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2.2 = Two-Dimensional Linear Systems

The properties of the eigenvalues of the arbitrary real, 2 x 2 matrix, A = (£ 5), can be
easily obtained in general. Its eigenvalues are roots of the characteristic polynomial

p(A)=A—1A+8 =0,
t=tr(A)=a+d, (2.18)
S =det(A)=ad —be.

Thus, the eigenvalues depend only on the values of 7, the trace of A, and &, the deter-
minant of A. The roots of p are

T:l:\/Z

do="5

, A=1t"—48 =(a—d)* +4bc. 2.19)

Here, A is the discriminant of p. There are five different eigenvalue regions in the
(7,9 )-plane, as shown in Figure 2.1. The insets in the figure show complex A-planes
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Figure 2.1. Classification of the eigenvalues for a 2 X 2 linear system in the parameter
space of the trace, T, and determinant, &
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Figure 2.2. Phase portrait of an unstable node with v, = (1,—1)", and v_=(1,2)" and
- . The arrows denote the direction of motion.
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Figure 2.3. Phase portrait of a saddle with v, = (1,—1)7, and v_ = (1,2)" and2umm
<aimy. The arrows denote the direction of motion.
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Figure 2.4. Phase portrait of an unstable focus with u = (1,1)?, and w = (1,—2)" and
MR Here the motion is counterclockwise since det[ u,w] < O.



