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1 2.12.6 · · · [3 pts]

A careless student believes that the following statement is the Cauchy criterion.
For all ε > 0 and all positive integers p there exists an integer N with the property that |sn+p −
sn| < ε whenever n ≥ N . Is this statement weaker, stronger, or equivalent to the Cauchy
criterion?

Proof. This statement is weaker than Cauchy criterion.
If {sn} satisfies Cauchy criterion, means ∀ε > 0,∃N1, when n ≥ N1, m ≥ N1, |sn − sm| < ε.
Then for any positive p, just choose N = N1, then ∀n ≥ N , n+ p > N , thus |sn+p − sn| < ε. It
proves that if {sn} is a Cauchy series then it satisfies the condition of 2.12.6.

However, if a series satisfies the condition of 2.12.6, it may not be a Cauchy series. For ex-
ample, {sn = lnn}, {sn} is a divergent series, but it is easy to check that it satisfies the condition
of 2.12.6. The reason why they are not equivalent is, for Cauchy criterion, the N only depends
on ε. However, here N depends on both ε and p.

2 2.14.1 · · · [2 pts]

Let α and β be positive numbers. Show that

lim
n→∞

(αn + βn)
1
n = max{α, β}

Proof. Wlog assume α = max{α, β}, then α = (αn)1/n ≤ (αn + βn)1/n ≤ (2αn)1/n = (2)1/nα.

Then α = limn→∞ α ≤ limn→∞(αn +βn)1/n ≤ limn→∞(2)1/nαn = α, thus limn→∞(αn +βn)
1
n =

max{α, β}.

3 4.2.16 · · · [3 pts]

Show that there is no set which has the set Q as its set of accumulation points.

Proof.
Method 1:If suppose Q is the accumulation set of set A, then prove contradiction: irrational num-
bers are also A’s accumulation points. ∀a ∈ R \Q, and ∀c > 0, since Q is dense in R, thus there
exists at least one rational number p ∈ (a− c, a+ c) and since (a− c, a+ c) is an open set and p is
an interior point, then ∃δ > 0, s.t., (p− δ, p+ δ) ⊂ (a− c, a+ c) . Since p ∈ Q is an accumulation
point of A, thus (p− δ, p+ δ)∩A has infinity numbers. Since (p− δ, p+ δ)∩A ⊂ (a− c, a+ c)∩A,
thus (a− c, a+ c) ∩A has infinity numbers. Thus a ∈ A′.
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Method 2:Prove for any set A, A′ is a closed set. Since Q is not closed, thus Q could not
be an accumulation set. We just need to prove A′c is an open set. If A′c = ∅, then A′ is
closed, otherwise,∀x ∈ A′c, by definition, ∃c > 0, s.t., (x− c, x+ c) ∩A has finite numbers. since
(x − c, x + c) is an open subset in R, thus ∀y ∈ (x − c, x + c) is an interior point which means
∃δ > 0, (y− δ, y+ δ) ⊂ (x− c, x+ c), then (y− δ, y+ δ)∩A ⊂ (x− c, x+ c)∩A has finite numbers.
Thus y ∈ A′c, then (x− c, x+ c) ⊂ A′c which means x is an interior point of A′c. Thus A′c is an
open set. Then A′ is a closed set.

4 4.4.3 · · · [2 pts]

Show that an intersection of an arbitrary collection of closed sets is closed.

Proof. Let I ⊂ N be the index set. Then to prove ∩i∈IEi is a closed set if {Ei}i∈I are closed.

Method 1: It is equivalent to prove (∩i∈IEi)
c is an open set. By De Morgan’s law, (∩i∈IEi)

c =
∪i∈IE

c
i . Since Ec

i is open thus ∪i∈IE
c
i is open. Thus ∩i∈IEi is a closed set.

Method 2: To prove (∩i∈IEi)
′ ⊂ ∩i∈IEi.

If (∩i∈IEi)
′ = ∅, then (∩i∈IEi)

′ ⊂ ∩i∈IEi. otherwise, ∀x ∈ (∩i∈IEi)
′ means that ∀c >

0, (x−c, x+c)∩(∩i∈IEi) has infinity points. Since ∀i ∈ I, (x−c, x+c)∩(∩i∈IEi) ⊂ (x−c, x+c)∩Ei,
thus x is an accumulation point of Ei. Since Ei is a closed set, thus x ∈ Ei. Since Ei is an arbi-
trary set in {Ei}i∈I , thus x ∈ ∩i∈IEi. Then (∩i∈IEi)

′ ⊂ ∩i∈IEi, so ∩i∈IEi is a closed set.

2


