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2.3 Convergence for convex functions

Theorem 2.2. Assume V f(x) is Lipschitz-continuous with Lipschitz con-
stant L and f(x) : R™ — R is convex. Then for any x,y:

1. f(y) = f(x) + (Vf(x),y —x) + 5£[|Vf(x) = Vf(y)|?
2. |Vf(x) = VI* < L{Vf(x)—Vf(y),x—y).
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Theorem 6.4 (Banach Fixed Point Theorem). Let T : R" — R" be a
contractive operator/mapping, then T" has a unique fixed point T(X.) = Xx.

Theorem 6.5 (Brouwer Fixed Point Theorem). Let S™ be the unit ball in
R"™. IfT :S" — S™ is continuous, then T has at least one fixed point
T(Xy) = Xy

A few quick examples:

1. If T': R®™ — R" is nonexpansive, then 7' may not have a fixed point.

Counter example, T'(z,y) = (cog ¢ —s(;n 9) (;) + (?)

2. If T': S — S™ is nonexpansive, then T has at least one fixed point
but xx11 = T(xx) may not converge. Counter example: T'(x) = —x.
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