such that, for any aq, s, -+ ,ap € R
distinct,
M
) (arv +C) (7.24)
k=1

In fact, we can take M = 2n(n — 1) + 1.



44 GUI-QIANG G. CHEN, CHRISTOPHER IRVING, AND MONICA TORRES

To see this, observe that, for each © € av 4+ C, there is some 5 € R such that y :=
r —av — Bw € 0?Q. Then there exist i and j with 1 <14 < j < n such that y; € {a;,b;}
and y; € {a;,b;}. We can associate y as lying in the corner associated to ((, ), (vi,y;)),
for which there are 2%(}) = 2n(n — 1) = M — 1 distinct choices.

Now, for this choice of M, suppose that there are distinct aq,--- ,ap € R for which the
claim fails to hold, so that there exists some x € ﬂé\/[:l(akv + C). For each k, we can find
0. such that

YL =1 — apv — Brw € 6%Q.
By the pigeonhole principle, there exists two points that lie in the same corner, that is, there
exist ki, ko € {1,2,--- , M} with k; # ko and 1 < i < j < nsuch that (y1); = (y2); € {a;,b;}
and (y1); = (y2); € {a;,b;}. We denote these common values by ¢; and c¢;, respectively:

(Yg)i = T; — Qv — Br,wi = ci,

(yq)j =Tj — Qg U5 — quwj =G,
for ¢ = 1,2. Rearranging for z; — ¢; and z; — ¢;, we obtain the following equations:

Qpy Vi + By Wi = ey 03 + By wi,

Qg v + ﬁkle' = Qp,v; + 5k2’wj.
Since v and w have been chosen so that (v;,v;) and (w;,w;) are linearly independent, it
follows that oy, = oy, and By, = Bi,. However, this contradicts the fact that oy are
distinct, which implies that (7.24]) holds as claimed.

1.2. For each 1 < k < M, we will show there exists a countable set A} with Ny C

Nyr—1 C --- C N7 such that
k

1 ﬂ(aw +C))=0
i=1
for all oy, , a4 € R\ Ny distinct. Note that claim (7.23]) is precisely the case k = 1.

We show this by induction descending in k. First, we notice that this holds for k = M
with Ny = @, since the previous step ensures that the intersection is empty.

For general k < M, suppose that there is a u-null set Ny, as claimed, and consider any
finite collection F of subsets A = {aq, -+, ax} containing k distinct elements taking values
in R\ Ngy1. Observe that, if Ay, Ay € F are distinct, then the union A; U A2 contains at
least k + 1 elements and, by assumption on N1,

w( m (aw +C)) = 0.
acAN1UAg

Now the inclusion-exclusion principle gives

,u( U m(av+C))

AEF ael
= Z p( ﬂ (aw+C)) + Z (=) Z 1( m (av + C)). (7.25)
AeF  aeA SCF AeF  acUs

|S|>1

We see that all terms in the second sum are zero, since | J S always contains at least k + 1
distinct elements of R\ NVi11. Thus, we deduce from (7.25)) that

S u((N(ew+0) =p(J (@ +0C) <u®) < o

AeF aEN AEF aeA
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Since F' is arbitrary, it follows that there are at most countably many collections A,, =
{af*, -+, aj"} of subsets of k distinct elements in R\ Ny such that

1( U (av +Q)) #0.

aEAn,

Thus, we take Ny = Njpy1 U U,, Ay which is £l-null, and observe that any collection
ai, ..., € R\ N necessarily does not coincide with any of A;,, which implies that

k

M(Z(%”U +C)) =0.

i=1
Therefore, the claim follows by induction.

2: We now show that (v + fw) + Q satisfies (TIT) for £2-a.e. (o, ) € R,

Let « € R\ N;. For 8 € R to be determined, let z = av + fw. Then x 4+ @ has faces
intersecting with O H ZO‘ erB wWitdi and OH ZO‘ vitBwithi fo1 each 1 < i < . Moreover, by Lemma,
[[4]l we can estimate

/Ruzjﬁmi ((aw + C)NOHI ) dt < p(aw + C) =0,
i+

and similarly for 0H 32"+t+b". Thus considering ¢ = Sw; in the respective cases, by noting
that w; # 0,

'ur];;}li+ﬁwi+ai (aw +C) = p" 2 (av+C) =0 for L'-a.e. B € R.

av;+Lw;+b;
i+ Hi,*

For such 3, we see that + @ with x = aw + fw satisfies (Z11]), provided that 2+ Q € Q.
That is, for £?~a.e. (o, 8) € R?, the result holds for x = av + Bw .

3: We now show that x + @ satisfies (Z11) for £L"—a.e. x € R".
For each y € P := (span{v,w})*, applying the above to y + @, we obtain an £2-null set
M, C R? such that the result holds for (av + fw) + y + Q, whenever («, 3) ¢ M,. Then,

for My :={y+av+ pw : (a, ) € My}, 7'[2(ny) = 0 by the area formula (|2, Theorem

2.71]). Then, setting M = |J My, by the Fubini Theorem, we have

yeP
£ (M) = [ M) ) = o
P

Therefore, (ZI1]) holds for all x ¢ M, provided that = + Q € Q. O

8. CaucHY Frux III: CONSTRUCTION AND UNIQUENESS OF THE REPRESENTING
DIVERGENCE-MEASURE FIELD

We now employ the properties of the flux established in §7 to work towards the proof
of Theorem In particular, we define a candidate vector field F' to represent the flux,
recover the balance law, and show that any such field must take this form.
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8.1. Construction of a divergence-measure field.

Theorem 8.1. Given a Cauchy flux, there exists a measure-valued vector field
F=(F,F,- - F,) e M(Q,R")

such that |Fj| < p for each 1 < j <n and
F;(S) = / fHJt_+(S N E?H;A_) dt for any Borel set S C . (8.1)
R ,

Proof. By Lemma [T.14] we know that integral (8.I)) is well-defined for any Borel set S C €2
(understanding that it is zero on the null set K;) and satisfies the estimate:

[E5(S)] < (). (8.2)

From this, it also follows that F}(@) = 0. By the additivity property|(i)| of the flux and the
linearity of the integral, we know that Fj is additive on Borel sets. To show the countable
additivity, let {S;} be a collection of pairwise disjoint Borel subsets of 2, and let S = J,, Sk.
Then, by finite additivity and (8.2]), we have

M M M
‘FJ(S) —szj(sk)‘ - ‘FJ(S\ U Sk)‘ <u(S\|JS) =0  as M — oo,
1 k=1 =

This shows that each F} is a signed measure on €, as required. O

Theorem 8.2 (Recovery of the balance law). The field F' constructed in Theorem [T lies
in DM®*(Q) and satisfies

—divF =0 in €.
In particular, for any U € €,
Fu(0U) =o(U) = (F - v, La)su- (8.3)

Proof. To simplify notation, we write H; t, = = H;. t. Let ps be a standard mollifier, and define
Fj5:= F x ps. Then, for any cube @ = Q(a b) € Q and 0 < 0 < dist(Q,00N), since F is
smooth on @, the classical Divergence Theorem gives

/ div Fs(x)de = — | Fsa) - voo(e) dH" ()
Q 0Q

N / / ps(x —y) voq(z) - AF (y) dH" "} (z),
2Q n

where vyq is the inwards facing normal for 0Q).
We consider the face: 0Q NIH;" on which vpg = e1. Then, by construction of Fj from
Theorem B we know that the disintegration

Fy = L' @pp Fje = L' @ppp Fpge(- 0 OH})
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holds. Using this and writing Q = (a1, b1) X @', we can write
[ e = wymale) - dF ) aH @)
8QNOH 1 n

- /Rn 1//Rn 1Xczf(ﬂ:’)pa(al —y1, 2 — ) dF1, (y) dy da’

/R" 1//Rn 1XQI_Z y)ps(z1,2) dF1 g, — (a1 — 21,y') dza d2
—/R 5(2)F1ay—2({a1 — 21} x (Q' — 2')) dz

_ / 5Tz (=2 + (0Q NOH]Y)) dz

where we have made the change of variables y; — 21 = a; —y; and 2’ — 2/ = 2’ — /. The
remaining sides can be computed similarly. Writing Q. = z + @ that has faces H;"~* and

b._ .
H""% we deduce

/ div Fs(z)dx = Z / ps(2)F a;-=; (0Q_. N OH;" ™) dz
Q = Jrn H;

Y / p5()F -+, (0Q—. NOHD ™) dz.
i=1 /R" 4
Now, by Lemmas and [[.12] for L"—a.e. z with |z| < dist(Q,02), we have
Z / (P (0@ noHPT) — F g (0Q-2 1 aHj.’f"‘j))
- ]:sz(aQ—z) =0(Q-2).

