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Preface

These notes are supposed to be self-content. The main focus is currently the
classical analysis of popular gradient based algorithms. Typos are inevitable.
Use with caution.
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Notation

Unless specified otherwise:

1.

2.

3.

x denotes a single variable, and x denotes a column vector.
x! is the transpose of x, thus a row vector.

f(x) is a scalar-valued multi-variable function.

. Vf(x) is a column vector.

. For a matrix A € R™ ", ||A]| is the spectral norm; o;(A) and \;(A)

denote its singular values and eigenvalues respectively.
VY means for any, and 3 means there exists.

C* functions: the partial derivatives up to k-th order exist and are
continuous.

(a,b) denotes the dot product of two vectors.
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Smooth problems






1

Prerequisites

In this chapter, we first introduce some tools that will be needed for ana-
lyzing the simplest gradient descent method.

1.1 Multi-variable Taylor’s Theorems

We first start with the well-known mean value theorem in calculus without
proof:

Theorem 1.1. If a function f(x) is continuous on an interval [a,b] and
J'(x) exists, then there exists ¢ € (a,b) s.t.

f®) = fa) = f'(c)(b - a).

Remark 1.1. The geometrical meaning of this theorem is simply saying
that there is a point ¢ where the tangent line (with slope f'(c)) is parallel to
f(b)—f(a)

the secant line passing two end points at a and b (with slope ==—-=).

Theorem 1.2 (Single variable Taylor’s Theorem). Suppose that I C R is
an open interval and that f(x) is a function of class C* (f"(x) ewists and
is continuous) on I. For any a € I and h such that a + h € I, there exists
some 0 € (0,1) such that

2
fla+h) = f(a)+ hf'(a) + %f”(cH- 6h).

Proof. Consider
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then g(a) = ¢'(a) = g(a + h) = 0. By Mean Value Theorem on g(x), we
have
g(a)=gla+h)=0= ¢g'(a+ah)=0, ac(0,1).
Use Mean Value Theorem again on ¢'(x):
gda)=4g(a+ah)=0=¢"(a+6h)=0, 0¢€(0,a).

Since g"(x) = f"(x) — s%g1(a + h), ¢"(a + 6h) = 0 implies that we get
the explicit remainder for the second order Taylor expansion as gi(a + h) =
B £"(a + 0h). O

Theorem 1.3 (Multivariate First Order Taylor’s Theorem). Suppose that
S C R™ is an open set and that f : S — R is a function of class C* on
S (first order partial derivatives exist and are continuous). Then for any
a €S and h € R" such that the line segment connecting a and a + h is
contained in S, there exists 6 € (0,1) such that

f(a+h)=f(a)+Vf(a+6h)-h.
Proof. Define g(t) = f(a+ th). By Mean Value Theorem on ¢(t), there is
0 € (0,1) s.t.
g(1) = g(0) + ¢'(0).
By chain rule, we have ¢’(0) = V f(a+6h)-h, which completes the proof. []

Theorem 1.4 (Multivariate Quadratic Taylor’s Theorem). Suppose that
S C R" is an open set and that f : S — R is a function of class C? on
S (second order partial derivatives exist and are continuous). Then for any
a € S and h € R" such that the line segment connecting a and a + h is
contained in S, there exists 0 € (0,1) such that

fa+h) = f(a)+ V(a) h+ %hTVQf(a + Oh)h.

Proof. Define g(t) = f(a + th). By Theorem [1.2] on g(¢), there is 6 € (0, 1)
s.t.

9(1) = 9(0) +9'(0) + 34"(6).

By chain rule, we have ¢'(0) = Vf(a) - h and ¢”(0) = hTV2f(a + 6h)h,
which completes the proof. O

We need to be careful that these Taylor’s Theorems may not hold for a
vector-valued function. For instance, consider a smooth scalar-valued func-
tion

f:R" — R,
its gradient is a vector-valued function
Vf:R" — R"

One might presume a formula like Vf(a + h) = Vf(a) + V2f(a + 6h)h,
which could be wrong!
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1.2 Convex functions

1.2.1 Definition

Definition 1.1. Consider a function f : R" — R and any x,y € R" and
any A € (0,1).

1. f(x) is called convez if f(Ax+ (1 = N)y) < Af(x)+ (1 =N f(y).
2. f(x) is called strictly convex if f(Ax+(1—=N)y) < Af(x)+(1=N)f(y).
3. f(x) is called strongly convex with a constant parameter > 0 if
FOS 4+ (1= X)y) M)+ (L= VF(y) = EAQC =N x -yl
4. f(x) is (strictly or strongly) concave if —f(x) is (strictly or strongly)
convex.

5. East to verify that f(x) is strongly conver with pu > 0 if and only if
f(x) = Ellz||? is convex. Strong convexity with p =0 is convezity.

6. It is easy to see that

strong convexity = strict converity = convexity.

A convex function does not need to be differentiable, e.g., the single
variable absolute value function f(z) = |z| is convex.

Example 1.1. Any norm of a matric X € R™ "™ is convexr due to the
triangle inequality of norms:

IAX + (1 = VY| < []AX]| + [|(1 = MY ]| = A[X ]+ (1= D).
See Appendiz[A.€ for examples of matriz norms.
It is straightforward to verify the following from the definition:
Theorem 1.5. Let f(x) and g(x) be two convex functions. Then
1. f(x)+ g(x) is convex;
2. If g(x) is strictly convez, so is f(x)+ g(x);
3. If g(x) is strongly convez, so is f(x) + g(x).

If a single variable function is continuously differentiable, then being
convex simply means that the derivative f/(z) is increasing, i.e., [f'(y) —
f'(x)](y—=x) > 0. If twice continuously differentiable, then convexity simply
means f”(z) > 0, and strong convexity means f”(z) > p > 0. The following
subsections provide justifications.
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1.2.2 Equivalent conditions

Geometrically convexity also means that function graph is always above any
tangent line: f(z) > f(y) + f'(4)(z — v).

Lemma 1.1. Assume f: R™ — R is continuously differentiable. Then the
following are equivalent definitions of f(x) being convez:

1 f(x) > f(y) +(Vf(y)x—y), ¥xvy.
2. (Vf(y) - Vf(x),y —x) >0, Vx,y.

If replacing > with > above, then we get equivalent definitions for strict
convexity. For strong convexity with parameter p > 0, the following are
equivalent definitions:

1L f(x) > fly) +(Vfly),x—y)+ 5lx—yl? vxy.
2. (Vf(y) = Vf(x),y —x) > pllx—y|? Vx,y.

Proof. We only prove the equivalency for strong convexity, since convexity
is simply strong convexity with u = 0 and discussion for strict convexity is
similar to convexity.

First, assume f(x) is strongly convex, then

JOR 4 (1= N)y) S Af() + (1= N (y) = 5A0 = Nlx — v

<F60) = fy) = Ea=Nx -y

_ fOx+( —AA)y) — f(y)

Let g(t) = f(tx+ (1 —t)y) then g(0) = f(y) and
Jt)=Vfitx+1-t)y) (x—y) = (Vfltx+(1-t)y).x~y).
By the Mean Value Theorem on g(t), there exists s € (0,¢) such that ¢'(s) =

g(t);g(o) , thus

fltx+(1 —tt)y) —fy) _9(®) ;9(0) =g/ (s) = (Vf(sx+(1—5)y),x—y),

and
(Vi(sx+ (1= s)y).x—y) < f(x) = f(y) = 50 =Dl =]
Let t — 0 then s — 0, we get f(x) > f(y) + (Vf(y).x—y) + §lx —y|?>
Second, assume

F60) 2 F(y) + (V). x = ) + Slx — ]
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Then combining with

F9) 2 £0) + (VI (). y =) + S lx = yIP,

we get (Vf(y) = Vf(x),y —x) > pllx —y||*.

Third, assume (Vf(y)—Vf(x),y—x) > pl|x—y||?. Let x; = tx+(1—t)y,
then
(Vf(xe) = Vf(y)sxe —y) = pllxe =y,
thus
(Vf(tx+ (1= t)y) = VI(y), t(x = y)) > ut?x - |,

and
(Vtx+(1=t)y),x—y) > (Vily),x—y)+ pt|x—y|*.

