Con VLxity \ﬁ/

1. f(x) is called convex if f(Ax+ (1 —A)y) < Af(x)+ (1 =N f(y).
2. f(x) is called strictly convex if f(Ax+(1—=N)y) < Af(x)+(1=N)f(y).

3. f(x) is called strongly convex with a constant parameter u > 0 if
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5. East to verify that f(x) is strongly convex with p > 0 if and only if
f(x) = E|lz||? is convex. Strong convezity with p =0 is conveity.

6. It is easy to see that

strong convezity = strict convexity = converity.
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2. (Vf(y) = Vf(x),y —x) 20, Vx,y.

Strong, Lonvexity = 1. f(x) > f(y) +{(Vfy),x—y)+&x—y|?
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OF@ modj «%L Condlitions -

Theorem 2.1 (First Order Necessary Conditions). For a C! function (first
order derivatives exist and are continuous) f(x): R" — R, if x* is a local
minimizer, then V f(x*) = 0.

Theorem 2.2 (Second Order Necessary Conditions). For a C? function
(second order derivatives exist and are continuous) f(x): R" — R, if x*
is a local minimizer, then V f(x*) = 0 and V2 f(x*) > 0 (Hessian matriz is
positive semi-definite).

Theorem 2.3 (Second Order Sufficient Conditions). For a C? function
(second order derivatives exist and are continuous) f(x) : R" — R, if
Vf(x*) =0 and V2f(x*) > 0 (Hessian matriz is positive definite), then x*
s a strict local minimizer.
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Theorem 2.4. Assume f(x): R"™ — R is conver.

1. Any local minimizer is also a global minimizer.

2. If f(x) is also continuously differentiable (the same as C' functions),
then x* is a global minimizer if and only if V f(x*) = 0.



Theorem 2.5. Assume f(x) : R" — R is strongly convexr and also con-
tinuously differentiable (the same as C! functions). Then f(x) has a unique
global minimizer xX*, which is the only critical point of the function.
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Lemma 2.1 (Descent Lemma). Assume V f(x) is Lipschitz-continuous with

Lipschitz constant L, then
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Remark 2.3. Notice that there is no assumption on the existence of Hes-
sian. But if assuming ||V2f|| < L, then by Theorem 1.4,
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Remark 2.4. Notice that there is no assumption on convexity. But if as-
suming strong convezity of f(x), by Theorem 1.1,

f(y) > F(x) + (VF(x),y —x) + E|x — y|%
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Lemma 2.2 (Sufficient Decrease Lemma). Assume Vf(x) is Lipschitz-
continuous with Lipschitz constant L, then the gradient descent method (2.1)
satisfies
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