
 Lee 05
Linear In stability Perturbative Analysis

from properties of day Ax
homogeneoussys

properties of Fx A BADX hit

inhomogeneous sys
1 Consider dg AX

Suppose all solutions of the abovego tozero as is

Relli 0 for all Xi of A

Then for hit sit 11h till Cé't
The solutionof

4 AX hit X107Xo

also go to zero as t to

In fact exponentially fast



Pf Re Xi 0 for all X i n

Heatxoll Cé xoll for to

XH eatto feat his as
Axel Heatxoll fotile At his Ilds

C ektyxolltftcoe.to't thrallds

Gé tyxoll ftGéktDcé'sas
Cé 11 011 Cocé tftek o'sas
Gé x.li Coc é

t
e i

whatif k



Gé 11 011 Gc é't 5kt

0 exp fast 0

1 Under the same assumption as in I

for A Re Xi 20 for all Xi's

Suppose f this Ilds C is

1415111 finite area

whom
Then the solutionof

4 AX hit X10 Xo

also go to zero as t to

but with no explicit rate



Pf XH eAtxo feat 5 his ds
t

11 1 711 C é xollt.cf.tk't this llds
11th's l Ekit s

milium

Let E be any small number eg
E 156

Choose Nx1 sit

Spithisillds E

a 5kt for t N



Consider 5kt this lids t 2N

f.NO s7this llds ffektsYhis llds
tan FL
SEN f hisilldst S IN

5kt ke footholds E

ékt this Ilds

Efithisillds

GE EE

NHMKC.to
gqEtE



II Under the same assumption as in I

for A Re Xi 20 for all Xi's

Suppose lim 11h14 11 0
A to

and 11h 11 M for all t

Ithith
M

memes
t

Then him 11 1 111 0

to

The proof is very similar

for
any

so leg E 106

choose NS.t for all t N

a 11h41 E and a ékot e



Consider 5kt this llds t 2N

f 5kt
5 this llds fféktLslds
m

tan
sc

sen efgtek.ltAd
tsN_

mfok.ltids

mjk.tl eksds

MEotekN
Ko

1o etft
n1 ett s oe



II Gronwall Inequality M.p
90 am 3.28

Suppose A 0 and glt satisfies

git C f.tk s gissds
The

gas costkisids

Pf Let Git C kingisids

Then Glo

Git kitg t KH GH

GH KH GIA O

Integrating factor IH e
Sotkisids

o

IH IH KHI



IH G KH ING O

IH G IIHG O

IH GH O

IHIGH Ilo 610 to

IH GH I O G O
in men

éfᵗkHds I C

GH c e
sothis ds

as GH GH

Then
gH

celotkists

In particular

if C o then GH so

if furthermore git 30 then GH 0



Iv Perturbation of A Bellman p34 ThmD

Suppose all solutionsof d AX are

bounded as A o.ie

11 ll eatx.tl Clixoll for all t

Then the same holds for the solution of

f A BADX Xlo

Provided 5911Bandt as

pf d AX B
n

XH eatXo fte
Alt 5 Bis Xs Is

14H llettxolltf.tl eAltsBis Xisillds



11 671 Collxoll Co Bis 1111 151 ds
m in

C kis

Apply Gronwall

11 4 colx.pe
otcollBisIllds

collx.de o
1BissIlds

I Perturbation of A Bellman p 36 Thma

Suppose all solutionsof d AX go to

zero as is

ie Reldiko for all di

or HeatXoll be kotyx.tl



Then the same holds for the solution of
d A BADX Xlo

provided I BHI E A for t to
Cie 1181711 is small enough for t large

the smallness depends on A

Pf XH eatyo fote At Bis Xisds

11 1171 HeatXoll f.tleAlt
s
Bis Xisillds

Gettyxolltfotcoe.to
t sYBisilll1xisillds

ekot11XHI1 Collxoll fotcollBisllek.siXisllds

T TI TIZH



Gronwall

ZHIcelotkisidsie.ekotlxitills.co
lxollefotcollbisillds

11 4711 Collxollekottfotcollbislllds.fr

to

CollXolle
Ko t to to Sotolbis s

Steffi
collxoyekototfo 1Bisllldsjkolt.to CoEA A to

Collxollékoto fo 1815114
e
Ko GE to
m

some constant
Need Ko GE 70

ie.ES

gThoastotb



The conclusion ofthe above also holds if
9 1 IIBA Ids to

lim UBIAH 0
to

E Counter Example for A AH

Bellman p 42 Thm 5 There are A f BH
S.t
1 all solutionsof X AH X go to Zero

foolBislids co

and yet any solution of

1
AH BA

will go to infinity as toes

11 111 a


