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Example 2.2. We construct an example for which the gradient descent
method produces almost ||V f(x;)|| = 7. Consider the following function

e”, <0
ﬂ@:{m@,x>0’

where we pick a function g(x) such that
1. f(x) is very smooth;
2. |f"(x)] <1 for any z, which implies f'(z) is L-continuous with L = 1;

3. f(x) has a global minimizer x..
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So a stable step size can be chosen as any positive n < 2. We consider
the following gradient descent iteration with n = 1:

{fbk+1 =z — f'(7)

o =0
Notice that all iterates . stays non-positive, it can also be written as
Tpi1 =) —e'*,  x9=0.

One can easily implement this on MATLAB to verify that numerically we
have |f'(zy)| & § for this iteration.
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Remark 2.8. We obtain convergence rate O(%), assuming only convexity of
the cost function and Lipschitz-continuity of its gradient. We cannot expect

convergence of X to X, because a convex function may have multiple global
minimazers, e.g., f(x) = 0.

- Cohvuézv\gt 51% D %V fgtmm’iﬂd X ’E‘X)

- ent 2f v

Theorem 2.12 (Global linear rate of gradient descent). Assume f(x) :
R"™ — R is strongly convex with > 0 and V f(x) is Lipschitz-continuous
with Lipschitz constant L. Then f(x) has a unique global minimizer: f(x) >

f(x4),Vx. The gradient descent method (2.1) with a constant step size n €
(0, 2] satisfies
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In particular, if n = Liﬂu then we have
k
o1
Ixp1 — x| < | £ %0 — x|l
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f(Xpg1) — f(x4) < L (ﬁ ) %0 — x4]|.
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Lemma 2.1 (Descent Lemma). Assume V f(x) is Lipschitz-continuous with
Lipschitz constant L, then

F(y) < £+ (700, y %)+ 2 Ix — vl

F(y) 2 ) +{VF(0.y %) — £~y

Cov\v%dh; - <\7\CW‘V€‘V), Y>>

Theorem 2.8. Assume V f(x) is Lipschitz-continuous with Lipschitz con-
stant L and f(x) : R® — R is convex. Then for any X,y:

1. fly) > f(x) + (Vf(x),y —x) + 5| Vf(x) = VF(y)|?

2. [Vf(x) = Vfy)l* < LVf(x) - Vf(y),x—y).

Remark 2.7. Without convexity, by the proof of Lemma 2.1, we only have

F(¥) < 700+ (VF(x)y —x) + 5 x — v,

F(¥) 2 160 + (V) y %)~ 2 lx— I

With strong convexity, we can have

F(9) 2 F) + (VF(x),y =) + S x =y
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