Thus, we obtain

/Qdiv Fs(z)dz = — /n ps(2)o(Q + z)dz = — /Q o * ps(z)dz,

where ps(x) = ps(—x) is also a mollifier. Since this holds for all cubes Q € €2 whenever
0 < d < dist(Q, 09), it follows that

—divF xps =0 % ps in Q°.

Sending 6 — 0, we deduce that F € DM (Q) with —div F = ¢. Finally, it follows from
the balance law (6.17) that, for any U € €,

Fu(0U) = / d(div F),

and, by (Z.I1)), this is equal to (F - v, 1q)sy, thereby establishing (8.3]). O

8.2. Uniqueness of the field. We now show that the constructed field F' is unique. Note
that, in Theorem B.I] the divergence measure field F' has been constructed componentwise
by integrating the fluxes on OH + with respect to the Lebesgue measure. However, this
choice of the measure is seemlngly arbitrary, and one may wonder if there is a singular part
that is missed with this construction. This possibility is essentially ruled out by Theorem
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4T} however, this cannot be directly applied with U = H; 4 since U & Q. Nevertheless,
using the localization results from §5l and §7.11 we can adapt the result as follows:

Lemma 8.3. Let F = (Fy, Fy,--- , F,) € DM®(Q). Consider the disintegration:
Fy=7@ppt Fjp  forl<j<mn,

where H;Hr = {x € R" : z; > t}, extending F; by zero to a measure on R". Then 7 < ch

and, for L'~a.e. t € R, Fj; == DUT(t)FM 1s well-defined and satisfies

Fj,tl_ﬁ‘S =(F- V)6(§50H5+)|_§6 for L' -a.e. 6 >0

as measures. In particular, F; = Ll ®8H'?+ Fjs.

Js
Proof. By Theorem [B6.7] the divergence-measure field F' defines a Cauchy flux F via its
normal trace with u = |F|. Fix t € R be such that

*

1 -
g|F||_11r§,+\H;?ff4;41—1 ase— 0

to some limiting measure u;‘_l, which is satisfied for £'~a.e. ¢t by Lemma [74] applied with
i = |F|. Then, by Lemma [(.0] there is a well-defined measure Fp: +() on () such that
s

fH;'Hr(S) = (F- V)a(ﬁénH]t#)(S) (8.4)

for L1-a.e. 6 € (0,1) with Q% ¢ O|p| and for any Borel set S C Q° N 8H;7+, where QI is

3 —QOf
defined in (7.6]). For any such 6 > 0, we can apply Theorem (4.1l to U := Q° N H; L €Q,
which gives

é
/ (F v, ¢>a(§5mH’? ) de = / _ ¢dVdy - F for any ¢ € Lip,(Q). (8.5)
0 J,+ U\U5
Now suppose further that ¢ is compactly supported in 625, and set
Vie :=0%n(HL, \HY).
Then, for each ¢ € (0,0), observe that dy(z) = dHJt_’+(a:) —cforz e Q¥n 8H§:’f, since
dist(z, 9Q%) > min{s, 6~} and § < 1. Hence, V; 5 C U\U6 and dy = dg: on V5 that is
7>

open. Then, by the product rule (Theorem 2.7]), we infer

VdU'FLV},(;:VdH;JF'FL‘G,(;:F'E]-LVM; (8.6)
as measures. In addition, for each ¢ € (0,0), the above implies that

Q@ NHL ) NV =0 NHAE NV,

By localization (Theorem [5.3]), we have

(F -v) LVs=(F-v) I_I/(;:fH;_+I_I/5 for L'-a.e. e,  (8.7)

O(QINH! ) B(QONHITY)

by using (84). Combining (87) with (86]) in (83]), we arrive at

9
/ / ., 6AF e de = / _ 0dF;, for any ¢ € Lip.(Q%).
0 JONOH] 'S 7 H! \Hj
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This shows that
FjLVis = L' ®ppt | Fr LV,
as measures. Since 6 € (0, 1) is arbitrary and £'-a.e. t € R can be taken, it follows that
Fy =L oy, Fuy,
as measures in R™. Then the result follows by using (8.4)). O

Theorem 8.4 (Uniqueness of the representing field). Given a Cauchy fluz F, suppose that
there exists a field G € DM®(Q) such that

Fu(S) = (G -v)au(S) for any U € O, and any Borel set S C OU.
Then F = G as measures, where F the field constructed in Theorem [T

Proof. By Theorem[6.7], the field G = (G1,Ga, - - - ,G,) defines a Cauchy flux via the normal
trace, which is denoted by G. Let 1 < j < n, and consider ¢ € R for which both limits:

1 Trite * n— 1 Trite *  oap—

S V) St SIG L \HE) S !

exist as € — 0, which is satisfied by £!'-a.e. t € R. For any such ¢, applying Lemma to
F and G with U = H;Hr, we see that

Fur, (-NQN OHj ) = Gu: (-NQN OH; )
are well-defined and agree as measures, since they agree on Q5N 8H;f7 4 for L'a.e. § > 0.
Then, applying Lemma B3] above, we conclude
Gj:£1®.7:HJ¢,+(-ﬂE?H;7+)I_Q for each 1 < j <mn.

This is precisely how F has been defined in Theorem BIl Therefore, F = G. O

9. CaucHY FLux IV: LocAL RECOVERY AND APPLICATIONS

In §8, we have constructed an associated field F' € DM®*(Q)) and have shown that
any field representing the flux F must take this form. It remains to show that the field
F represents the flux in the sense of Theorem [6.6] which is the content of the following
subsection.

9.1. Local recovery of the flux. The precise statement of the local recovery result is
following:

Theorem 9.1 (Local recovery of the flux). Let F be a Cauchy flux, and let F € DM®™*(Q)
be the associated field from Theorem Bl Then

Fu(S) = (F-v)ou(9) (9.1)
for any U € O, and any Borel set S C OU.