Consider g(t) = f(tx + (1 — t)y), then
1 1 1
| gt = [ (T 1-ty)x-yide = [ (F)xoy) ety
0 0 0

= (VF(¥),x—y) + Slx =y
So

F60) = £(y) = 9(1) = 9(0) > (VF(y), x = )+ Slx—¥II”

Finally, assume
1
Fx) = F) + (Vi) x—y) + 5 Ix=yl% vxy.
Let x; = tx + (1 — t)y, then we have

FO0) 2 Fx0) + (V) x = 1) + 5 x = ],

F(9) 2 Fx0) + (V)3 = x0) + Slly = ],

Combining the two inequalities with coefficients ¢t and 1 — ¢, notice that
x—x=(1-t)(x—-y)andy—x = (—t)(x—y),

flx+ (1 =t)y) <tf(x)+ 1 -1)f(y) - gt(l —1)|lx —y*.

O

Lemma 1.2. Assume f: R"™ — R is twice continuously differentiable (sec-
ond order partial derivatives exist and are continuous).
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1. f(x) is conver if and only if V?f(x) > 0 (Hessian matriz is positive
semi-definite) for all x.
2. f(x) is strongly convex if and only if V2 f(x) > pl for all x.

3. f(x) is strictly convex if V2f(x) > 0 for all x. This is not necessary
even for single variable functions: f(z) = x*
f"(x) > 0 is not true at x = 0.

1s strictly convexr but

Proof. First, we shown assumptions on the Hessian are sufficient for con-
vexity, strict convexity and strong convexity. Apply Multivariate Quadratic
Taylor’s Theorem (Theorem [1.4)), we get

£ = F9)+ V1) (- y) 5 (c—3) V2 Iy +0(x—y)](x—3),0 € (0, 1)

Strong convexity is proven by Lemma [I.I] and the fact that
1 1%
VA2l = S(x—y) VA ly +0(x = y)l(x —y) = Slx =yl

Convexity and strict convexity are similarly proven.
Second, assume f(x) is strongly convex. By Lemma we have

V> 0,¥p,x € R”, [(x +1p) = F(x) + (V/(x), tp) + 5 |tp]*

With the Quadratic Taylor’s Theorem we get

30 € (0,1), f(x+tp) = f(x) +tVf(x)p + %tszVQf[x + 0plp

thus
p’ V2 f[x + 0p]

> p
Ip||?

1 %
t'P' V2 f[x+oplp > S tp|* =

Let ¢ — 0, then 8 — 0, we get

p’ V2 f[x]p

T >p, VpeR",p#0.

By the Courant-Fischer-Weyl min- max principle in Appendix we get
V2f[x] > pul. Repeat the same argument for u = 0, we prove the Hessian
condition is sufficient for the convexity. O

Problem 1.1. In gas dynamics, governing hydrodynamics equations are
defined by conservation of mass p, momentum m = (my, my, m,) and total
energy E. The pressure is defined as p = (y—1)(E — %W) in equation of
state for for ideal gas where v > 1 is a constant parameter, e.g., v = 1.4 for

air. Regard p as a function of conservative variables p, my, my, m., E, verify
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that p(p,m, E) is a concave function for p > 0 thus satisfies the Jensen’s
inequity:

P p p P
pla lm| +as |m <aip| |m| |+asp| |lm| |, ai,as>0,a14+as =1.
E E E E
Hint: show the Hessian matrix is negative definite. Start with an easier
2
problem by considering 1D case: p= (v —1)(E — %m?) where m is scalar.

1.2.3 Jensen’s inequality

A convex function by definition satisfies the Jensen’s inequality:
Vx,y, flax+ay) <aif(x)+azf(y), Vai,az >0,a1 +az =1

It is straightforward to extend it to n terms by induction, i.e., Jensen’s
inequality also implies

VXZ', f (Z aiXi> S Zaif(xi), Vai Z 0, Zai =1.
i=1 i=1 i=1

Theorem 1.6 (Jensen’s inequality in integral form). If a single variable
function ¢ : R — R is convez, and fé)g(:c)d:z exists, then

0 (bi / bg(m)dx) <y [ olot@an

Proof. First of all, this result can be proven without assuming the differen-
tiability of the convex function. But for convenience, assume ¢'(z) exists,
then Lemma [I.1] implies

o(t) > d(to) + ¢'(to)(t — to). (1.1)

Plug in tg = ;- ffg(w)dw and t = g(x) we get

dlg(x)] > ¢ (b_la /abg(x)dx> + ¢/ (to) (g(x) -3 i - /abg(x)dac> .

Integrate both sides for variable z, we get

b b
b i a/a olg(z)ldx > ¢ <b—1a/a g(:v)dx) .
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Remark 1.2. The proof above can be easily extended to a nondifferentiable
convex function which is bounded from below by a linear function, e.g., the
proof still holds if assuming there is a slope Sy, for any to € R such that

o(t) = ¢(to) + St (t — to).
For instance, ¢(t) = |t| is not differentiable at to = 0, but we have
£l = [to] + St (t = to)

1, t>0

-4 0

Recall that the spectral norm of a matrix X is a convex function due
to the triangle inequality. Next, we prove a Jensen’s inequality about the
spectral norm.

Lemma 1.3. Let g : R — R" be a single variable vector-valued function,
which is integrable on [a, b]. Then

/abg(x)das

Proof. Let v = ff g(z)dz, then

b
< [ lg@l do.

Iv]2 = g [ atwyar= [ [g vz-gx:c)] o= [ v.g(@)dr

With Cauchy-Schwartz inequality (v,g(z)) < ||v|||lg(z)|, we get

b b b
vIE < [ Ivllig@lde = VI [ llgG@)lde = [vI [ lg(e)da.
]

Theorem 1.7 (Jensen’s inequality of the spectral norm). Let A(t) : R —
R™™ be a real symmetric matriz valued function. Assume it is integrable
on [0,1]. Then

[ ] < [ 1acopae.

Remark 1.3. The integral of a matriz-valued function A(t) is called the
Bochner integral (for functions mapping to any Banach space). And the
inequality above can be regarded as Jensen’s inequality applying to the spectral
norm, at least for Hermitian matrices, see [17, (6]
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Proof. For real symmetric matrices, the singular values are the absolute
value of eigenvalues. Let v be the unit eigenvector of the matrix fol A(t)dt
for the extreme eigenvalue A\ such that

/01 A(t)div = \v, |A] = H/; A(t)dtH .

Lemma [1.3]and ||v|| = 1 imply

vl = | [ | < [Cacviae s [C1aeiiviae= [ jaiae

The left hand side is

1
vl = Wlivl =13 = | [ A

1.3 Lipschitz continuous functions

Definition 1.2. A function f : R™ — R is called Lipschitz continuous with
Lipschitz constant L if

vx,y € R, [f(x) = f¥)I < Llx -yl

We can easily verify that f(x) = |z| is Lipschitz continuous with L = 1.

Remark 1.4. For a continuously differentiable function f(x), by the Mean
Value Theomem, we have w =|f'(x+6(y—=x))| for some d € (0,1).
Assume |f'(x)] is bounded by L for any x, we obtain Lipschitz continuity.
Assume Lipschitz continuity, and take the limit y — x, we get |f'(x)] <
L. Thus for a continuously differentible function, Lipschitz continuity is
equivalent to boundedness of first order derivative.

Example 1.2. Assume ||V f(x)|| < L,Vx, then f(x) is Lipschitz continuous
with Lipschitz constant L. Apply the Mean Value Theorem to g(t) = f(y +

t(x—y)), we get
l9()=g(0)] =1g'(O)], 0 € (0,1) = [f(x)=f(y)| = (VI (y+0(x~Y)), x=y)I.

With the Cauchy-Schwartz inequality for two vectors (a,b) < |al|||b||, we
get

&)= = [V (y+0(x=y)),x=y)| < [Vf(y+0(x=y))[lx=yll < Llx=yl|.
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Theorem 1.8. For a twice continuously differentiable function (second-
order derivatives exist and are continuous) f : R™ — R, if

IV fx)| <L, Vx,

where |V2f(x)| denotes the spectral norm, then V f(x) is Lipschitz contin-
uous with Lipschitz constant L.

