Toda(jfg P (an

Lntrodluct bh/oa inition < Embadded Submanited th o Lingu e
Tangent lector ot a0 mgumidoldl

Riemmpmion Metric
o A Yk linor ca (ak.o. on abstut vector Space o R)
(<o Ser  with addition ond  <afor m[ﬁf(i@vt‘bh deped
ord ¢ 1< Clsed unclor thee  tu Wperations

® Vb\;v(:% o bUtv e ¢
® VaclR.Vuee, aucqg
Exomples © © &= IR
® & = JR"xp
® & = la)y={fw gﬁlﬁx)llo@xuo})
o Lot ¢ be o Linew spee et {uyy be an taner product
With an tner preduct, we an define dictanc, and open Galt,
angt  olso open SetS.
C=R™ U, Vy=tr WTUM=tr(U'V)= LLU

=1 3=

FVOLQJ\'\MS oy m NUHF = (U)U) :l-Ey(UTU) = ‘G\Lﬂ""@?‘

I_Q;é > CMA f]& ‘o& o KW gfa@_g

with  tnher producks defindd . Lex UC €, VC T be oo si



Foy* a  <mooth maP F_ U — v

tts (Aiﬁeremﬁok e YXeU 1S DEwk): ¢ —> K defimed by

Vue ¢, DFxadlu] = & F (%t qu]\ = o PO ~F )
=0 1 {

Fats : DFXY ¢ o Linear mop
Cxam® TR EERLE V2R — VelR
DFU&,)&u):%F(Mtu) ¢ the directional  derwative,
DED6Y 16 the wopping {rom U to DF ti(d]
O Co R, TR

h: ¢ —F
X —> xTx«lF

Do (v[w *tUIT[X,w 9]—1) - (x%-1)

DhOOLL) =
+o +
= 0, tUXx+ £X 0+t UL
‘t—)o —E

= OX=+XU
" Loy o Siosth 'ﬁuw:h‘oh € 1 — R,
Hw Eudidean gvad{u& qmlf? L—¢ s OU\[MQA ,0(}

< gred oy, v = D vl Wxveg



Exomple; =R} , T=R , F: uclRr— ViR
DEKOW) ¢ the dirctional  dorvative,
= grod FOG) = 7 F(X0)

L-;Xé%()(l : Q,‘: “ZMXP

2

NP2
{00z COxXy =Xl = Z 2 ¥

. foxer\h—fx)
D%LMEW-&»_;D —

L
V‘ X(’—l'&V"\ —_— S L
= Liwm 'Z.SE i+ Vigl — D1
x-7° (‘\f‘ =

- ZZ?—X\ Vi; = <ax Vs

5E
= grad T¢) = 2x

* Rank of a linewr wmop
Lot & & F be finite dimengional Linear spates
For a Ainear map Lrom © ko T it can be

QXW!ZQSU\ oA LAT l Ky\ . ‘ Km N

X = AXx W‘m

uncler Some baes v T &

TI’\E Vhcdtnit A (s du%&/@nt 3 {uv D{R-E(ere,wt loQSE/S.
Bur Rank (A) & the same




A Sl fetkd e Lingav map {hom R" to (R™ lag mak m

Las IR"—=(R™ i,
X = Ax m \:P\/J

Surjectivity = [R™=5 Ax: xelR"y= Gk Spaa 4 &
= dim dk CA Spae s v

*  Raunk D& the O(K‘«!@remﬁ%
Sl | RV 5 RE® psh
K KTX-]_F
Dh0o =R 5 (RP*P
Dhuo V) = Vix+x"V Y Ve IR™P
DhLExuT= (XU X+ X (5x0)

— — L (\T\T L K o
B\QJE > X% + 3 x%u TV

() CIRPP

/ L Xx=1,0'=0
YU € Spre = SYEIRPENT=Y]

Ux € Seamp>=§ XER™P: Xx=Tp0 | pen

=) Dhio RAP _, (RO
cn be veqadid oag 6 surpcive Ainar vap to S

= Dhoo R s Gpeo = RP®



[S SMVJ‘QCH\I@ C(» XQ—ch(m,?)
2 Rank DJY Dh () tg PP b X E€Stn,p)

2
:D/\ Okku VV!?\FdL 5 M CO‘Q chtQ“ O‘G pl’\ (X) S gl—\xp .

e The generic d&ﬁncﬁm 6& a w\am;fo(d and einbedded

Submanfold con e VY abetvack . To bhaw an odsior

Cundd %Uickev um@mv(tano(ma,v‘% an embeddec Submandold
(n o Linear Spa > e onsider {pU.owmg/
(;QQ(/MM\‘UM / theoverm / fac—t -

Oefiition Lo G be o (iw spae of dim d

(or Theorem) amdd M be an V’DW&"\F% Subget

Llex F be arothur (tmar Spele,
1{ W XE M, the exst anh open sk O i T . xe

~ 2 I~ v
pudd e Snth h:U—=TF  Suds that

O Vycu, hipz=os yem x& J
® Rank[D)h ol k. Yxem

then M s on embedded Submanifld of ¢
O% dimengon  d- o



d
Romark - oA La: (R —aliw‘
X > X

f\/u(\&? LAY T Rank (A= d
Dhxy « IR4 — [k

Ramk[D h LX)]: k > fiim (Kev LDk DO])Z d-R
dimension 4 subvmw‘{v(cl
Remawk * This ¢ a gmegh%fnwﬁmd exX-tam 6{1 eftnition
5& Slurfaey
EXx amply, : Ay Sur{ae S decuihed ‘cg h\SY, 2= 0
Such as hioY2) = X2