We first show this local recovery result holds on almost all cubes, before extending to
general open sets in O,,.
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Lemma 9.2. Let F be a Cauchy flux, and let F be the associated field from Theorem
Bl Then, for any cube @, there exists a null set N C R™ such that, for any v ¢ N, if
Qe =2+Q €, then

Fou(8) = (F-)oqu(S) = ~F e (8) = —(F 1) (5) 92)
for any Borel set S C 0Qy, where the flux on Q, in (Q2) is defined in Remark [777

Proof. By Theorem [6.7] F defines a Cauchy flux F via its normal trace. Also, by construc-
tion of F' = (F1, Fy,--- , F,) from Theorem [R.1] and Lemma [8:3] applied to F', we know that
there is a null set N; C R such that

fH5,+:F}:~FH§,+ (9-3)

as measures whenever ¢t ¢ N;. Now, for any cube Q@ = Q(a,b), consider Q, = x + @ for
x € R" such that Q, € Q, Lemma holds for both F and F, and Lemma [7.14] applies
at the endpoints x; 4+ a; and x; +b; for each 1 < j < n (so, in particular, they do not lie in
N;). By Lemma [ 12] this holds for £"—a.e. z such that Q, € Q. Then, for such z, using
[@3), we infer that, for any Borel set S C 9Q,,

"FQJC (S) = Z (fHaclJra (S N 8H1‘1+a2) — leszl (S N (9HZ:_+bl))
i=1 ,

_ Z ( cias (S N OHTT™) - wa (SN aH;ffbi))

Since Lemma [Z.15] also gives Fq, = —F e and similarly for F, [@2) holds as required. [

We now extend Lemma by approximating a general domain U € O, via finite unions
of good cubes for which the local recovery holds, and argue that we can pass to the limit.
To do this, we first show the existence of a family of the said good cubes.

Lemma 9.3. There exists a countable collection Qq of cubes such that

(i) For each Q € Qq, Q,Q e (5“ and Q € €.

(ii) If Q1,Q2 € Qq intersect non-trivially, then Q1 N Q2 € Qq.

(iii) Every open set U € Q can be written as a union of cubes in Qq.

(iv) For each Q € Qq, the recovery of the flux on Q and its complement can be achieved
in the sense that

Fo=(F v)ag=—Fg =—(F Vg

holds as measures on 9Q).

(v) For each Q € Qq, the localization and two-sided properties of Lemmas [T.11] and [T15]
hold for both the flux F and the normal trace F - v.

(vi) u(0Q) =0 and pg, L92Q) = %_01(8262) =0 for each Q € Qq.

Proof. Consider the collection {Q(a,b) : a,b € Q"} of open cubes with rational endpoints
in R™, which is countable and closed under finite intersections.



EXTENDED DIVERGENCE-MEASURE FIELDS AND CAUCHY FLUXES 51

Then, for £L"—a.e. x € R™, Lemmal[0.2 applies to each @, := x+Q(a, b) such that Q, € :

Fo.(8) =Y (fofai (S NOHI{™) = Frpapion (51 az&z;ﬁp)
i=1 ’ ’

_Z( H%SmaH““ZHbe(SmaHb ))

= —fQ;(S) = (F - v)0q,(5) = —(F - V)45 (5) (9.4)

for each Borel set S C 0Q,. Moreover, we can ensure that (T.II]) holds for each @, by
Lemma We can also choose z such that ([@.4]) holds with the normal trace F - v in
place of the flux F, by using Theorem [6.7] so that each (), satisfies properties and
In addition, we can ensure that the endpoints z; + a; and z; + b; do not lie in N, from
Definition [.9 for each 1 < j < n so that ,u(an) = 0. Also, Lemma [T.I0] holds for Q.
as (L.I) is satisfied, which ensures that p) L92Q) = u%_cl(82Q) = 0. Hence, @, satisfies

Now, for such z, we let
QQ = {Qgg :x—i—Q(a,b) : Qx c Q,a,bE Qn}

By construction, and hold. Since every open set U can be written as the union of
cubes with rational endpoints, by considering —z+U, we see that also holds. Therefore,

Qq satisfies [(1)H(vi)| as required. O

Next, we show that local recovery holds for unions of cubes from this good collection.

Lemma 9.4. Given Qq as in Lemma 03], denote Vg as the set of all finite unions V' of
cubes in Qq given by

k
= int U fO’I" Qla"' 7Qk € QQ (95)

Then, for any V € Vg, V,V' e Ou and
.FV = _‘FVC = (F . I/)aV = —(F . I/)avc (96)
as measures on 2.

Proof. Since |F| < p, by Theorem 6.7, we can view the normal trace F - v as a flux F with
the same p. Now we divide the proof into four steps.

1. We first show that every V € Vg can be written as a union of disjoint cubes. It
suffices to establish this claim in the case of two cubes, since the general case follows by
inductively replacing the cubes that overlap. Suppose that Q1 = Q(a,b) and Q2 = Q(c,d)
are contained in the union of V and intersect non-trivially. Denote S as the set of cubes
Q(z,y) C Q1 U Q2 such that zj,y; € {a;,b;,¢j,d;} and z; < y; for all 1 < j < n, which
defines a finite collection of cubes in Qq. We use S to define S by discarding all cubes
Q@ € S for which there is Q@ € S with @ C @ (this can be done inductively in any order).
Then S is a disjoint collection of cubes such that

int U Q = int Q1UQ2)

Qes

so that @1 and 2 can be replaced by this collection S.
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2. We now show that, for any V € Vg,

lim sup — (V" \ 75) < oo. (9.7)
0 2€
That is, (dV) =0 and V,V* € 5#’

We induct on the number of cubes in the union to show this. If V = @Q, this follows by
properties and of Qq. Assuming that this holds for some V', we consider a disjoint
cube ) € Qq and put V = int (V U @) Then, arguing analogously as in the proof of
Lemma [7.2] we have

VEA\VEC (VE\TE)U(Q =\ Q%)  for any & > 0.
Integrating this over 2—15 u and sending ¢ — 0 yield ([@.7]), by noting that both @ and V
satisfy (7).

3. We next show that, for every V € Vq and any cube Q € Qg contained in the union,
FrLoVNo*Q = FpeLOV N O*Q =0,

and the same holds with F in place of F.
Writing V' € Vg as a union of disjoint cubes {Q;}¥_,, by property of Qq, we know
that
,ug:l(aQQi) = /%?1(82@) =0 for each 1 <17 < k.

Then, by Lemma we see that
p OV N 9*Q;) = u"v_cl((‘)V No*Q;) =0 for each 1 <i <'k.
By Definition applied to both F and F , the result follows.
4. We prove that, if V' € Vg is the disjoint union of cubes {Q; le in Qq, then

k k
Fv=Y Fon Fr=) TFg (9.8)
i=1 i=1

as measures in (2, and the same holds with Fin place of F.

We prove ([@.8) by inducting on the number of cubes, where the case k = 1 follows by
Lemma While we only consider F, the argument for Fis analogous since it is a
Cauchy flux with the same p and o, and agrees with F on cubes Q € Qq. B

Assuming that V' € Vg satisfies (@.8) and @ € Qq is disjoint from V, define V' :=
int(V U Q). By the localization property applied with A = Q\ @, we see that F and
Fy agree on ov \ 0Q and similarly for the complement by localizing on @, so that (9.8])
holds on OV \ Q. Similarly, by localizing on 2\ V and V, we deduce that (3.8] holds on
oQ \ oV

It remains to show that (9.8)) holds on the intersection 0Q N AV. Let H be a half-space

such that 0H intersects both 0V and 0Q. We assume that H = Hjaﬁr for some j, since the

case H = H;j_ is analogous. Suppose that @ C V is one of the disjoint cubes whose union
gives V', and set

[:=9QNaQNJH \ (*°Q Ud*Q).
Since the fluxes vanish on 6%Q U 82@, we know that (O.8) holds there so that, if I = &,
there is nothing further to show. Otherwise, if I # &, observe the projections of ) and é
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to OH; intersect non-trivially. Then it follows that é C H;J_ since Q and é are disjoint.
Moreover, writing Q = (a1,b1) x Q" with Q" C R"~! an open cube, there is x > 0 such that
(a1 — K,a1) X Q" C Q. Therefore, setting

A= (al — H,bl) X Ql
which is open, we see that ANH = ANQ and ANH = AN @ Hence, by the localization
property and the two-sided property of the flux on 0H from Lemma [0.3|(v), we deduce

that
Fyll=FsLl= IH;{LI = —iniLI =—FolLI,

and, for the complement, we have

]:VCI_I:‘FécI_I:]:H;’iLI:_‘FHziLI:_]:QCLI

Since I NOV = & , it follows that
FpLlI=0=FyLI+FoLlI,

and similarly for the complement. Thus, by inductive hypotheses with @ and V', (9.8 holds
for V on I, so the result follows by induction.