Example 1.3. Let f(x) = %XTKX — xI'b where b is a given vector and
—K is the discrete Laplacian matriz as in Appendix @ Then V2f = K and
we have ||V2f|| < (n+1)2. See Appendix @

Proof. By Fundamental Theorem of Calculus on a vector-valued single vari-
able function g(t) = Vf(x + th), g(1) — g(0) = [} ¢/(t)dt gives

V/f(x+h)— Vf(x) = /01 V2f(x + th)hd.

The definition of spectral norm (See Appendix [A.6]) gives ||Ax|| < ||All||x]|.
With Lemma we have

IV F(x +h) — V)| = H/Ol V2f(x+th)hdtH
g/ol V2f(x + th)h|| dt

< [ 92 s0c+

:/01 V2f(x + th) | d|[h]| = L||h].

Finally, let h =y — x, we get the Lipschitz continuity. O

Remark 1.5. The proof above can be also be done as the following by The-
orem [L:

Vi(x+h) - Vf(x) = /01 V2f(x + th)hdt
_ </01 V2f(x + th)dt> h.
thus
1
IVF(x+h) - Vi) < H Ji V2f(X+th)dtH I
< [ |9 sc )i

1
< [ Lat|n] = L),
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1.4 Optimality conditions

Definition 1.3. For f : R" — R, x* is a global minimizer if f(x*) <
f(x),Vx € S. x* is a local minimizer of f(x) if there is a ball B C R"
centered at X* on which x* is the global minimizer of f(x) restricted on B.

We review the well-known optimality conditions.

Theorem 1.9 (First Order Necessary Conditions). For a C' function (first
order derivatives exist and are continuous) f(x): R™ — R, if x* is a local
minimizer, then V f(x*) = 0.

Proof. Assume Vf(x*) # 0. Let p = —Vf(x*), then g(t) = p? Vf(x* +tp)
is a continuous function, thus

g(0) = —|Vf(x"|? < 0= 3T > 0,Yt € [0,T],9(t) < 0.
For any fixed t € (0,71, by Theorem [I.3] there is 6 € (0,¢) s.t.

f(x* +1tp) = f(x*) +tp’ Vf(x* +0p) < f(x¥).

So along the line segment connecting x* and x* 4 ¢p for arbitrarily small ¢,
f(x*) is not the smallest function value, which is a contradiction to the fact
that f(x*) is a local minimizer. O

Definition 1.4. x* is called a stationary point or a critical point of the

function f(x) if Vf(x*) = 0.

Theorem 1.10 (Second Order Necessary Conditions). For a C? function
(second order derivatives exist and are continuous) f(x) : R® — R, if x*
is a local minimizer, then V f(x*) = 0 and V2 f(x*) > 0 (Hessian matriz is
positive semi-definite).

Proof. Assume V2 f(x*) is not positive semi-definite, then there exists p €
R"s.t. p? V2f(x*)p < 0. The continuity of the function g(t) = p’ V2 f(x*+
tp)p implies that

37 > 0,Vt € [0, 7], p? V2f(x* + tp)p < 0.

For any fixed t € (0,7, by Theorem there is 6 € (0,1) s.t.

* k * 1 * k
Fx"+1p) = f(x*) + tp" VF(x") + 5P V2 f(x" + Ip)p < f(x"),
where we have used Theorem So along the line segment connecting x*
and x* + tp for arbitrarily small ¢, f(x*) is not the smallest function value,
which is a contradiction to the fact that f(x*) is a local minimizer. O
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Theorem 1.11 (Second Order Sufficient Conditions). For a C? function
(second order derivatives exist and are continuous) f(x) : R® — R, if
Vf(x*) =0 and V2f(x*) > 0 (Hessian matriz is positive definite), then x*
is a strict local minimizer.

Proof. First of all, for the real symmetric Hessian matrix V2 f(x), positive
definiteness means that all eigenvalues are positive.

Second, eigenvalues are continuous functions of matrix entries because
polynomial roots are continuous functions of coefficients, thus the smallest
eigenvalue of V2f(x) is a continuous function of x. Thus, V2f(x*) > 0
implies that there is an open ball centered at x* with radius r > 0:

B={xeR":||x—x"|| <r}

such that V2f(x) > 0,Vvx € B.
For any y € B, we have y = x* + p where p € R" with ||p|| < r. By
Theorem [1.4] there is 6 € (0,) s.t.

FO +B) = F() + BTV () + 50TV + 0p)p > (),

which is due to the positive definiteness of V2 f(x* 4 6p) (because x* +0p €
B). It implies x* is a strict local minimizer on the ball B. O

Theorem 1.12. Assume f(x) : R" — R is convez.
1. Any local minimizer is also a global minimizer.

2. If f(x) is also continuously differentiable (the same as C functions),
then x* is a global minimizer if and only if V f(x*) = 0.

Remark 1.6. A conver function may not have any minimizer at all, e.g.,

f@) = .
Proof. Let x* be a local minimizer. For any y, there exists T > 0 s.t.
vt e (0,T], f(x"+t(y—x"))> f(x),
because x* is a local minimizer. The convexity implies
fEE iy —x7) = (A=) fx" +ty) < (1 =) f(x") + tf(y)

thus we get f(x*) < f(y).
Next, assume x* is a global minimizer thus also a local one, then Theorem
implies V f(x*) = 0. If assuming V f(x*) = 0, then Lemma [1.1| implies

) = f(X) +(VF(xT), x = xF) = f(x7).
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Theorem 1.13. Assume f(x) : R" — R is strongly convex and also
continuously differentiable (the same as C' functions). Then f(x) has a
unique global minimizer x*, which is the only critical point of the function.

Proof. By Theorem we only need to show f(x) has a global minimum
and the minimizer is unique.
By Theorem [1.1] we have

) = f3) + (V) x—3) + Elx—yl% ¥y,
Plug in y = 0, we get
F(x) = £(0) + (V£(0), %) + SIx|[%,

which implies f(x) — 400 as ||x|| — oo. Thus for any fixed number M,
there is R > 0 s.t.,

f(x) > M, Vx satisfying [|x] > R.
In particular, consider the R > 0 for M = f(0), and the close ball
B={xeR": x| <R}

The closed ball B is a compact set thus f(x) attains its minimum on B, see
Appendix |C| Let x* be one minimizer of f(x) on B, then x* is the global
minimizer because f(x*) < f(0) = M.
Let x*,y* be two global minimizers, then
. 0 0
FO) 2 fE)HV ), X =y )45 I =y = Sl =y ? <0 = x" =y,
where we have used Vf(y*) =0 and f(x*) = f(y*). O

Similar proof also gives

Theorem 1.14. Assume f(x) : R" — R is strictly convex and also con-
tinuously differentiable. If f(x) has a global minimizer x*, then it is unique
and also the only critical point.

Remark 1.7. Strict convezity is not enough to ensure the existence of a
minimizer. For instance, f(x) = e* is strictly conver.
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The gradient descent method

In this chapter, we consider the unconstrained smooth optimization, i.e.,
minimizing f(x) for x € R".

The gradient descent method with a constant step size n > 0 is the most
popular and also the simplest algorithm for minimizing f(x):

Xp+1 =X, —nVf(xx), n>0. (2.1)

In this section, we need to assume the gradient V f(x) is Lipschitz contin-
uous, which however does not necessarily imply f(x) is Lipschitz continuous.
For example, f(z) = x? is not Lipschitz continuous because f’(z) = 2z is
not a bounded function (see Remark [1.4), but f’(2z) = 2z is Lipschitz

continuous because its derivative is a constant.

