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Theorem 3.6. For an extended real-valued function f : R™ — RU{+o0},
the following are equivalent:

1. f is a closed function.
2. The level set {x: f(x) < a} is a closed set for any a € .
3. f is lower semicontinuous: for any x, for any sequence x,, — X,
f(x) <liminf f(xy).
' (ohiex

Theorem 3.7. A proper (extended) function f : R™ — R U {+o0} is
convex if and only if dom(f) is convezr and

fOx4+ (1 =Ny) <A (x)+ (A=A f(y), Vxyedom(f),Ae(0,1)

. éftromg,[/& LONVEX

Definition 3.10. An extended function f : R™ — RU{+o0} is p-strongly
convex if dom(f) is convexr and the following holds for any A € (0,1):

fOAx+(1-N)y) < Af(X)+(1—A)f(Y)—gA(1—A)HX—YHQ, Vx,y € dom(f).

Theorem 3.10. An extended function f: R"™ — R U {400} is u-strongly
convez if and only if f(x) — §||x||* is convez.
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Even though 0f(x) denotes a set, for simplicity, we often abuse
the notation by using it to denote any element in this set. Lemma
1.1 can be extended as (see [3, Theorem 5.24] for the proof):

Lemma 3.1. For a proper function f(x) : R" — (—o0,400], assume
dom(f) is convex, then the following are equivalent:

1L fAx+ (1 =Ay) SAf(x)+ (1 =Nf(y), Vx,ye€dom(f),Ae(0,1).
2. f(x) = f(y)+(0f(y),x—y), Vx,y € dom(f).
5. (0f(y) —0f(x),y —x) >0, Vx,y € dom(f).

For a proper closed and convex function, the following are equivalent:
1. f is p-strongly conveity
2. f(x) > f(y) +(0f(y),x —y) + 5lx —y[*, Vx,y € dom(f).
3. (0f(y) —0f(x),y —x) > pllx —y[?*, Vx,y € dom(f).

An example is that vg + £|x||* is p-strongly convex for a convex set S.



Sub di{ferential ¢

Theorem 3.9. Consider a proper extended function f : R" — (— o0, +00].
Assume its domain dom(f) is a convex set, then

1. Ezistence of subderivatives at any x € dom(f) implies convezity of

f(x).

2. Converxity of f implies that subderivative exists at any x in the interior

of dom(f), denoted as int(dom(f)) and 0f(x) is bounded:

Vv e df(x),||v|| < C for some C.

3. If U C int(dom(f)) is a nonempty compact set (bounded and closed
set in R™), then convexity of f implies Uyxcyy Of(x) is bounded (all
subderivatives in U have a uniform bound).

4. For boundary points of dom(f) of a convexr function, subderivatives
exist at the relative interior of dom(f) but they can be unbounded.

Dfﬁma((i{/y

Theorem 3.12. For a proper convex function f : R" — R U {+o00}, x,
minimaizes f(x) if and only if 0 € Of(x4).

Proof. f(x) > f(x«) = f(%x4)+(0,x—%4) & 0 € 0(x4), Vxedom(f). O

Theorem 3.13. For a proper closed function f: R" — R U {400}, if
it is pu-strongly convex, then it has a unique minimizer X.
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For the indicator function tg, its subdifferential is given as @
du(x) = Ng(x), x €8, L-s.c.

where Ng is the normal cone of S

Definition 3.11. For a set S C R™ and x € S, the normal cone of S at x
18

Ng(x) ={y : (y,z—x) <0,Vz € S},
and Ng(x) is an empty set for x ¢ S.
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3.5.3 Convergence of subgradient method

Theorem 3.14. For the subgradient method

Vi
X1 = Xk — Tk el some vy € 0f(xg,)

assume ||vi|| < M,Vk. Define

X) = argmin f(xg).
1<i<k

For a proper convex function f(x) with a global minimizer X, the following
holds:

1. If § M, = +0o and § ne < 400, then f(Xg) — f(x«) = 0 as k — oo.
k=0 k=0

2. If using a step size np = S+1 for k=0,1,---,n, then

f(xk) = f(x) = O(—=).

-

3. With the Polyak’s step size 1y, = f(xm)‘;]ﬂ(x*) cf(Xk) — f(xe) = O(ﬁ)

If further assuming f(x) is strongly convex with pu > 0, then with n, =

ﬁHVkH;

4. f(xR) = f(x:) = O(3) and [[x), —x.]| = O(f).

S
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