Finally, given V € Vg, by the first step, we can write V' as a disjoint union of cubes
{Qi}%_, in Qq and, by Lemma [@3(iv)] @8) holds for each Q;. By summation, we have

k k
chzz >_(Fv)oq, = chzf == 2 _(F - v)gr.
i=1 =1
Combining this Wlth [©.8]) as proved, we obtam (Iﬂil) as required. O

Proof of Theorem[91l. Let Uq be the set of U &€ €2 such that conclusion (@.1)) holds. Then
Vo C Ug by Lemma We fix U € O,, and then show that U € Uq.

To achieve this, we approximate U by elements in Vg as follows: For each k € N, take a
finite covering of U2 " by cubes Q € Qq such that each Q & Uz " Let Vi be the union
of this covering in the sense of (@5) so that U2 " € V; € U2 """ and Vi, € Vo C Ug. We
now divide the remaining proof into three steps.

1. We first show that, for any open cube Q € Q and £L'-a.e. ¢ > 0,
Fu(QNoU) = klim Fv, (Q° N OVy). (9.9)
— 00
To achieve this, we set o
Ack = QN (U\ Vi),
and apply the balance law on this open set. By discarding a null set, we can assume that
Q° € (9“, so A. j, € O, by Lemma [Z.2l Then, by the balance law (6.I7) and the additivity
property .
O'(Aa,k) = ]:As,k (QE N 8U) + ]:As,k (Qe N aVk)
+ Fa (0Q° N (U\ W)
+ Fa_, (0A., N0Q°NOU \ Vi)
=: Il —|—Ig—|—[3—|—[4. (910)
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Since sets A, i, are nested in k (as Vj, C U2t ¢ Vis1), we have
klim o(Acy) = o(Q° N (Meen(U \ Vi) = 0(2) =0 for each €.
—00

Moreover, by the localization property applied with A = Q° and since each V;, € Vq,
we have

I = Fy(QFnav),
Iy = Funw(Q°NOVi) = —Fy, (Q° N OVg).
By property applied with A = U \ V, and since F()- is a measure on 9Q° (by Lemma
1)), we see that
lim I3 = klg)go Fo- (0Q° N (U \ Vi) = Fo- (0Q° N (Mien(U \ Vi) = 0.

k—o0
For the final term, we set B. ; := 0A. ;N 0Q° N AU \ V;) and claim that
,uﬁj(Bavk) =0 for any k and £'-a.e. € > 0. (9.11)
Indeed, let 6; ™\, 0 such that
1 -

5 plL(U\U%) == gt as j — 0o.
J
Then, by arguing as in the proof of Lemma [[.2], we see that éij,u(U \ ﬁ) is uniformly
bounded in j and hence, passing to a subsequence (depending on ¢ and k), we obtain a
limiting measure

1 o5 * _ .
5; P Aek \AZy) s, asj oo

Since V . ¢ e 6 assing to a further subsequence, we can also assume that there exist
ks W p g
limit measures:

1 ~8i\ Ty ¢ on-1 L Hero;) ., n-1 ;
5—ju|—(Vk T\ V) = pie gjuL(Qa\QHJ) 1= as j — oo.
By Lemma [Z.3(i)]
Wi, (Bek) < iy (0Q° N OU) + <! (0Q° N V) + pise " (Beg) (9.12)

for each k and £'-a.e. ¢ > 0. We now show that (I.1Z) vanishes for any k and £'-a.e. ¢ > 0.

Indeed, by considering g = plL(2\ OU) and noting that ,uf‘:i = ﬂﬁ;i for all € and k, we
can assume that x(0U) = 0 in what follows. Since {0Q°}.~0 are pairv&;ise disjoint in € > 0,
for all but countably many € > 0, we have

HyH(0Q7 MOU) + pe ' (9Q N 9V,) =0 for amy k.
k

Also, by disintegration along 0Q°¢, we obtain
| 007 10U n o) s < u(@\ @ 1 (U N aVi) =0,
0

by noting that u(0U) = 0 as assumed and p(0Vy) = 0 by Lemma Then, for £
a.e. € >0, ,ugzl(B&k) = 0 for all £ which, combining with (9.12]), leads to (O.11]) as claimed.
Hence, by property we have

L] = |Fa,, (Be)| < 1 (Be) =0,
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giving I; — 0 for this choice of €. Thus, combining everything in ([@.10]), we conclude
0= lim O'(AE k) = Il + lim 12 + lim (I3 + 14)
k—o0 ’ k—o0 k—o0
= ]:U(Q6 N aU) — lim ‘7:Vk (Qe N OVk),
k—o00

which rearranges to give (@9)) as claimed.

2. Notice that the normal trace F - v defines a Cauchy flux F with the same u and o by
Theorem By restricting the allowed parameter € > 0 if necessary, we can ensure that
the above claim also holds for F, that is,

(F - v)ou(Q°N0OU) = lim (F - v)ov; (Q° N OV).
Since Vi, € Vo C Uq, then
Fu(Q°NoU) = (F - v)pu(Q°NoU) (9.13)

for all cubes Q € Q and for £L'~a.e. € > 0, where the null set depends on Q. We can further
assume that

Fu(-NOU)LIQE = (F - v)ou (- NOU)LIQE = 0 (9.14)

by restricting the allowed parameter € > 0.

3. To complete the proof, we need to extend (@.13]) to hold for all Borel subsets of U .
To do this, for each € > 0, define

5 ={Q(a,b)° : a,b€Q", Q(a,b) € Q}, (9.15)

and let 56 be the collection of all finite unions of cubes in Dg, in the sense of ([@.5). Since
this is a countable collection, for £1-a.e. € > 0, we can ensure that (.I3)—(@.I4) hold for
each Q° € Dg,.

We first claim that Dg, is closed under finite intersections. Indeed, observe that

Q(a,b)* = (a1 +e,by —¢) X -+ X (an +&,b, —€) = Q(a+¢el,b—el),

where 1 = (1,---,1) € R™. Using this, we can verify that (Q1 NQ2)° = Q] N Q5 in general,
from which the assertion follows. Now, let V € Dg, which can be written as a union
V= int(Uf:1 Q;), where Q; € D,i =1,--- ,k, are pairwise disjoint. Then

k

k
Fu(Vnou) =Y Fy(QindU) =Y (F - v)ou(QiNoU) = (F - v)ou(V NOU)
i=1 i=1
by using (O.13)-(©@.14). Thus, (OI4]) holds if Q° is replaced by the elements in 56
Now, let A C €2 be open. We claim that, for each x € A, there is a cube in Q° € Dg,
such that x € Q° € A. Indeed, there exists § > 0 such that Qp := Q(x — 01,z + 1) € A.
Then we can choose y € Q" so that [z —y| < $ and 7 € QN (¢ + $,e + ). Letting

Q1 =Q(y—rl,y+rl), we see that Q] € Dg,. Since % <r—e< g, we obtain the following
inclusions:

reERI=Qly—(r—e)l,y+(r—e)l) €@ Qy € A,
as required. Performing this about each point and passing to a countable subcover give a
collection {Q;} C Dg, such that J; Q; = A. Then, since ([@.13)) holds for elements in D, it
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follows that

J J
fU(UQjﬂaU)Z(F'V)aU(UQjﬂ(?U) for any J,

Jj=1 Jj=1
so passing to the limit gives
Fu(ANoU) = (F -v)gu(ANoU) (9.16)
for any A C Q° open and L£L'-a.e. ¢ > 0. Since both sides are Radon measures and £ > 0
can be chosen to be arbitrarily small, it follows from Lemma that this holds when A is

replaced by an arbitrary Borel set B C ). From this, we infer that U € Uq, establishing
the result. g

We can now collect the results established in the previous results to prove the main
theorem.