2.1 Stable step sizes

Lemma 2.1 (Descent Lemma). Assume V f(x) is Lipschitz-continuous with
Lipschitz constant L, then

Fy) < 00+ (VF()y =)+ 5 I~ %

F¥) 2 £+ (V) y = %) — wlx— vl

Remark 2.1. Notice that there is no assumption on the existence of Hes-
sian. But if assuming |V2f| < L, then by Theorem |1.4

F(¥) = 60+ (56 y = %) + 50— 3) V2 () (x - )

which implies
F¥) < F) + (V) y =) + 2 x — v

F¥) > F) + (V) y = %) — 2 lx— v,

21
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where the spectral |V2f|| is the largest singular value thus also the largest
magnitude of eigenvalue for a real symmetric matriz, and we have used the
Courant-Fischer- Weyl min-maz inequality, see Appendiz[A.]]

Remark 2.2. Notice that there is no assumption on convexity. But if as-
suming strong convexity of f(x), by Theorem (1.1

F(9) 2 F(0) + (VF ),y =) + 5 x — ]

Proof. Let ¢g(t) = f(x + t(y — x)). The fundamental theorem of calculus
gives
1
o) =90 = [ g0

thus

1

0
Let z(t) = x + t(y — x). Then by subtracting (Vf(x),y — x) from both
sides, we get

F9) = F60) = [T Fx+ oy = ),y = x)e

F5) = 560 = (V7605 = )] = | [ (V500 = 7). =
< [ W 5tat) - 565 )l de
(Cauchy-Schwart inequality) < /O NIV @) — FEllly — xdt
= [F19 506+ ty )~ FGolatlly — x|
< ([ 2ty = xlat) ly =<l = 1y = xl”
The proof also implies

F¥) 2 £+ (V) y —x) — wlx— vl
[

Lemma 2.2 (Sufficient Decrease Lemma). Assume V f(x) is Lipschitz-
continuous with Lipschitz constant L, then the gradient descent method ([2.1))
satisfies

F) = Flox = aVF60) = 0l FmIVI% Ve > 0.

Proof. Lemma [2.1] gives

fx=nVf(x)) < f(x) + (VI(x), 0V [(x)) + gllnvf(X)llz-
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Lemma implies that the gradient descent method decreases the
cost function, i.e., f(xx1) < f(xx) for any n € (0, %).

In practice, it is difficult to obtain the exact value of L. But any small
enough positive step size 1 can make the iteration stable in the sense
of not blowing up, e.g., f(xx+1) < f(Xk)-

Consider an ordinary differential equation (ODE) system:

d
£u(t) = F(u(t)), u(0)=uy,

T
where u = [ul(t) ug(t) --- un(t)} . The simplest forward Euler scheme
for this ODE system is

Upi1 = ug + AtF(ug). (2.2)

If setting F' = —V f and At = 7, then the gradient descent method can
be regarded as the forward Euler scheme above. However, usually (2.2)) is
used for approximating the time-dependent solution u(t), whereas the
is used for finding the minimizer ( the steady state ODE solution F'(u) = 0).

Nonetheless, since is exactly the same as , the stability re-
quirement from numerically solving ODE should give the same result as
n< g

Example 2.1. Consider solving the initial boundary value problem for the
one-dimensional heat equation

up(z,t) = uge(z,t), x € (0,1)
u(z,0) = up(z), =z €(0,1)
u(z,0) = u(xz,1) =0

With the second order discrete Laplacian in Appendiz [B, a semi-discrete

scheme defined on a uniform grid x; = iAx with Az = n%rl can be written
as an ordinary differential equation (ODE) system:
d

%u(t) = Ku(t), u(0)=uy,

T
where u = {ul(t) ug(t) --- un(t)} and u;(t) approximates u(x;,t). The
simplest forward Fuler scheme for this ODE system is

Upr1 = u + AtKug (2.3)

The linear ODE solver stability requirement ||ugi1]| < ||ug|| gives At <
%AwQ by using eigenvalues of K given in Appendix E

If regarding (2.3) as the gradient descent method, then f(u) = %uTK u,
and |V2f| = | K| < xi» as in Appendix [B| This implies the gradient V f
is Lipschitz-continuous with L = ﬁ, thus n < % gives n < %Aazg.
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2.2 Convergence for Lipschitz continuous gradient

Theorem 2.1. Assume V f(x) is Lipschitz-continuous with Lipschitz con-
stant L, and assume f(x) has a global minimizer: f(x) > f(x.),Vx. Then
for the gradient descent method with a constant step size n € (0, %),
the following holds:

Fxiern) = Fx) < (1 = Zm)IVFx0)| < 0. (2.4

and lim ||V f(xg)|| =0 with
k—ro0

\Y

e 97001 £ i [ty
Remark 2.3. Notice that none of the conclusions can imply the sequence
{xr} converges to a critical point. As a matter of fact, {x;} may not have
a limit. See an example below.

f(XO) — f(x)]-

Proof. First of all, by plugging y = xx — nV f(x) into Lemma we get

Flokin) — F0xk) < —n(1 — SV FGx0) |

Second, since n € (0, %), we have f(xy+1) < f(xx) thus {f(xx)} is a
decreasing sequence. Moreover, f(x) has a lower bound f(xg) > f(x«).
Thus, the sequence {f(xx)} is bounded from below and decreasing, thus it
has a limit (a bounded monotone sequence has a limit, see Appendix [C).

Let w =n(1 — %77), then w > 0. By summing up (2.4), we get

Zuw P < 2 170x0) = foowsn)] < = (7o) = lim Fx)]

because {— f(xx)} is an increasing sequence.
N
So > ||Vf(k)||? is an increasing and bounded above sequence, thus it
k=0

converges, which implies the convergence of the infinite series

[e's) N
S IVA0IP = Jim 3 [9500)
k=0 k=0
The convergence of the series further implies (see Appendix |C.4))
lim [V £(K)[2 = 0 = lim [V /(K)]| = 0.
k—o00 k—o0
Let gn = max [|Vf(x;)], then

(g2 < 3 IVFIOIR < = 1F0x0) = fOonin)] < = [fx0) = )],

k=0

S

O
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Next, in order to understand the convergence of {xj}, we discuss suf-

o0
ficient conditions for its convergence. For example, assume > ||V f(x)]|
k_

converges, then we can prove the convergence of {x;} as the foTlowing.
n

n
Define y, = > (xk4+1 — X1) =1 >, Vf(xg), then for any m > n
k=0

HYn_YmH = Z vf(xk)

k=n+1

<n > VIl

k=n+1

We need to use the notion of Cauchy sequence (see Appendix|C.3]). The con-
[&.°] n
vergence of Y ||V f(xg)| implies a, = Y ||V f(xx)| is a Cauchy sequence,
k=0 k=0
thus
Ve > 0,3dN,Vm,n > N, |ay, — ap| < e.

So y, is also a Cauchy sequence, because
Ve > Ovle?vm’n Z N7 ||Y71 - YmH é 77|(lm - (In| < ne.

Therefore, y,, has a limit, which further implies the convergence of x;. How-

o0
ever, the assumption of convergence of Y ||V f(xy)| is in general
not true. By the proof of the theorem above, we only have the convergence
[e.°] o0
S IV f(xx)|?, which does not implies the convergence of 3 ||V f(xx)||. A
k=0 k=0
quick counter-example would be ||V f(xy)|| = ¢ (see Appendix |C| on why

o o0
> k% converges but Y % diverges).
k=0 k=0

Example 2.2. We construct an example for which the gradient descent

method produces almost ||V f(xx)|| = % Consider the following function
e, z <0
flz) = ;
g(z), >0

where we pick a function g(x) such that
1. f(x) is very smooth;
2. 1f"(z)| <1 for any x, which implies f'(z) is L-continuous with L = 1;

3. f(z) has a global minimizer x..
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For instance, see the plotted function f(x), which can satisfy all the
assumptions of Theorem[2.1], with Lipschitz constant L = 1 for the derivative
function f'(x).

So a stable step size can be chosen as any positive n < 2. We consider
the following gradient descent iteration with n = 1:

Th4+1 = Tk — f'(xk)
Trog = 0

Notice that all iterates xi stays non-positive, it can also be written as
Tpy1 =Tk — €%, xo=0.

