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Theorem A.1 (Courant-Fischer-Weyl min-max principle). Let A1 and A,
be the largest and the smallest eigenvalues of a Hermitian matrix A, then
for any vector x € C",
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Graph Adjacency Matrix

A B C D E
e 3\
Al 0O 1 1 1 o0
' Bl1 o0 0 1 1
cli1 o o 1 0
D|1 1 1 1 1
<
ElO0 1 0 1 O <7
. J

» A graph with n nodes can be represented as a n x n matrix A. If there is any edge from
node / to node j, then A; = 1. Otherwise A; = 0.

» This matrix is called Graph Adjacency Matrix, which can quantify everything about graph.
This is Spectral Graph Theory.

» Example: if graph is connected (there is a path between any two nodes), then the
smallest eigenvalue of Graph Laplacian Matrix has algebraic multiplicity one.

» Example: in our social media network, is anyone a friend of friends of any other one?
C’\DOj(L’L Paje Romk  ( Rrin & P&«ge L9%) s atrandam wal
oW gm?h” Methal £ approximate Q\Zjenvﬁdwi o ally
The "importance” of a website is proportional

to the sum of the importance of all the sites

that link to it.
A solution for the "importance” of a website

X, = P(Xyy + Xgg + Xogs)

Xy = P(X100 + X205 + Xoggs + X30027)

n
Solve x, :pZaijxj for X =(x,x,,+,X,)
j=1

& x=pAx A:|:aif:|nxn



Two-Slide Course of Quantum Mechanics

» Everything in physics is model but not necessarily truth. Example: F = ma, general
relativity (for very large scales), quantum mechanics (for very small scales) are successful
models/theories because they fit our observations well.

» Classical/Newtonian Mechanics Model: a particle (e.g., electron in Hydrogen atom), is
located at some coordinate x = (x, y, z) at a given time t.

» Quantum Mechanics Model: we look for a complex valued wave function W(x, t) for this
particle and |W(x, t)|? is the probability of finding the particle at location x and time t.

» In 1D, wave function satisfies Schrodinger equation /%‘f = ax2 + V(x)V where V(x) is
an external potential (e.g., from proton).

» When solving this Schrodinger equation, one step is to find eigenvectors for the linear

operator 5’22' we want to find u(r) and A satisfying
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+e

Bohr Model e
(proton) of the Atom

We want to find u(r) and A satisfying —% = Au.

» Here r is the distance between electron and proton: so u(r) should also satisfy u(0) = 0.

: 2 . . :
If we only want eigenvectors of -2, then eigenvectors include e™, cos(ax), sin(ax), ax + b

for any a, b € C: the eigenvalues can be any number since a, b are arbitrary.
Here we also need eigenvector to satisfy u(0) = 0: eigenvectors can only be

u(r) = cos[(n + 3)mr] with eigenvalue A = (n+ 3)?w? (or u(r) = sin(n7r) with
A\ = n?m?), where n is integer.

In Quantum Mechanics, eigenvalue A is defined as the energy of particle.

"-'ﬂ"-&":qm*mw

This perfectly explainé;mRutherford—Bohr Atom Model} electron has only discretized energy.
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