Proof of Theorem[6.8. Given a Cauchy flux F, Theorem [Tl gives the existence of a measure-
valued field F', which further satisfies the global and local recovery properties by Theorems
and [0.I] respectively. Moreover, Theorem [8.4] shows that this flux is unique and the
converse statement is precisely the content of Theorem (]

9.2. Consequences of the main theorem. Using the equivalence given by Theorem [6.6],
we can infer the properties of the Cauchy flux based on the results about the normal traces
established in earlier sections. We now list two of such consequences.

Theorem 9.5. Let F be a Cauchy fluz, and let U € Q such that U,U° € O, and p(0U) =
|o|(0U) = 0. Then

Fu(S) = =Fy(9) for all Borel subsets S C 90U,
where Fge is defined through Remark [T

Proof. Let F be the corresponding DM®*field given by Theorem Then the corre-
sponding result for the normal traces holds by Remark 2.12] which asserts that

<F’V7'>3U:<F’V7'>8U (917)
as distributions, whenever |F|(0U) = |div F'|(OU) = 0, and this is satisfied since |F| < u
and |div F| < |o|. Since U € O, both sides of (@.I7) can be represented as measures,
which remain equal. By Theorem [6.6] F/(-) = (F'-v, - )sy as measures. On the other hand,

since U™ € Oy, using the notation from Remark [Z.7], for Ll-a.e. § > 0 such that U € 9,
we have

<F e >8(Q5\U) = <F v, '>8Q5 - <F “ v, '>6ﬁ'
Restricting to Q% by using Theorem [5.3 and Remark [77] we obtain
o1 o1
.FUC:.FQ(S\VLQ :<F'V7'>8(Q5\U)|_Q :_<F'V7'>8U.
We combine this with ([@.I7) to complete the proof. O
Theorem 9.6. For any open set U € £,
lim Fy= (0U®) = Fy(0U). (9.18)
e—0
If, in addition, U € O, then there exists t;, — 0 such that each U € O,,, and

* .
Fotw — Fu as measures in §2.
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Proof. The global convergence of the flux sequence in (0.I8]) is immediate from the balance
law (6.I7), since J,.oU® = U. For the local convergence, since U € O, there is g, \, 0
such that

1 —
M :=sup — p(U\T™") < oc.
keN €k

By Lemma [7.4], we can disintegrate ;. along OU? as
= L'[0,00) @aurt pipr " + Tsing Rour fit-
Consider the function:
T(t) = |ug H1(OU")
defined L!-a.e. t > 0 such that (T4]) holds, which also holds for any t outside a null set
N C [0,00). We set T(t) = 0 whenever t € N'. Then T € L'(][0,00)) and
1
— Tt)dt < M for any k.
€k Jo
Applying the Markov inequality gives
1 [
L'{t e (0,e) \Ne: T(t) 2 2M}) < 5 | T()dt < T,
2M J, 2
so that there exists a sequence t; € (0,e) of distinct values such that T'(t;) < 2M for all
k. Then t;; — 0 and
| Fyrin | (OU™) < mppe, (OU™) = T(ty,) < 2M for any k.

Passing to a subsequence, we see that i+, converges weakly™ in (2.

Now, by Theorem [6.6] F is represented by the normal trace of a field F' € DM®™(Q), so
that the weak*—limit of these measures can be identified with iy = (F - v)sy by Theorem
B3 O

10. EXTENSION OF THE NORMAL TRACE

So far, we have restricted our attention to the normal trace on the boundary of a set F
that is compactly contained in 2. However, in applications, it is useful to consider a set
E C Q whose boundary may touch 92, for which we introduce the following definition:

Definition 10.1. Let Q C R" be open and F € DM™ (). For a Borel set E C Q, define
the normal trace of F' on the boundary of E as

(F v, ¢)op = —/EdV¢ N /Egbd(div F) for any ¢ € Wl’oo(Q),

where the middle term is defined from the product rule (Theorem [2.7)).

If E € Q, then this coincides with Definition Z4] when testing against ¢ € C1(Q), and
it is precisely how we extended the normal trace to W1°°(2) in Corollary We do not
require that ¢ vanishes on 952, since OF N 9€) may be non-empty in general. We can also

generalize (2.I7)) as
(F -v, la)ou = (div F)(U) for any U C Q. (10.1)
We record that the normal trace remains supported on QU in the sense of Theorem
Lemma 10.2. Let U C Q be open, and let ¢ € Lipy,(Q2) vanish on OU. Then

(F v, ¢)ou = 0.
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Equipped with this result, we can also argue as in Corollary 2.17] and view the normal
trace on an open set U C Q as a linear functional Ny € Lipy, (0U)*.

Proof. Since the argument is similar to the proof of Theorem 2.15] we only outline the main
modifications. Observe that, since any function ¢ € Lip(€2) admits a unique continuous
extension to 012, the condition: ¢|gy = 0 is well-posed.

Given 0 < 6 < 1, let ds as in (2I4) with U in place of E so that ds is supported in
Q9. Also, let xs € WH(R"™) be 1-Lipschitz such that y; = 1 in B /(25) with support
in Byss. Thus, letting ¢s5 = xsds, we see that s is %—Lipschitz and is supported on
Q= Bl/5ﬂ§25 € .

Then, by Theorem 215 with ¢s¢ on U N Y, we have

0=(F-v, 7/15¢>3(Um§5)

_ /  pd(divF) + / _dV(0) F
U U

nQs nQs

- / Usbd(div F) + / AV (0sd) F
U U

= (F v, Ysd)ou,

by noting that both integrals vanish outside Q0.
We now pass to the limit in 6 N\, 0. Using the definition of the pairing from Theorem 2.7]

V(Ys¢) - F =95V - F+¢Vips- F,
and since Vs is supported on A5 = (9 \ 0% and |¢| < 20||V || Lo () on As, analogously

to (ZI6]), we obtain

‘/(J¢dW‘ < 2| Vo oo ()| F'I(As),

which vanishes as § — 0. Finally, since ¢5(z) — 1 for any = € U, by the Dominated
Convergence Theorem and the above bounds, we have

0= %im(F v, Ysplou = (F v, d)ou
—0
as required. -

Remark 10.3. While the corresponding result for U € Q (Theorem [2.15)) is stated for any
function ¢ € WH*°(Q), we have stated Lemma for the test function in Lipy(€2). This
is because, for a general function ¢ € W1>(2), we only know that ¢ is continuous in €,
which means that the condition: ¢|gy = 0 may be ill-posed if U ¢ 2. However, if we take
¢ € WH(Q) and additionally impose that

lp(z)| < C§ for any z € oU°
for some C' > 0 and all § > 0, then we can argue analogously as in the above proof.
We can also extend Theorems [B.3] 4.1l and [4.4] to hold for general U C €.

Theorem 10.4. Let F € DM™(Q), and let U C Q be open and d(x) := dist(z,0U). Then
there exists an L'-null set N C (0,00) such that

(i) For any e ¢ N, the normal trace (F - v, - )gy= is represented by a measure on OU®,
denoted by (F - v)yye.
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(ii) For any ¢ € Wh(Q) and any sequence g, — 0 with g, ¢ N,

(F v dov = Jim [ 9d(F v
oo U€k
(iii) For any ¢ € W1>(Q),
(F-v, ¢)gu = liml __¢dVd- F.
e—0 € U\Ug

(iv) For any bounded Borel function ¢ on €,

/ Gd(F - v)pp dt = / $dVd F,
0 out U
understanding that the integrand is defined for t € (0,00) \ N.