One can easily implement this on MATLAB to verify that numerically we
have | f'(zy)| ~ ¢ for this iteration.

for k=0:10000000
x=x—-etarexp(x); % simple Gradient Descent
if (mod(k,10000)==0 | k<100)
% plot the iterates (x_k, f(x_k)) the first 100
% then every 10,000 iterations

1 % A MATLAB code of an example for Gradient Descent

2 % producing non-convergent x_k, which goes to infinity.
3 % The cost fuction f(x)=e"x 1if x<0.

4 % Must use zero initial guess and step size eta=1.

5 x=0;

6 eta=1;

7 figure;

8

9

e e e =
N =]

semilogy (x,exp(x), 'o');
xlabel ('x_k')

ylabel ("log[f(x_k)]")
hold all

drawnow

e e
© 0o 4 O w»

end
% print values of [[|f'(x_k)|-1/k] (1/k): an indicator
% of how close |f'(x_k)| is to 1/k
fprintf('éd ¢d \n', k, abs(exp(x)-1/k) k)
end

NONON NN
B W N = O
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More importantly, Theorem implies that e** = |f'(zx)] — 0 thus
T — —oo. Fwven though we can informally write it as xp — —oo, the
sequence {xy} diverges because it is not Cauchy (see Appendiz , e.g., it
does not have any cluster point.

So in the example above, we can see that Lipschitz-continuity of V f may
not ensure the convergence of the gradient descent to even a critical point!

2.3 Convergence for convex functions

Theorem 2.2. Assume V f(x) is Lipschitz-continuous with Lipschitz con-
stant L and f(x) : R™ — R is convex. Then for any x,y:

1 fly) = f(x) +(Vf(x),y = x) + 5 [[VF(x) = VI(y)|?
2. |Vf(x) = VIyI® < L{Vf(x) = VI(y),x—y).
Remark 2.4. Without convexity, by the proof of Lemma|2.1], we only have

F¥) < £+ (V) y =) + 2 x— v,

F¥) 2 £+ (V) y = %) — 2lx -yl
With strong convezity, we can have
F(9) > 60 + (VI (x),y = %)+ S lx — v

Proof. Define ¢(x) = f(x) — (Vf(x0),x). Then ¢(x) also has Lipschitz

continuous gradient:

IVo(x) = Vo)l = IVF(x) = Vi)l < Lix - yl.
Apply Lemma [2.1] to ¢(x):

H(x) < 6(y) +(V6(y). x —3) + o lx— I

(I(a,b)| < [lallI[bl}) < ¢(y) + [IVe(y)lllx -yl + gHX — vl

By Theorem [L.5| ¢(x) is also convex because —(V f(x0), x) is convex. More-
over, V¢(xg) = 0, thus by Theorem Xp is a global minimizer of V¢ (x).
So we get

(o) = min () < min [6(y) + [Vl — ¥ + 5 x — yIP]
< min [6(3) + Vo3l + 572

= 6(y) — 57 IVo) I
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Thus ¢(x) < ¢(y) — 57| Ve(y)||* implies

F(x0) ~ (V£ (x0), %0) < F(y) ~ (V(x0),3) — 5 VS () = V(o)

Since xq,y are arbitrary, we can also write is as
£~ (VF(x),%) < 13) ~ (VF(x),3) = 5= V7 y) = VI,

F69) + (T F6)sy = %) + 595 (v) = VG < 7).
Switching x and y, we get

F9) + (VI )% = 3) + 5 IVF ) = VG < 760,
and adding two we get

IVF(x) = VI < L{VF(x) = V(y), x ).
0

Theorem 2.3. Assume f(x) : R™ — R is convex and V f(x) is Lipschitz-
continuous with Lipschitz constant L, and assume f(X) has a global mini-
mizer: f(x) > f(xx),Vx. Then for the gradient descent method with
a constant step size n € (0, %), in addition to conclusions in Theorem |2.1
the following holds:

F0) = F0x0) < oo = %Py w = (3 — ),

L
Remark 2.5. From the proof, we will see
1 |1xpa1—%]1? < |Ixp—% |2 —w|| V£ (x2)||? s0 7 = ||xx—%x|| 35 decreasing
but ||x — X«|| — 0 is wrong because x, may not be unique.
2. The theorem implies Riy1 = f(Xpp1)—f(x:) < 202, thus f(xi)—f (%)
goes to zero much faster than ||x; — X«|| if X — Xx.

We obtain convergence rate O(%), assuming only convezity of the cost func-
tion and Lipschitz-continuity of its gradient. We cannot expect convergence
of X to X, because a convex function may have multiple global minimizers,

e.g., f(x) =0.
Proof. Define 1 = ||x; — x4||. With V f(x,) = 0, we get
or = s — x|
= llxx = 0l Vf (xx) = %12
=[x = %l + (199 (x1) 12 + 20k — %o, =0V f (x1))
= llxr = % + 02|V () I? = 20(xs, — %0, V f(x1) = VF(x2))

< i = 2+ IV FORI? — 2V 5 G) — V)P

2
=1} + (n? = 2 VF (o)
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where we have used Theorem [2.2] in the last inequality.
Define Ry = f(xx) — f(xx). By Lemma we have

f(x) > f(xp) +(Vf(xp),x —xp), VX,

thus
f(xe) = f(xx) + (VF(xk), X — X))

With Cauchy-Schwartz inequality,

FR) = F(x) < =(VF (), % = x0) <[V (x0)][][%6 = %]l

which can be written as
Ry <l [Vf (x)]
thus
IV 7)<
k

Recall Theorem [2.1] gives

f(xi1) < fxn) — wlIVF(x)]1%,

thus
F(xpa) = F(x) < f(xp) = (%) = | VF(x)[1%,

R2
0 < Rpyr < Ry — w[|VF(xi)|? < R —w—.

Multiplying both sides by m, we get
1 1 1 Ry
Ry = Rpqq 5 Rit1
LS SIS NP (S S
> —tws—2>—tw—.
Ryy1 — Ry r2 Ryt~ Ry 3
Summing it up for all k =0,1,--- , N, we get
1 1 A
> —tw) 525 twlN+1)=.
Ryt~ Ro kz:% rr ~ Ro ( )7“8

O

Example 2.3. Consider minimizing f(x) = ta. Its derivative f'(z) = x

is NOT Lipschitz continuous because f(x) = 3z is not bounded. Theorem
in this section can still apply, because f'(x) = x3 is Lipschitz continuous
with L = 3a® on the interval x € [—a,a], and the gradient descent with
xo = a and sufficiently small step size satisfies xj € [—a,al.

3
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2.4 Convergence for strongly convex functions

Now we consider a strongly convex function f(x) : R"™ — R with parameter
@ > 0, and assume V f(x) is Lipschitz continuous with Lipschitz constant
L. Then Lemma [I.1] gives

(VI(x)=Vf(y),x—y) > pullx -yl

and Lipschitz continuity with Cauchy Schwartz inequality gives

(VI(x) = VIE).x—y) < [VFx) - VIE)lllx -yl < Lix -y

Thus p < L and the Q; = % can be called the condition number of the
function f(x).

Example 2.4. Consider a quadratic function f(x) = %XTKX — x'b with
the negative discrete Laplacian matriz K, then V2f(x) = K > 0. Let oy
and oy, be the largest and the smallest singular values of K, respectively.
Then by Appendiz[B, we have

onl < K <oyl

which implies that the Lipschitz constant L for V f (see Theorem@ s 07.
By Lemma the strong convexity parameter p = opn. The number Z- is
also called the condition number of the matriz K. So the condition number
of a strongly convex function with Lipschitz continuous gradient, is also the
condition number of the Hessian matrix, if the Hessian matrix is a constant
matrix.

Theorem 2.4. For a function f(x) : R™ — R with continuous gradi-
ent Vf(x), the assumptions that f(x) is convex and V f(x) is Lipschitz-
continuous with Lipschitz constant L are equivalent to the following for any

X,y
0< fy)— F(0— (VixLy —x) < Clx—yl% (25)

P+ (V)Y %)+ o [V = VP < 7ly). (26
LIVFG) - VI < (VS0 - Vi) x-y). (@)

0 <(Vf(x) = Vf(y),x—y) < Llx - y|* (2:8)
Proof. The proof is done by the following steps:

1. convexity of f(x) and Lipschitz continuity of V f(x) imply (2.5));
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\V)

. implies ;

. implies ;

. implies convexity of f(x) and Lipschitz continuity of V f(x);
. is equivalent to ([2.5).

