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42 STABILITY THEORY OF DIFFERENTIAL EQUATIONS

Proof. If all solutions of (2) are bounded, we must have ||¢%| bounded
as t — oo ; if all solutions of (2) tend to zero, then |let|| — 0 and does so
exponentially, which is to say, |le¢|| < ¢;¢™*, with @ > 0. Since

(6) 2=y + [ YOY-()BW(t) di

=y + _/: P(t)ec = P(t,)"1B(t1)2(t;) diy
we have

@ el < ol + [ IPOllect= 1Pl B |l dt
Setoa [ 1Bl dn

whence boundedness follows, as before. The second part of the state-
ment is also derived along previous lines.

6. Equations with General Variable Coefficients. We already know
that the boundedness of the solutions of

(1) W = Ay

together with the condition || B(t)|| — 0 as ¢t — o is not sufficient to ensure
the boundedness of all solutions of

@) % — (40 + BO)

[compare (10) of Sec. 1]. We might be tempted, in the light of preced-
ing results, to state that the result will be valid provided that we amend

the condition ||B(f)|| — 0 to read f“ IB@®)|| dt < «. Letusshow by a
_counterexample that no such general theorem can hold,

Theorem b. There is an equation of type (1) with the property that all

solutions approach zero as t — © , and a matriz B(t) for which [ 1B dt

< @, such that atl solutions of (2) are not boundaed.
Proof. Consider the equation

dy1 - -

(3) dt - alyi
W2 _ (in log ¢ log t — 2
v (sin log ¢ + cos log a)ys

whose general solution is

4) Y1 = c1e”%

yz — c2et'ln]03t—2at



STABILITY—LINEAR SYSTEMS 43

If a > 14, every solution approaches zero as t —> «. If we choose as
our perturbing matrix

0 O
(5) B(t) - (e—-‘at 0)
the perturbed equation has the form
d21 .
(6) a azy
dzz

== (sin log ¢t + cos log t — 2a)z; + 279

The solution of this system is
(7) 2 = cle_""

o t .
29 = et 8in log.—2at(c2 + C1 j; e*—tl sin log £y dt]_)

Let t = e®nt}97 Since

¢ te-27/3
(8) f 6—t1 sin log dtl > e—t; sin log £} dt],
0 te~ ™

€

> t(e~2/3 — ™) exp (— e; t)

we see that, if
(9) 1 <2 <1+ e ™2

the solutions of (6) will be bounded only if ¢; = 0. This condition is
fulfilled only for those solutions for which z,(0) = 0.

Let us now turn to the problem of seeing what we can salvage from
this. We can prove

Theorem 6. If all the solutions of (1) are bounded, then all the solutions
of (2) are bounded, provided that

(10) @ ["[B®|ldt< =
(b) @f‘ﬁ (A) dt > —

P
or, 1n particular, that
) tr (4) =0
Condition (b’) is relevant to the important equation
(11) ' + a(t)u =0

which is equivalent to a two-dimensional system satisfying (b').