Proof. For 0 < t < s, define ¢, by B4, which lies in Lip,(Q2) C W*°(Q) and vanishes

on AU. Choose s and t such that |Vd - F|(0U') = |Vd - F|(0U?®) = 0, which holds for all
but countably many s and ¢. By Lemma and the product rule (Theorem [27]), we have

0= (F-v, i d)ov

:/q/;gtd(divwF))Jr/ dvey, - (¢F)

U U

— / P d(div(¢F)) + / ¢dVd- F.
U U

t\US
We can then argue as in the proof of Theorem [B.3]to show that the disintegration of Vd - F
takes the form:
Vd-F = L' @yt (F - v)out + Teing Qout fir,

from which |(i)| and follow. For [(iv)| we can argue as in the proof of Theorem [4.1] to
show that 74ng = 0, by observing the test function ¢(x) = ¢(d(z))g(z) remains compactly
supported when U C €. Finally, follows from by arguing exactly as in the proof of
Theorem [£4] O

The localization result from §5l also extends to this setting as follows:

Theorem 10.5. Let Q C R” be open and F € DM™Y(Q). For U,V C Q, suppose that an
open set A C R™ satisfies
UNA=VnA.
Then
(F-v, d)ou = (F-v, v for any ¢ € W(A).

As in Theorem [5.3] if the normal traces on QU and JV are represented by measures, then

a density argument implies that
(F-v)guL(QUNA) = (F -v)gy L(OV N A)

as measures. The proof of Theorem is analogous to that of Theorem [£.3] by noting
that A can be replaced by a bounded open set A containing ANspt(¢), since ¢ is compactly
supported in A, and that Theorem can be applied in place of Theorem [£.4]

Finally, we can formulate the Cauchy flux to be defined up to the boundary of Q. Given
a non-negative measure p on €2, we introduce the set:

0, = {U C Q open : hran_gélfg,u(U\Ua) < oo}.
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Definition 10.6. An extended Cauchy flux Q is a mapping F defined on pairs (S,U) with
S C OU Borel and U C Q open, which satisfies the balance law (6I7) for any U C Q so
that there is a Radon measure . such that properties|(i)H(iii)| hold with O,, replaced by O,,.

Theorem 10.7. Let F be an extended Cauchy flux in Q. Then there exists a unique
divergence-measure field F € DM®Y(Q) representing F in the sense that both the global
recovery:

Fu(QU) = (F - v, 1la)ou for any open set U C Q, (10.2)
and the local recovery:
Fu(S) = (F -v)au(S) for any U € O,, and any Borel Set S C U (10.3)

hold. Conversely, any F € DM®™(Q) defines an extended Cauchy flur by ([0.2)-{I0.3),
and every Cauchy flux F in the sense of Definition extends uniquely to an extended
Cauchy fluz.

Proof. Since an extended Cauchy flux F is also a Cauchy flux in the sense of Definition [6.4],
the existence and uniqueness of a representing field F' € DM®(Q) satisfying —divF = o
follows from Theorems and 84l Then, from (I0.1]), we obtain (I0.2]).

It remains to extend the local recovery result (Theorem [@.1]) to hold for any U € O,,. For
this, we closely follow the proof of Theorem Q.11 approximating U € 6# by subsets Vi € Vq;
since each Vi € (), the localization and two-sided properties are guaranteed by Lemma
The key difference is to show that (@.9) holds for all cubes Q@ C R™ and L'-a.e. ¢ > 0,
regardless of whether @ is contained in Q. This is possible because A, ;, = Q°N(U\V}) C £,
so that the balance law ([6.I7) can be applied in this extended setting. We choose ¢ > 0
such that

lim sup ! (2N (Q°\ QE+6)) < 00,
550 O

which is valid for £'-a.e. ¢ > 0 by Lemma [74] extending u by zero to R”. Then we can
argue analogously as in the proof of Theorem (especially ([@9)) that

Fu(Q°NoU) = klim Fy, (Q°NoVy) for any such Q°.
—00

We then consider the collection of cubes Dg,, as in (0.I5]) and observe that, for £-a.e. £ > 0,
both (@I3)-(@I4) hold for each @ € Dy.. Then, covering A C R"™ by cubes in Dg,., we can
infer that the local recovery (@.16]) holds for any open set A, from which a density argument
extends the result to all Borel subsets.

Finally, the fact that a flux F € DM®™ () defines an extended Cauchy flux follows
analogously as in the proof of Theorem [67], by using (I0.J]) and Theorems if
necessary. Also, if F is a Cauchy flux, letting FF € DM®™(Q) be the associated field

guaranteed by Theorem [6.6] the extended Cauchy flux F defined via the normal trace of F
is the unique extension of F. ([l
11. REMARKS ON THE EXISTENCE OF DIVERGENCE-MEASURE FIELDS

The characterization of the solvability of the equation with a Radon measure o:
—divF =0 (11.1)

has been obtained in Phuc-Torres [531/54] in several spaces of functions, including continuous
vector fields and vector fields in LP, 1 < p < co.
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The next theorem provides a way to show the existence of a solution of (I1.I]) that is a
vector-valued measure, that is, an extended divergence-measure field.

Theorem 11.1. Given a finite signed Radon measure o in a bounded open set 2 C R",
there exists a vector-valued measure F = (Fy,--- , F,) € M(;R™) such that —divF = o
in the sense of distributions.

Proof. Let C.(£2) be the vector space of all real continuous functions with compact support
defined in €2, equipped with the norm:

[ull o) = sup |u(z)]-
z€eQ

Let Cp(92) denote the completion of C¢(£2) in this norm. Similarly, let C1() be the vector
space of all differentiable functions with compact support in € such that the derivatives are
also continuous in €2, which is equipped with the norm:

lulles @ = sup lu(z)| + sup [Vu(z)].
e €N

Let C3(Q) denote the completion of C}(Q) with this norm. Observe that o € C(Q)*, since
we can estimate

| [ odo] < lol@) suplel = @ lelleyey vy e Cl@. (112)

We define
A Cé(Q) — Cp(92), A(u) = Vu,
which is a bounded linear operator, since

[Aullcyy = IVullgya) < lullaa for every u € Cg(Q).

Since C3(2) is complete, the range R(A) of A is a closed subspace of Cp(£2). We now define
the functional

L:R(A) =R, R(A) cCCyQ)
L(Vu) = o(u).

We claim that L is well defined.

Indeed, suppose that Vu; = Vusy. Then, on each connected component, u; = us + C for
some constant C. We recall that u € C}(Q) if and only if both u and Vu are continuous
in Q and, for any € > 0, there exists K € € such that |u(x)| < e and |Vu(z)| < e for
any * € Q\ K. This characterization of C(Q) implies that C' = 0 on each connected
component. ~

We now show that L is continuous on R(A) C Co(€). For any u € C¢(Q), using the first

part in (IT.2]), we compute
IL(Vu)| = lo(w)] < o] () [lull gy q) -

By the Hahn-Banach Theorem, L can be extended to a continuous linear functional

L: C()(Q) — R.
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Hence, by the Riesz Representation Theorem, there exists a unique R™-valued finite Radon
measure F' = (Fy, Fy,--- , F,) such that

L(u) = Z /Q u; dF; for any u € Cp(Q).
1=1

In particular, for any ¢ € C°(Q2), we have

() = L(Vy) = L(Ve) = /Q Ve dF. (11.4)
Since the distributional divergence of F' is given by
(—divF, ¢) = / V- dF, (11.5)
Q

we conclude from (IT.4)—(IL5]) that
(—divF, g) = ofp)  for any p € C(),
that is, —divF = o. O

Remark 11.2. A more classical method for solving equation (II.I]) is to use first the
Newtonian potential to solve the equation: —Awu = o and then define F' := Vu. This
approach is used in [62, Example 3.3(i)], where it is shown that, if o has compact support

in R™, a solution to (IL.1]) is given by F(x) = —%ﬂ Jzn %, where w,, is the volume of
the unit ball in R™. Note that, if o is a measure on a bounded domain €2, we can apply this
by taking a zero extension of o to R™. Moreover, u belongs to VV&)(’;(R") forall1 <p < 25
so that FF = Vu € L{’OC(R",R"). If 0 = 0, the Newtonian potential approach clearly gives
F=0.

