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Theorem B.1 (Multivariate Quadratic Taylor’s Theorem). Suppose that
S C R™ is an open set and that f : S — R is a function of class C? on
S. Then fora € S and h € R" such that the line segment connecting a and
a + h is contained in S, there exists 0 € (0,1) such that

fa+h) = f(a)+ Vf(a)-h+ %hTV2f(a + 0h)h.

Proof. Define g(t) = f(a + th). By Lemma B.1 on g¢(¢), there is 6 € (0,1)
s.t.

9(1) = 9(0) + 4'(0) + 54" (6).

By chain rule, we have ¢’(0) = Vf(a)-h and ¢"”(#) = hT'V?f(a + 6h)h,
which complete the proof. ]

Lemma B.1 (Second-order Mean Value Theorem). Suppose that I C R is
an open interval and that f(x) is a function of class C? (f"(x) exists and
is continuous) on I. For a € I and h such that a+ h € I, there exists some
6 € (0,1) such that

P
fla+h)= f(a) +hf'(a)+ %f”(a—l— h).

Proof. Consider ¢1(x) = f(x) — f(a) — (x — a) f'(a) then g1(a) = g}(a) = 0.
Define
T —a

2
o(@) = g1(a) ~ () et )
then g(a) = ¢’(a) = g(a + h) = 0. By Mean Value Theorem , we have

g(a) =gla+h)=0= ¢'(a+ ah) =0,

for some a € (0,1). Use Mean Value Theorem again on ¢'(a) = ¢'(a+ah) =
0, we get ¢’ (a+60h) = 0 for some 6 € (0, ). Since ¢"(z) = f"(x) — i—ggl(a—k
h), ¢"(a+ 6h) = 0 implies that we get the explicit remainder for the second
order Taylor expansion as g1(a + h) = h2—2f”(a + 6h). O

%\ (a)=0 ?
g' (at dh)=o
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