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Lemma 5.8. Consider the affine, nonantonomous initial value problem
x=Ax+y(t), nx(0)=0c€k’. (5.12)

Suppose A is hyperbolic and y(t) is bounded and continuous for t > 0. Then the unique
solution, x(t;0), of (5.12) that is bounded for positive time is

t oo
x(t;a):etAa—I—J e(t_s)Ansy(s)ds—J e v (s)ds. (5.13)
0 t

The uniqueness of the solution (5.13) is surprising because only “half” of the initial
conditions have been specified, the stable components 0. We will see that the assump-
tion that x is bounded for ¢ > 0 is enough to determine its unstable components.
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Lemma 5.10 (Generalized Gronwall). Suppose a, M, and L are nonnegativd L < a2,
and there is a nonnegative, bounded, continuous function u : R™ — R satisfyi
t oo
u(t)<e *M+ LJ e ) yu(s)d s + LJ e yu(s)d's; (5.22)
0 t o) 9
Z
[«

then u(t) < e—(@=L/B), where B = 1—2[;.
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