Without the assumption of the measure having compact support, using similar techniques
as in Theorem [IT.I] it was shown in [53] Theorem 3.1] that, if 1 < p < -5 and ¢ is any
positive Radon measure in R”, equation (I1.I]) has a solution F' € LP(R™,R") if and only
if o = 0. Moreover, it was indicated in [53, Theorem 3.2] that, for -5 < p < oo, (ILI)
has a solution F' € LP(R™ R") if and only if Iyo € LP(R™), where I 0 is the Riesz potential

of order 1 of o defined as I1o(x) = [z %. A characterization of this type is still
unknown if o is a signed measure.

If o is represented by a function in L for 1 < p < oo, there exists a function u € W2P (Q)
satisfying —Au = o € LP(Q), and F = Vu € W'P(Q,R") solves (ILI). For p = 1,
there are examples of functions o € L'(Q2) for which there is no solution for (ILI]) with
F ¢ WHHQ,R™) (5, §2.1]). For p = oo, there are functions o € L>(Q) for which there is
no solution for (ILI) in WH°(Q,R") (see [5, §2.2] and [49]).

For the critical case o € L™(Q2), even though there exists u € W?2"(Q) that solves —Au =
o, and hence Vu € WH"(Q,R") solves ([I.1]), we can not conclude that Vu € L (0, R"?)
since it is a limiting case of the Sobolev imbedding. Moreover, if we consider the function
u(z) = p(x)z1|In|z||*0 < a < ”T_l, where ¢ is a smooth cut-off function with support
near 0, then it holds that Au € L™, but Vu ¢ L™ (see [5, Remark 7]). If —Au =0 € LP(Q)
for n < p < co and u € W2P(Q), then Vu € Co’l_%(Q,}Rn) (see [34, §5.6.2, Theorem 5]),
which implies that, for the case p = n, we can not conclude that Vu is continuous. Bounded
and continuous vector fields that solve equation (111l with o € L™(€2) were constructed in
Bourgain-Brezis [5, Proposition 1, Theorem 1 and Theorem 1’] by using other techniques.
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For general distributions o, a characterization of the solvability of (ITI]) in the class of
continuous vector fields was obtained in Pfeffer-De Pauw [32] and De Pauw-Torres [33]. It
was shown in [32] that there exists a continuous vector field in © that solves the equation
if and only if o belongs to a space of distribution denoted as the space of strong charges
(see [32, Theorem 4.7]. In [33], it was proved that there exists a continuous vector field
F € Cy(R™,R™) (i.e., vanishing at infinity) if and only if o belong to the space of charges
vanishing at infinity (see [33, Theorem 6.1]). The space L™ belongs to both spaces of
distributions, in particular solving equation (II.1]) in the class of continuous vector fields
when o € L"(Q).

Our construction in Theorem [I1.1] provides a characterization of all fields F' such that
—div F = o, as all possible extensions of L from R(A) to Cy(Q2). Indeed, if F is any such
field, then, for any ¢ € C°(2),

/Q V- dF = o(¢) = L(Vy).

Our proof relies on the Hahn-Banach Theorem to produce an extension and hence is non-
constructive.

Similar techniques as in Theorem [[T.1] have been used in [53] Theorem 4.5, Theorem 3.5]
and [54, Theorem 4.4, Theorem 7.4] to obtain the necessary and sufficient condition on the
measure o to solve —div F' = ¢ in the spaces F' € L*(2,R") or F € C(Q,R").

12. EQUIVALENCE BETWEEN ENTROPY SOLUTIONS OF NONLINEAR PDES OF
DIVERGENCE FORM AND THE MATHEMATICAL FORMULATION OF PHYSICAL
BALANCE LAWS

In this section, we employ the results obtained in §21-11] to establish the equivalence
between solutions of nonlinear PDEs of divergence form and the mathematical formulation
of physical balance laws, and to analyze entropy solutions of hyperbolic conservation laws.

12.1. Mathematical formulation of physical balance laws. As stated in §6], a physical
balance law on an open set 0 of R™ postulates that the production of a vector-valued
extensive quantity in any bounded open set U &€ ) is balanced by the Cauchy flux of
this quantity through the boundary OU of the open set U; see also Dafermos [27] and the
references cited therein.

Like the Cauchy flux, the production is introduced through a functional P, defined on
any bounded open set U € Q, taking values in RY and satisfying the conditions:

P(UlUUQ) :P(U1)+P(U2) if Uy NUs :@,
PO < w(U),

where 1 is a given Radon measure. It follows (from, for example, [42]) that P extends to a
measure, in which there is a production measure o € M(Q;R”Y), with ¢ < i, such that

PU)=0(U) for any U € Q open. (12.1)
Then the physical principle of balance law on §2 can be mathematically formulated as
FOU)=PU) =0(U) (12.2)
for any bounded open set U &€ 2.
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12.2. Equivalence between weak solutions of the physical balance laws and non-
linear PDEs of divergence form. First, combining Theorem [6.6 with (I12.1])-(122]), we
conclude that there exists a unique divergence-measure field F € DM®*(Q) such that

—divF =0 in the sense of distributions, (12.3)
and, for any Borel subset S C 9U with U € O,
Fu(S) = (F - v)ou(95), (12.4)

where (F - v)gy is the normal trace of F' on 0U. By considering a vector-valued flux and
working component-wise, we can obtain a matrix-valued field F = (F'1, Fy,--- , F )T with
each row F; lying in DM®™*(Q), so (I23) becomes a system of balance laws (understood
with a row-wise divergence).

Consider the state of the medium under consideration that is described by a state vector
field u = (uy,--- ,uyn)T taking values in RY, which determines both the flux density field
F and the production density field o at point y € 2 by the constitutive relations:

F(y) = F(u(y),y), o(y) =o(uy),y), (12.5)

where F'(u,y) and o(u,y) are given vector fields in (u,y), understood in a sense determined
by the physical system.

In the case that F(u,y) and o(u,y) are sufficiently regular, (IZ5]) is always well-defined
if u € L. This is not always so if u € LP for some 1 < p < oo, and further assumptions
may be necessary to ensure the composition F'(u(y),y) is locally integrable. If u is measure-
valued, then we must give a meaning to (I2.35]); this is a modeling issue, which is beyond
the scope of this paper. An example of such constitutive relations in the measure-valued
case is given in [I1] for the Euler equations for gas dynamics in Lagrangian coordinates.

Combining (I2Z3]) with (I2.5]), we obtain the first-order quasilinear system of PDEs of
divergence form:

div F(u(y),y) + o(u(y),y) =0, (12.6)

which is called a system of nonlinear PDEs of balance laws (cf. [27]).
For the zero-production case: P = 0, which implies that o(u(y),y) = 0, then the above
derivation yields

div F(u(y),y) =0, (12.7)

which is called a nonlinear system of conservation laws. In particular, when the medium is
homogeneous:

F(u,y) = F(u),
depending on y only through the state vector u = u(y), then system (IZ7]) becomes
div F(u(y)) = 0.