Dhoiu] = (@(‘v‘)

Y,

V;ﬁ eg h +05 . S h =

) (0‘23 o, Ra lQ[DL(X)] l

DhUR> = (R =R maix <5 Ch by )
Kernel or Ml e 6{ Dh (X)) 1

K@YEDM%)]:§(%‘V>&(R;: (h’;j(gj = oj

he
V N N
\,\ / TL\L ‘l.'wf\g%{' FtOnQ ak X L“"S QCtuaHo‘o

T Rt TN hxGe)\ (U
N RR hy (22 |« | VYo |= O
/ hx)=o he Ry \W %o




go +the Jcahg@wk P[ﬁhe bJ( QW{“% Chn b oer&ood s
Key [PL\GEO)] +X_ o <impl, N [PL\(SEO):\

Definition/Thasrem Lo M be an embedd submnipld of €

At xE M . e Awnger Spra TS M = Key [ PhR y

Remaik -
M@ T O TeM = ke [ Ph ] s o
Linear %racL

© Ker [PL G 1+% 15 NOT a Linear Spa

Crample - Stiefed M anifod
Ceenp> = XERMP - XX=Tp§ | pen E\

<{>QL£UQ (ases
Pl Se ()= S 2 e Wk =1}
Pon S, m = Oy ={XER™ Xx=1T Ortho oo Cerowp

WW*& <0 @ V@Y\ﬂ s an QJNLQJ(’@\ Qu‘aW\Mi{vm % IK"X?
i ® C‘\XCMQ&*Q HS dimension
® Deriwe &ty Tomgar Spie

=R mzsconpy T, BeSpry
ggmmeth‘c et
h: ¢ = %

% > Ix-1, hi0o=0 S X €S,



Dh(X}: Q > /‘:
V —> ViX+ XV

AL X CSmp) | PhOO (EXW=U . VUEER
2 Dh) & srjeive 5 X €Sk (hsp)

= Dh(X hay Rank _NP,EQ ak X € Sthp)
Mso, hin=0 © % m (Ker (hd = )

= M s an embedded cubimenldld of din np < Plony
R

Cln Q: “ZIAXP
(O\r@nojohqﬁ (:rkouP O(n) = SXGlKhm XX ;]_2‘
(s an enbedded Q.uhmani%(o\ o& i t’lUf\{l} ‘N HZVW‘>
le‘(><)t ¢« — ’FL

V — ViXx+X"V
= Ta,nﬁevrk anq; T Ty M=y VER™: VX + XT\/;o\
Gpheove S T "™ o VER™: Vx4 X V=0
=3 Vel s Vix=of
Remark. © For an dbctmet manifold th o genuic Lafint{ion

> Tanjeerk gPaQ, TxM s Q[WAj& o near Spale 96 the



S e d{m 0 S {\/\,
© The map ) may hot exist

© Whaw we hie cud a map i Ker th) = M
Ker (Dh) = TxM

Definition DJY Metric and  Riememaion Mandald
O L each tangene spaw M an mer prodict,
e call ot wmetne | denoted a8 Gx
SRRV € Tum o G (uw =Y w,w
DV, 6ER, Gy (autby, w)= 6§, (u,u)+L G, w,w)
D4 w2 X Ilh,Ww=0&> U=o0
O Gy T omwth wirk. X ue oy s Remmaie

@ A SW;DO*}\ W\CU“(%D(A W with a Ri@manmam mestin'c 9
(S called Riemmanion manij(ou (M g,

@_} T_€ Mce & an embedded cubmanifold th &

ound ﬂ s -&ke NJYaY4% PWDﬂfchc ' % |
(4§ dog not depend on X )
then W cay W ¢ A Riemmanian Culomami{—b(d DF >



Cxamle:® M= S™ G u,vy s Wy
Thow (97, 9) s A Rigmmanien Culamamif(;blol DEJR“

Nn-
® mz S l R QXLU\)V): U’ (xx%]_)\/

(<", 9) & @ Riemmanian manifold

Laﬁav; 0& (,omce(rts 'Qw an  Clostract <er (W

O A net oo hrozy et (secondd  Lountah(s Haugdbv*%)
@ A +opaloy Chas o hotion o€ open Sets
O A topelogeek mani{old ((oeelly Ludlisenn)

B A <vootlh eanifold  LEonStion Wi 0c Sinooth )
O A Riemamian manfeld (M,9)

©® A péendo—Riemman:an vmanfold UV\>°3)

Pgeudo/’&@mmaman metne. denoted o 6;<
OV WveTam | 4wy = G cow

D Va,beR, Gy (autby, w)= 64, (u,wy+L G, (v,W)
Remolg t)) 9% LW =0 & Il =0 u:\




GXM(;(I.? Ciomeval_  Relatin -t?/
Loramtzian M qm{b(,l O& gm—\m e

X Xv
d [( Zﬂ\ (Eiﬂ: KetYy, 1235 —th
+ g <=



