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Theorem 6.32 (Poincaré-Bendixson). Let D be a connected subset of R* jnd ¢ be a
flow on D. Suppose that the forward orbit of some p € D is contained in a compact set
and that «(p) contains no equilibria. Then w(p) is a periodic orbut.
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Example 6.39. Let

X =y,

y

(6.35)

2

1—x?—2y

—x +(
The only equilibrium is the origin. The rate of change of the polar radius for (6.35) is

v’
.

(1—x?—29%).

7;.

y*x?/r > 0. This
orbits cannot leave

< 1} is positively invariant—note

that even though # = 0 at some points on the boundary of R

then 7
b

< 0, and when 7? = 1/,
x,y): 2712 < r

When 7% = 1, then # = —y*/r
implies that the annulus R = {(

the annulus. We conclude there is at least one limit cycle in R. A numerical solution

confirms our analysis; see Figure 6.16.
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Figure 6.16. Phase portrait of (6.35) showing the limit cycle and the boundaries of R.
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X = Yt 2 (1-21)
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Theorem 6.34 (Jordan curve). A simple closed curve (a set that is homeomorphic to S')

in R? separates the plane into two connected components: one bounded, called the interior,
and one unbounded, called the exterior.
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