Now suppose that the coordinate system ¥ is described by the time variable ¢ and the space
variable © = (1, -+ ,Tpm):

y:(t,x):(t,xh...,g;m), n:m—i—l’
and the flux density is written as an N X n matrix:

F(u) = (u7f(u)) = (U_, fl(u)7 T 7fm(u))
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where £ : RY — R™ for each i = 1,--- ,m. Then we obtain the following standard form
for the system of conservation laws:
du+div, f(u) =0,  (t,z) € R", ueR", (12.8)

where the spacial divergence is taken row-wise.

This shows the equivalence between the weak solutions of physical flows governed by the
balance laws (I2.2]) and weak solutions of the corresponding system of nonlinear PDEs of
divergence form (I2.6]), or even a system of conservation laws (I2.8]), through the relations

([2.3)-[@2.4).

Theorem 12.1. The following statements hold:

(i) The state variables u € R (even measure-valued) that are governed respectively by
the physical balance laws (IZ2]) and the corresponding nonlinear PDEs of divergence
form ([IZ0Q) are equivalent on any open set U. That is, the weak solutions u € RN
(even measure-valued) for the state variables of the physical balance laws (12.2)) and
the corresponding nonlinear PDEs of divergence form ([I12.6]) are equivalent.

(ii) Given an open set U, the divergence-measure field F € DM®™Y(Q) is endowed with
the normal trace (F -v)gy on OU such that (I24) hold for any Borel subset S C OU
with U € O,,.

(iil) If (IZ7) is satisfied, across any discontinuity surface S on which the underlying field
F' does not concentrate, the weak Rankine-Hugoniot condition holds: The exterior
and interior normal traces of the divergence-measure field F for weak solutions are
equal, i.e., the normal trace is continuous across S.

However, the exterior and interior normal traces of the corresponding entropy divergence-
measure fields on a shock wave must have a jump, inferred by the second law of thermody-
namics as indicated in §12.3] below.

12.3. Entropy solutions of hyperbolic conservation laws. We now apply the results
established in §4] through §9] to the recovery of Cauchy entropy fluxes and the correspond-
ing entropy balance laws through the Lax entropy inequality (i.e., the second law of ther-
modynamics) for entropy solutions of hyperbolic conservation laws by capturing entropy
dissipation. That is, for hyperbolic conservation laws, even though there may be no pro-
duction for a weak solution, the entropy solutions must obey the entropy balance law with
non-zero production in general, especially when the entropy solution contains shock waves.
This leads to the intrinsic connection between the second law of thermodynamics and the
entropy balance laws in Continuum Mechanics.

We focus now on system (IZ.8)), which is assumed to be hyperbolic. A function 1 : RY —
R is called an entropy of (IZ8) if there exists q = (q1,--- ,qm)T : RY — R™ such that

Vgj(u) = Vp(u)Vfj(u),  j=1,---,m.

Then the vector function q(u) is called an entropy flux associated with entropy n(u), and
the function pair (n(u),q(u)) is called an entropy pair. The entropy pair (n(u),q(u)) is
called a convex entropy pair on the state domain D C R¥ if the Hessian matrix V2n(u) > 0
for any u € D.

It is observed that most systems of conservation laws that result from continuum mechan-
ics are endowed with a globally defined convex entropy (see Dafermos [27] and Friedrichs-Lax
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[41]). The available existence theories show that solutions of (IZ8]) generally fall within the
following class of entropy solutions:

Definition 12.2. A vector function u = u(t,z) € Mjoc(Ry xR™) or LP(Ry xR™) for some
p > 1 is called an entropy solution of (I2.8)) if u(t,x) satisfies the Lax entropy inequality:

om(u(t,z)) + divy q(u(t,z)) <0 (12.9)
in the sense of distributions for any convex entropy pair (n,q) such that
(n(u(t,z)), q(u(t,x))) is a distributional field.

Clearly, an entropy solution is a weak solution, which can be seen by choosing (n(u), q(u)) =
i(uivfi(u))v i=1,---,N,in (m)

One of the main issues in hyperbolic conservation laws is to study the behavior of entropy
solutions in this class to explore to the fullest extent possible all questions relating to unique-
ness, stability, large-time behavior, structure, and traces of entropy solutions, with neither
specific reference to any particular method for constructing the solutions nor additional
regularity assumptions. The Lax entropy inequality (I2.9]) indicates that the distribution:

In(u(t, z)) + dive q(u(t, z))
is nonpositive. Then we conclude that it is, in fact, a Radon measure; that is, there exists
oy € M(Ry x R™) with o, > 0 such that
— div( e (n(u(t, ), q(u(t, ) =: oy
Therefore, the vector field (n(u(t, z)),q(u(t,x))) is a divergence-measure field:
(n(u(t,2)), q(u(t,z))) € DM (Ry x R™),
provided that (n(u(t,x)),q(u(t,z))) € Mioc(Ry x R™).
We introduce a functional on any surface S C OU with U € O:
Fi(8) := —((n(u),q(w)) - v)au(S) (12.10)
where ((n(u),q(u))-v)sy is the normal trace of (n(u),q(u)) on U in the sense of Theorem
B33, since (7(u(t, 2)), q(u(t,2))) € DMEHR, x R™).

loc

By Theorem [67] the functional F;} defined by (IZI0) is a Cauchy flux in the sense of
Definition [6.4], taking u to be the total variation measure |(n(u(t,x)),q(u(t, z))|.

Definition 12.3 (Cauchy entropy fluxes). A functional F|} as defined by (I2ZIQ) is called
a Cauchy entropy fluz with respect to entropy n(u).

In particular, when (7, q) is a convex entropy pair, F;}(S) > 0 for any Borel set S C oU
with U € O,. Furthermore, we can now reformulate the balance law of entropy from the
recovery of entropy production by capturing entropy dissipation.

Theorem 12.4 (Entropy balance laws). The production o, of entropy dissipation in any
bounded open set U & 2 is balanced by the entropy Cauchy flux ]:g through the boundary
OU of the open set U € €.

Furthermore, we have

Theorem 12.5. Assume that u = u(t,z) € Mioc(Ry x R™) or LP(Ry x R™) for some
p > 1 is an entropy solution to (I2.8]). Then
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(i) Across the discontinuity, the normal trace of the vector field (u(t,z),f(u(t,z))) is
continuous, provided the underlying field does not concentrate on the discontinuity
surface; in this case the weak Rankine-Hugoniot condition holds.

(ii) For a convex entropy pair (n(u),q(u)) with V?n(u) > 0, the normal trace of the
vector field (n(u(t,z)),q(u(t,x))) has a jump across a shock wave, which increases
across the shock in the t-direction.

The continuity of the normal trace of the vector field (u(t,z),f(u(t,z))) is due to the
fact that div(u(t, z),f(u(t,z))) is zero and |(u, f(u))|(OU) = 0 as assumed. On the other
hand, the jump of the normal trace of the vector field (n(u(t,x)),q(u(t,z))) is because
div(n(u(t,x)),q(u(t,z))) has a concentration on a shock wave, due to the entropy dissipa-
tion, concentrated on the shock wave.

Furthermore, for characteristic discontinuities such as vortex sheets and entropy waves,
in general, div(n(u(t,x)),q(u(t,z))) does not have a concentration due to the loss of the
entropy dissipation along such a discontinuity, and the normal trace for the vector field
(n(u(t,x)),q(u(t,z))) may generally be continuous across the characteristic discontinuity
normally.

Moreover, it is clear that understanding further properties of divergence-measure fields
can advance our understanding of the behavior of entropy solutions for hyperbolic conser-
vation laws and other related nonlinear PDEs by selecting appropriate entropy pairs. As
examples, we refer the reader to [8HI8L65] for such applications.
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