
MA 520: Boundary Value Problems of Di↵erential Equations

Spring 2020, Final Exam

Instructor: Yip

• This exam booklet has five questions, totaling 100 points. It is due at noon (12pm), on

Wednesday, May 6. It should be scanned or photographed and emailed directly

back to me in one file using PDF format.

• The exam is open book and open note. You are not allowed to ask or collaborate with anyone

or search for answers or hints using the internet.

• You can send me email if something is not clear. If your question is sent by 5pm Tuesday, I

will try my best to reply before 9pm.

• In order to get full credits, you need to give correct and simplified answers and explain in

a comprehensible way how you arrive at them.

Please copy the following sentence and sign:

I have not collaborated with anyone or searched the internet for answers.

Signature:

Name: (Major: )
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1.(20 pts)

2.(20 pts)

3.(20 pts)

4.(20 pts)

5.(20 pts)

Total (100 pts)
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1. Consider the following di↵erential equation:

t2ẍ(t) + 3tẋ(t) + x(t) = t, for t > 1 with initial values x(1) = 0, ẋ(1) = 1.

(a) Find two linearly independent homogeneous solutions '1(t) and '2(t).

(Try x(t) = tr for some values of r.)

(b) Find a particular solution xp(t).

(c) Find the solution for the above di↵erential equation.

(Hint: if you need to integrate the time variable, it might be more convenient if you integrate

from the value 1 rather then 0.)

2. Find the Fourier transforms of the following functions. Discuss their behaviors as |⇠| �! 1,

in particular how fast the Fourier transforms converge to zero.

f(x) =

(
1, |x| < 1;

0, |x| > 1.

g(x) =

8
><

>:

1� x, 0 < x < 1;

x+ 1, �1 < x < 0;

0, |x| > 1.

h(x) =

(
(x2 � 1)2, |x| < 1;

0, |x| > 1.

3. Consider the domain ⌦ = {0 < x < a; 0 < y < b} and the following boundary value problem:

4u = h(x, y) in ⌦

u(0, y) = 0 and u(a, y) = f(y) for y 2 (0, b)

�uy(x, 0) = 0 and uy(x, b) = g(x) for x 2 (0, a)

(a) Find the eigenvalues and eigenfunctions for the Laplace operator 4 with the correspond-

ing (homogeneous) boundary conditions, i.e. find � and '(x, y) such that4' = �' (with

f, g = 0)

(b) If possible, solve the above boundary value problem. If not possible, state clearly if any

compatibility condition is needed and then solve it.

All the constants in your answer should be expressed explicitly in terms of h, f and g.

4. In class, we have shown that the solution of the following one dimensional heat equation on

the whole real line,

ut(x, t) = Duxx(x, t), �1 < x < 1, t > 0;

u(x, 0) = f(x)
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is given using the heat kernel g(x, t) =
1p
4⇡Dt

e�
x2

4Dt :

u(x, t) =

Z 1

�1
f(y)g(x� y, t) dy

For the following equations, find the solution u(x, t) using the above g.

(a) ut(x, t) = Duxx(x, t) + aux(x, t) + bu(x, t) and u(x, 0) = f(x) for �1 < x < 1, Here a

and b are constants.

(b) ut(x, t) = Duxx(x, t) and u(x, 0) = f(x) for x > 0 with Neumann boundary condition

ux(0, t) = 0.

(c) ut(x, t) = Duxx(x, t) and u(x, 0) = f(x) for �⇡ < x < ⇡ with periodic boundary

condition u(�⇡, t) = u(⇡, t). (Or equivalently, you can also consider u(x, t) to be defined

for �1 < x < 1 but it satisifes the condition u(x, t) = u(x+ 2⇡, t) for all x.

(Hint: for (a), make use of Fourier transform and its properties; for (b) and (c), use the

method of images.)

5. Let f be a smooth function defined for �1 < x < 1. Introduce the following function:

g(x) =
1X

k=�1
f(x+ 2k⇡).

Here “smooth” means that f has as many derivatives as you want. In addition, you can

assume that f(x) goes to zero fast enough as |x| �! 1 so that the above sum is well defined.

For example, |f(x)|  C|x|�2 or |f(x)|  Ce�|x| for some constant C.

(a) Show that g is a 2⇡-periodic function, i.e. g(x+ 2⇡) = g(x).

(b) Consider the Fourier series expansion of g:

g(x) =
1X

n=�1
cne

inx.

Express cn using the Fourier transform f̂ of f .

(c) Prove the following “interesting” identity:

1X

n=�1
f̂(n) = 2⇡

1X

n=�1
f(2⇡n)

(d) By means of the above or otherwise, find the value of the following sum,

1X

n=�1

1

n2 + 1
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