-~ W

ot

First of all, assume f(x) is convex and V f(x) is Lipschitz-continuous
with Lipschitz constant L, then (2.5 holds because of the first order condi-

tion of convexity (Lemma and descent lemma (Lemma [2.1]).

Second, assume ([2.5)) holds, then ([2.5)) implies ¢(x) = f(x)—(V f(x0),x)

satisfies
0<o(x)—o(y) — (Vol(y),x—y)

and

B(x) < 6(y) + (Vo(y).x — 3) + o x— v

(Ka, b)| < [[all[[bl]) < o(y) + Vo(y)lllx -yl + %IIX ~ vl

By Lemmal[l.1] ¢(x) is also convex. Moreover, V¢(xg) = 0, thus by Theorem

m, X is a global minimizer of V¢ (x). So we get
L
¢(x0) = min ¢(x) < d(y) + [[Vo(y)llllx -yl + S x - vl
thus
: L 2
(o) < min [0(y) + [ Vo) x — ¥l + 5~ 517

L
< min |6(3) + Vo)l + 572

= 6(y) — 5= VoI
Thus ¢(xo0) < ¢(y) — 3£ [IVe(y)|* implies
F(x0) — (VF(x0), %0) < f(y) = (Vf(x0),¥) - %Ilvf(y) — V f(x0)[*.
Since xg,y are arbitrary, we can also write is as
Fx) = (VF(x),%) < f(y) — (VF(x),5) — inwy) —VI)IP,

which implies

F6) + (VI 00,y =) + 5 IVF ) = VG < £(3).
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Switching x and y, we get
P HVF) %~ 3) + 57 IV )~ VG < f),

and adding two we get .

Third, assume holds, then (Vf(x) — Vf(y),x —y) > 0 implies the
convexity by Lemma [I.1] and Cauchy-Schwartz inequality gives Lipschitz
continuity by

%va(X)—Vf(y)ll2 < (V) =VIy),x—y) < [VF(x) =V IE)llx-vyl

Finally, we want to show ([2.8]) is equivalent to (2.5). Assume (2.5)) holds,
we get (2.8) by adding the following two:

0< f(y) = f(x) = (Vf(x),y —x) < S x -yl

SIS

0<f(x) = f(3) = (VI(¥)x—y) < Slly — x|

Assume ([2.8) holds, we get (2.5) by Fundamental Theorem of Calculus on
g(t) = fx+ iy —x)):

1
F) = £x) = [ (Vx+tly =),y = )

= 1)~ £60 ~ (VF00y —x) = [ (V50 -ty =) = Vi) - x)d
= [ 1Sty =)~ V60, ty X
! 2 L 2
< [ Lty x|t = Fly x|

O]

Theorem 2.5. Assume V f(x) is Lipschitz-continuous with Lipschitz con-
stant L and f(x) : R™ — R is strongly convex with p > 0. Then for any

X,y

(Vf(x) = Vf(y),x—y) >

2 1 _ 2
LI 1560~ V)

Remark 2.6. Plug in p =0 and compare it with Theorem [2.3

Proof. We prove it by discussing two cases.
First, if 4 = L, then we need to show

(VI0) = VE)x—y) > Llx =yl + 52 IV F6) — Vi)l
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Theorem [2.2] gives

(Vf(x) = Vf(y),x—y)

N |

IV F(x) ~ V() <

and Lemma gives

VIV I (3)x3) > pllxyl? = S(VF)- () %) > & [x-yl*

Thus adding two gives the desired inequality.
Second, if 1 # L, define ¢(x) = f(x)—4|x||?, then Vg (x) = V f(x)—
So ¢(x) is a convex function, thus

0 < (Vo(y)=Vo(x),y—x) = (VF(y)=Vf(x),y—x)—ully—x|* < (L—p) |y—x|*.

By (2.8)), V¢ is Lipschitz continuous with the Lipschitz constant L — p.
Thus by using (2.7)) on ¢(x), we get

(VoLy) = Volx).y =) = 72— [Vo(y) — Vo)
(V1(5) = VI ).y =) = pllx = yI* > 2 V() = VS0 = sy =)
(VA(y) ~ V() y —x) — llx— y]* > %HVf(y) Vi

2

+L

ly — x|f? + <Vf( )= Vix),y—x)
L+ s

O]

Theorem 2.6 (Global linear rate of gradient descent). Assume f(x) :
R"™ — R is strongly convex with > 0 and V f(x) is Lipschitz-continuous
with Lipschitz constant L. Then f(x) has a unique global minimizer: f(x) >
f(x4),¥x. The gradient descent method with a constant step size

n € (0, L+u] satisfies
277uL>k
2 2
Xp — X< |1 - —— X0 — Xyl||“.
I = < (1= 725 o =
In particular, if n = Liﬂu then we have
L_1\F
[k — x| < <Z+1> [0 — x|,
i

TR - Ty ) 2 L—_Muwy) ~ VI + 2y -

XH2.
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Remark 2.7. For any n € (0, LLW], the convergence rate for the error
X — Xy|| has a linear convergence rate O(cF) with ¢ = /1 — 201 hich,
g L+p

is a decreasing function of n. The best rate is achieved at n = L%r# with
L_q
c= ZH which is an increasing function of the condition number % This

I3
implies that the best convergence rate will be worse for a larger condition
number.

Proof. Define 1 = ||x; — x||. With V f(x4) = 0 and Theorem we get

et = [ Xee1 — %
= [lxx — 0l V £ (xk) — x|
= [l — %12 + [V f (i) 1 + 203k — %, =V f (x1))
= [l — % |* + 0PIV (=) 12 = 2n(xk — x4, Vf (x1) = Vf(x2))

W
< Il = %l * + 02|V f (i) II” = 20

A e =

1
~ 2 9 - Ve

H 2 2 2 2
=(1-2p—" - .
(120t ) ik 6 = V)]

Thus for any 7 € (0, %w),

T]%+1 S <1 — 27’]}1]—}_/11-[/) 7’]%.

With descent lemma (Lemma [2.1)), we get

L o
<
g k=

N | b

L 2k
Flo00) = (x) = (T 3x0), x=3)+ 5 = = (-2 )

O]

2.5 Convergence under the Polyak-Lojasiewicz in-
equality

The Polyak-Lojasiewicz (PL) inequality or condition is given as

%IIVf(X)II2 z p(f(x) = f(x4)), >0, (2.9)

where x, is one of the global minimizers to f(x). Note that this inequality
implies that every critical point is a global minimizer.

Lemma 2.3. A strongly convexr function satisfies the Polyak-Lojasiewicz

inequality (2.9)).

2
0
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Proof. A strongly convex function satisfies

F(9) 2 £00) + (VI ).y =)+ Elx =y
By a minimization w.r.t. y, we get f(x.) > f(x) — ﬁHVf(X)HQ O

There are interesting problems such as certain machine learning mod-
els, which satisfy the Polyak-Lojasiewicz inequality but are not necessarily
strongly convex.

Example 2.5. Consider f(x) = 1||Ax—b||? with x,b € R" and A € R™*".
Then V2f = AT A, and f(x) is strongly convez if and only if V2 f > ul.
In general, ATA > ul is not true for y > 0. For example, the smallest

eigenvalue of ATA is zero if A € R™™ m < n. By Theorem below,
(2.9) still holds even if A € R™ ™ m < n. For simplicity, assume b is in
the column space of A, then f(x,) = 0.

Example 2.6. The logistic regression cost function
n

f(x) = log[l + exp(baj x)]
i=1

can be written as f(x) = g(Ax), with g(y) being only strictly convezr but not
strongly convex. For example g(x) = log(1+expx) has ¢"(z) = ﬁ -0
as x — o0o. So Theorem below does not apply but f(x) satisfies the
Polyak-Lojasiewicz inequality on a compact set.

