Math520 Spring2023 Midterm 2

Mar 27, 2023.  1:30-2:20pm

Instructions

1. Read each problem carefully, and follow the instructions.

2. Show all of your work and clearly indicate all answers. Justify procedures and
calculations except when they are obvious. Circle your final answer.

3. Check that your test has 4 problems. Each question will have its point value
listed with the problem itself.

4. The use of books, notes, calculator and electronic devices are not permitted.

5. The last page is scratch paper. You can write on the back of each page if there is
no enough space, but make sure all the procedures and answers must be on the stapled
exam paper. The scratch paper will NOT be turned in or graded.

6. Make sure you sign the honor pledge below.

I
unauthorized assistance on this exam, and I have conducted myself within the guidelines

, , pledge that I have neither given nor received any

of Purdue’s community standard. Moreover, I will not discuss the content of this exam
until authorized to do so.



1(25). Consider the inhomogeneous wave equation with damping

Oyt = 50ypu — 40u + cosz, x € [0, L], t > 0;
0,u(0,t) =0, Jyu(L,t)=0, t>0
U(l’,O) :f<l'), @u(w,O) :g(l‘)7 S (OaL)

(1) Construct a stationary solution w(z) such that v(z,t) := u(x,t) — w(x) satisfies

OV = 50,,v — 40w, x € [0,L], t > 0;
0,v(0,t) =0, Oyu(L,t)=0, t>0;
v(z,0) = f(z) —w(x), Ow(x,0)=g(x), =xe€(0,L).

(Hint: Write down equations for w without solving them.)
(2) Suppose you are given the eigenvalues and eigenfunctions \,,, ¢,,, n =0,1,--- for the
corresponding Strum-Liouville problem

5¢"(z) + Ad(z) =0,  ¢'(0) = ¢'(L) =0,

then one can express v(z,t) as ) ¢,(t)¢,(x). For its coefficients ¢, (t), derive the 2nd
order ODE.

A(1.1): w(x) satisfies
5w’ (xr) +cosx =0, w'(0)=0, w'(L)=0.
A(1.2): Plugging v(z,t) =Y c,(t)¢p,(z) into v-equations, we have

LHS =Y ci(t)pn = RHS = = > Anca(t)pn(x) = 4> ¢ (t)dn.

Thus the 2nd order ODE for ¢, (t) are

ar+4c, + A\e, = 0.



2(25"). (1) Solve (derivations not required) the heat equation with inhomogeneous
boundary conditions

Opu = Oppu, € [0,L], t > 0;

uw(0,t) =0, wu(L,t)=1, t>0;
Twoox
—sin 242 L.
u(x,0) = sin 7 + 7 TE (0, L)
(2) As t — 400, what’s the stationary solution that u(x,t) will converge to?

Hint: You may directly use the formula

2/L . T, mrxd 1, n=1;
— sin — sin —dz =
L J, L L 0, n=2,3,---

A(2.1):

Construct w(z) such that w”(z) = 0 and w(0) = 0, w(L) = 1. That gives w(z) = 7.

e v(z,t) =u(x,t) — w(x) solves the heat equation with homo. BC
O = Opv, x €[0,L], t>0;
v(0,t) =0, wo(L,t)=0, t>0;

v(z,0) = sin %, xz € (0,L).

Eigenvalues and eigenfunctions for the corresponding Strum-Liouville problem

are A, = (2%)? and X, (z) =sin "%, n=1,2,---.

Thus we obtain

+o0
(nzy2y . AT 2y . TT
v(x,t) = 5 cre” 1 sin—— = ¢ [ sin —,
n=1
2 L : 7z i nmx 1’ n:17
where ¢, = £ [ sin Z£ sin 222 dx =
L fO L L O, n = 27 3’
— — e Zlgn T 4 2
e In summary, u(z,t) = v(z,t) +w(z) = e 2" sin 7 + £.

A(2.2): stationary solution is 7.



3(25"). (1) Directly write down (derivations not required) the eigenvalues and eigen-
functions for one-dimensional boundary value problem

8x;r¢ +up=0, x¢ (O’ CL);
¢(0) = ¢(a) = 0.

(2) Directly write down (derivations not required) the eigenvalues and eigenfunctions for
two-dimensional boundary value problem

Au+du=0, (z,y)€Q:=][0,a]x][0,b];

u|ag = 0.

(3) If the domain € is changed to a disk, does one obtain the same eigenfunctions as in
(2)? (Yes/No)
If the domain € is changed to a disk, are the eigenvalues still nonnegative as in (2)7

(Yes/No)

A(3. 1) = (25)? and ¢, () =sin 2% n=1,2,-
= (B5)% 4 (B1)? and)(mn—smmsm% n=12---m=12.--
A(3.3). No. Yes.



4(25). Derive the general solutions for Dirichlet problem in an annulus

1 1
Uy + Uy + g Ugy = 0, (r,0)¢eQ:=][r,mr) x]|0,2x],
U<T179> = f(Q), U(T‘Q,Q) = 9(9), 0 < 0 < 27T7

U(T’, 0) = U(T’, 27T)7 1 S r S ro.

Hint: you are given the formula for the general solutions to Euler equation
r?R"+rR — AR =0:

R( c1logr 4+ ca, if \=0;
T =
clrﬁ + cgr_ﬁ, if A > 0.

A(4): See lecture notes [ch4, page 16-17].






