MA 34100 Fall 2016, HW 5

October 5, 2016

1 212.6---[3 pts]

A careless student believes that the following statement is the Cauchy criterion.

For all € > 0 and all positive integers p there exists an integer N with the property that |s,4, —
Sn| < € whenever n > N. Is this statement weaker, stronger, or equivalent to the Cauchy
criterion?

Proof. This statement is weaker than Cauchy criterion.

If {s,} satisfies Cauchy criterion, means Ve > 0,3N7, when n > Ny, m > Ny,|sp, — s < €.
Then for any positive p, just choose N = Ny, then Vn > N, n+p > N, thus [s,4p — sn| <€ It
proves that if {s,} is a Cauchy series then it satisfies the condition of 2.12.6.

However, if a series satisfies the condition of 2.12.6, it may not be a Cauchy series. For ex-
ample, {s, =Inn}, {s,} is a divergent series, but it is easy to check that it satisfies the condition
of 2.12.6. The reason why they are not equivalent is, for Cauchy criterion, the N only depends
on €. However, here N depends on both e and p. O

2 214.1---[2 pts]

Let a and 8 be positive numbers. Show that

lim (a” + B™)* = max{a, 8}

n— oo
Proof. Wlog assume o = max{a, 8}, then o = (o)™ < (o + ™)™ < (2a™)'/™ = (2)Y/"a.
Then a = lim,, 00 a < limy, o0 (@™ 4BV < lim,, 00 (2)V/ "™ = a, thus limn_)oo(oz”—l—ﬁ")% =
max{«, 5}. O

3 4.2.16---[3 pts]

Show that there is no set which has the set @ as its set of accumulation points.

Proof.

Method 1:If suppose @ is the accumulation set of set A, then prove contradiction: irrational num-
bers are also A’s accumulation points. Va € R\ @, and Ve > 0, since @ is dense in R, thus there
exists at least one rational number p € (a —c¢,a+ ¢) and since (a — ¢, a+ ¢) is an open set and p is
an interior point, then 3§ > 0, s.t.,(p —0,p+9) C (a —¢,a+c¢) . Since p € @Q is an accumulation
point of A, thus (p— 4§, p+ )N A has infinity numbers. Since (p—3§,p+J)NA C (a—c,a+c)NA,
thus (a — ¢,a + ¢) N A has infinity numbers. Thus a € A’.



Method 2:Prove for any set A, A’ is a closed set. Since @ is not closed, thus @ could not
be an accumulation set. We just need to prove A’® is an open set. If A’ = @, then A’ is
closed, otherwise,Vx € A’°, by definition, 3¢ > 0, s.t., (x — ¢,z + ¢) N A has finite numbers. since
(x — ¢,z + ¢) is an open subset in R, thus Vy € (x — ¢,z + ¢) is an interior point which means
36> 0,(y—96,y+9) C (x—c,z+c¢), then (y—0,y+0)NA C (z —c¢,x+¢)N A has finite numbers.
Thus y € A’¢, then (z — ¢,z + ¢) C A’® which means z is an interior point of A’®. Thus A’® is an
open set. Then A’ is a closed set. O

4 4.43---]2 pts]

Show that an intersection of an arbitrary collection of closed sets is closed.

Proof. Let I C N be the index set. Then to prove N;crE; is a closed set if {E;};cr are closed.

Method 1: Tt is equivalent to prove (N;crF;)¢ is an open set. By De Morgan’s law, (N;er E;)¢ =
User E¢. Since EY is open thus U;crEf is open. Thus N;erE; is a closed set.

Method 2: To prove (NierE;) C Nier E;.

If (NierE;) = 0, then (NierE;) C NierE;.  otherwise, Vo € (N;erE;)’ means that Ve >
0, (x—c, z+c)N(N;er E;) has infinity points. Since Vi € I, (z—c, x+c)N(Nier E;) C (xz—c, z+c)NE;,
thus x is an accumulation point of E;. Since E; is a closed set, thus x € F;. Since F; is an arbi-
trary set in {E;};cr, thus & € NjerE;. Then (NierE;) C NierE;, so Nier F; is a closed set. O