Theorem 2.7. f(x) = g(Ax) with A € R™*" satisfies the Polyak-Lojasiewicz
inequality if g(x) is strongly conve.

Proof. Strong convexity of g(x) gives

9(v) = g(w) + (Vg(w), v —w) + £ lv — ul

thus
9(Ay) = g(Ax) + (Vg(Ax), Ay — Ax) + 5| Ay — Ax]|?
= g(Ax) + (ATVg(Ax),y - x) + 5| Ay - Ax|?
= 9(A%) + (VF(x),y = x) + 5| Ay — Ax]?.
and

F(9) 2 )+ (VF(x)y = x) + Sl Ay — Ax]P”.
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There might be multiple global minimizers to f(x). Let x, be the pro-
jection of x to the set of global minimizers to f(x), then

F) 2 F() + (VF(x),% = x) + 5]} Ax, — Ax|P
02
Fp) 2 £3) + (V£(x), 35 — %) + o, = x|

where o is the smallest nonzero eigenvalue of A and we used the linear
algebra fact that ||Ax, — Ax||*> > 0?||x, — x||?, which will be proven at the
end. So we get

0.2
F(xp) = F(x) + (VF(x), %, — x) + E||x, — x|°

2 o

> f(x)+ m;n ((Vf(x),y - x)+ THY —x|?
= (%) — IV

= f(x W X

. po® 2
> fx) +min | (VF(x),y —x) + =~y —x]|

thus (2.9) is satisfied with a parameter uo > 0.

Finally, we discuss why ||Ax, — Ax|? > ¢?||x, — x||?>. Let the compact

SVD (see Appendix [A.3)) of A be

01
A:E, S
Ok
In general, we can only have W > 0,Vy # 0, e.g., simply take x as the

right singular vector for zero singular value of A. However, x,, — X cannot
be the zero singular vector to A if x is not a minimizer, because otherwise
A(xp—x) = 0= g(Ax,) = g(Ax), which means x is also a global minimizer.

Now let vq,- -+ , vk be the right singular vectors of A with nonzero singu-
lar values o;,¢ = 1,--- | k. Let vgi1,- -, vy, be the the right singular vectors
of A with zero singular values. Then vy, --- , v, form an orthonormal basis

n
of R", and we have x, — x = > z;v;. Since x,, is the projection of x to the
i=1
set of global minimizers, i.e., there is no other minimizer that is closer to x,
we must have z; = 0 for i = kK +1,--- ,n. Assume x; # 0 for some j > k,
let y = x, — z;v;, then Ay = Ax, = g(Ay) = g(A4x,) implies y is another
minimizer and |y — x|| < [|x, — x|| since

n
Yy X= Z TiVi.

i=1,j#
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k
Therefore, we must have x, — x = Zl z;v; thus ||x, — x||> = 23 + -+ + 27.
1=
Moreover,

I

1
A(xp—x>:z z =z | = 1461 2 olx—xl.
Tk

Ty,
O

Theorem 2.8. Let f(x) satisfy the Polyak-Lojasiewicz inequality with
> 0 and Vf(x) is Lipschitz-continuous with Lipschitz constant L. The
gradient method with a step-size of 1/L, X11 = Xj — %Vf(xk) has a global
linear convergence rate

k
Fo0) = i) < (15 (Flaw) = f)).

Remark 2.8. Once again, x;, — X, cannot be true in general since X, may
not be unique.

Proof. The Descent Lemma (Lemma gives
L
Fxrrn) < fO) + (VI (%), X1 = Xa) + S l1%041 = x|,

which becomes the following after using xp4; = x — %Vf(xk) and ,
1
Fxinn) € F0x) — 5 IV I < S006) — 27 x) — 7)),

= flxi) = flx) < (1= D)) = F(x.)).

2.6 Steepest descent

We can consider a variable step size n; > 0 in the gradient descent method

Xkt+1 = Xk — MV f(Xk) (2.10a)

where 7, can be taken as the best step size in the following sense
Nk = arg m>151f(xk —aVf(xg)). (2.10b)
(0%

Such an optimal step size is also called full relazation. The method ([2.10))

is often called the steepest descent, which is rarely used in practice unless
(2.10b)) can be easily computed. Nonetheless, analyzing its convergence rate
is a starting point for understanding practical algorithms.
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Theorem 2.9. For a twice continuously differentiable function f : R — R,
assume pl < V2f(z) < LI where L > pu > 0 are constants (eigenvalues of
Hessian have uniform positive bounds), thus f is strongly convez has a unique
minimizer X.. Then the steepest descent method satisfies

k
Fooun) = Fe) < (1) 17x0) = 7o)

2
Remark 2.9. The rate (1—-%) is not sharp and in general we have (é—;ﬁ) <

1— %, e.g., the provable fastest rate in Theoremfm" a constant step size
1 s better than the provable rate of steepest descent.

Proof. For convenience, let hy = V f(x;). By Multivariate Quadratic Tay-
lor’s Theorem (Theorem , for any a > 0, there exists # € (0,1) and
z, = X, + 0(x — ahy) such that

f(Xk — ahk) = f(Xk> — Oéh{Vf(Xk) + %a2h£V2f(zk)hk

The assumption V2f(x) < LI,Vx and the Courant-Fischer-Weyl min-max
principle (Appendix |A.1]) implies

f(Xk — ahk) < f(Xk) — ah%Vf(xk) + %LO(2H1’1]€H2.

The minimum of the left hand side with respect to « is f(xgy1). The
right hand side is a quadratic function of a. The inequality above still holds
if minimizing both sides with respect to «:

Foxis1) = min fxi — aby) < Fxi) — @bV £ (xi) + 3 La? [y

fGsa1) < minlfGex) — abT V7 (i) + 5 L2 2] = Fo) = 57 [V Geu) %

thus
1

f&Kig1) = F(x) < f(xr) = f(x0) = ﬁ”vf(xk)HQ' (2.11)

Similarly, by Multivariate Quadratic Taylor’s Theorem, and lower bound
assumption I < V2 f(x) with the Courant-Fischer-Weyl min-max principle

(Appendix [A1)), we get
F60) > £ + VF () (= x0) + Sl = %

Minimizing first the right hand side then the left hand side w.r.t. x, we get

ﬂwa@m—;NVﬂmm%

f@QZf@m—JNVﬂmm%

thus —||Vf(xx)||? < 2u[f(x«) — f(xx)]. Plugging it into ([2.11)), we get the

convergence rate. ]
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2.7 Quadratic functions

2
The better convergence rate (f—;ﬁ) can be proven for the steep descent

method ([2.10]) for a quadratic function

1
flx) = ixTAx xTb,

where A is a positive definite matrix with eigenvalues
O0< A <Ao< Ay

Since V2f(x) = A > ul, f(x) is strongly convex thus has a unique
minimizer x, satisfying V f(x.) = 0 < Ax, = b. Define

E(x) = %(X —x)TAx - x,).
Notice that
1 7 1 7 L 7
Ax, =b = 2% Ax, = §X*b = f(xy) = —%e Ax,,

thus 1
Bx) = fx) + X7 Ax = () ~ f(x.)

For convenience, let hy = V f(x) = Axy — b, then
_ Lo T _ _ _ T
e = mhy) = 5 (x — nhe)” A(xe — nhy) = (x = nhy)"b.

The quadratic function of n above is minimized at n, = hhT Ty . Thus

becomes

h’'h,
h7 Ahy,

Xkt1 = X — hy.

So
1

= (xk — % — nehg) T A(xy — x4 — mihy)

B(xp41) = 5

= E(Xk) — nkth(Xk — X*) + nkhTAhk,

E(xy) — E(Xg+1) _ nkth(Xk — Xy) — QT]khTAhk
E(xy) %(Xk — x) TA(xp — X4)

T
Notice that A(xp — x4) = Ax; — b = hy and 7, = %7 we get
k

E(xp) — E(xkq1) _ 2nchl’h — n?hi Ahy, [h*
E(xp) WTA-h  (hTAh)(hTA-Th)
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We have proved that

h 4
E(Xk-l-l) = (1 - (hTAh|)|(l’|l|TA1h)> E(Xk)y

or equivalently

4
f(xpt1) — f(x4) = <1 - (hTAh’)l(QIUTA—lh)> [f(xk) — f(x0)].

By the min-max principle (Theorem |[A.1f), we can only get

h"4h _,  BTA"m _1 b4 M
[z =7 h2 TN (h"Ah)(h"A~th) = A’

which is the same rate as in Theorem [2.9] In order to get a better rate, we
can use the Kantorovich inequality in Theorem

- NE A OG-
(WTAR)(WTATh) = (M + )2 /M + 102

2.8 Accelerated gradient method

The accelerated gradient descent method is a very popular class of first order
methods for large scale minimization problems. The original accelerated
gradient method [8] proposed by Nesterov in 1983 takes the following form:

Xpe1 = YE — VS (Yr)

tht1 :%(1"‘\/47%"‘1) Xo = Yyo,to = 1.

— t—1 _
Vi1 = Xep1 + F (Ker1 — %)

For convenience, we can take n, = % where L is Lipschitz constant of the

gradient V f(x), and use a slightly different ¢;,1 = %, then we have a
slightly different version of Nesterov’s accelerated gradient method:

{Xk-H =yi— tVf(yr) X0 = 0

)
YE+1 = Xkl + 135 (Xet1 — Xk)

This method requires only one evaluation of the gradient per iteration,
yet a global (’)(k—12) convergence rate can be proven for a convex function
f(x) with a Lipschtitz continuous gradient. Recall that the gradient descent
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method has a global O(%) convergence rate for the same function as proven
in Theorem

However, the provable rate O() or O(k%) usually represents the worst
case scenario of all iterates in an iterative algorithm. The worst case may
or may not happen in practice. Thus the accelerated gradient method is
not necessarily faster than the gradient descent method for a given convex
functions f(x) with Lipschtitz continuous gradient, even though it is indeed
better in many applications.

Recall that we get the stable step size n € (0, %} for the gradient descent
method by requiring cost function to decrease in each iteration f(xx41) <
f(xg). But in the accelerated gradient method, there is no monotonicity
guarantee on the sequences {f(xx)} and {f(yx)}.

2.9 Convergence rate of the accelerated gradient
method

To prove the convergence rate O(k%) and also to see how the sequence tj,
and step sizes 7, should be chosen, we consider the following method for
a convex function f(x) with Lipschitz continuous gradient (with Lipschitz
constant L):

X0 = Yo-

_ tp—1 _
Vi1 = Xig1 + - (Kep1 — %)

{Xk:-i-l =vyr — mVf(yr)

Apply the descent lemme (Lemma toy = xp41 and x = yy:

L
FGier) < FOye) + (VF(e) Xerr — i) + 5 llye = Xy . (2.12)
The convexity implies

fX) =2 fy) + -y, V),

thus
f(xk) > f(yr) + (%6 — ¥k, VI(YE))-

Subtracting two inequalities, we get
L
f(xk) = f(Xp41) > —§HYk — X1 |® + (% = Xpy1, V(7))

L 1
= —EH}% — X1 [|* + (X — Xpt1, n*k()’k — Xpt1))

L , 1
= —§H)’k — Xpp1 ||+ (X — Vi + Vi — Xit1, %(Yk — Xpt1))

1 L 1
= (— = )lyr = X1 l® + —(yu — Xp1, x5 — yi).
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Thus
L 2
el f (k) = f )] 2 (=) llye = Xeea 7+ {yh = Xerr, X0 — yi)-
Similarly, convexity implies
fxe) = flynr) + (% = ¥ VI (Y8))-

Subtract it with (2.12), we get

L
J(x4) = f(Xpg1) > —EHYk — X1 [? 4 (%o — Xps1, VF(yn))
L 1
= —§||Yk — Xpop1 || + (Xe — Xpp1, %(Yk — Xpt1))

L ) 1
= _EHYk — Xpp1]|” + (X = Yr + Y& — Xit1, %(Yk — Xjt1))
1 L

1
2
=(— = )Ye — Xg+1]|” + — Yk — Xg+1, X« — Vi)
(nk 2)H +ll 77k< +1) X )

Now assume 7, = %, then we have

L
> =

>3 vk — Xkt1l” + LYk — X1, Xk — Vi),

f(xx) — f(Xkt1)
f(xe) = f(Xpr1) 2 §||Yk — Xpt1||* + LYk — Xk41, X — V).

Next, let Ry = f(xr) — f(x«) where x, is a global minimizer. Then
multiplying the first inequality by ¢, — 1 and add it the second one, we get

L
(tk—1)Rp—tiRp1 > gtkHYk_xk+1H2+L<Yk_Xk+1a (th = 1)Xp —tp Y —Xx)-

Multiply it by tz:

L
te(th—1)Rp—t2 Rpyy > 3 Itk (Ye—Xks 1) P H Lt (Ye—Xks1), (= 1)Xp—teYr—Xu ).
(2.13)

Assume we have

2 2
tht1 — tht1 < 1,

then

L
th_ Re—tpRiy1 > 5Htk(}’k—XkH)||2+L<tk(Yk—Xk+1), (te—1)Xp—tryr—Xx).
(2.14)
For the right hand side dot product, let

a=1lyr, b=tXp1, c=(tp—1)xp+ X,
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then the right hand side can be written as

2 (Ja bl +2(c —a,a— b)) = = (b~ c|’ ~ a—c]?)

It can be written as

L
R R ti R = 5 (i = [t = D317 = ltaye = (6 — D+ x]]12)
Let ugi1 = tixgr1 — [(tk — 1)Xg + X4, then with
tr—1

tkt1

Vit1 = Xp1 + (Xp41 — Xk) = tpep1Xpp1 + (G — )X = L1V,

we get

tryr — [(te — 1)xp + %] = teo1xi — [(Bem1 — Dxp—1 + %] = wy.
So
BB~ B R > o (e |” — g
thus
R+ 2 ol < BBy + o e,

which implies
L L
thRi1 < iRy + §||ul~c+1\|2 <R + §||111||2,

and ) I
Riw1 < = [t3R1 + = |lu|?].
ty 2
So in order to obtain (’)(k%), we should use t;, satisfying t, = O(k).
For instance, assume ti — 1 = ti_l with tp = 1, then we can easily show
ty > % by induction.
All the discussions can be summarized as:

Theorem 2.10. Assume the function f(x) : R" — R is conver with a
global minimizer x,. Assume V f(x) is Lipschitz continuous with constant
L. Assume t3 —t, = t2_| with to = 1. Then the following accelerated
gradient method

X0 = Yo,

— te—1 —
Vi1 = Xky1 + E (Xer1 — Xx)

{Xk+1 =yi— +Vf(yk)

satisfies
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Remark 2.10. Obviously the theorem still holds if we plug in tp = %,

then the algorithm is simplied to

{Xk+1 =yrk— V(v X0 = 0

k=1
Y+l = X1 T 135 (X1 — Xk)

To consider a variable step size, now assume 7, = bk% < —L L with

(at3) L
a > 0, then
L 1 1
n— 5 =2al, —=0bL, bx>a+
2 Nk 2
we have
Fxi) — f(xpt1) > aLllyr — xp1]® + 0p LYk — Xpt1, Xk — Vi),

>
>

k1
F(xi) = F(xk+1) > aLllyr — X1 |* + 0k LYk — X1, X — Y-

Multiplying the first one by (t; — 1) and add it to the second one, we get
(tr—1)Ri—tr R 1 > aLty]|yr—Xpe1 | +orL(yr—Xps1, (te—1)Xp— 1y e —Xx).
Multiply it by tg:

tr(te—1) Re—ti Ry > aLl[tr(yr—%ps1) [P +0rL{tk (Yo —Xkr1), (b —1)Xp—thyr—Xu).
(2.15)
Assume we have
Bor—tis <2

then

th1 Re—ti Rir1 > aLl[tr(ye—%pp1) [P H0r Ltk (Yo —Xk11), (B —1)Xp—tyr—X).
(2.16)
For the right hand side dot product, let

a=1lryr, b=tXp1, c=(tr—1)xp+X..

Assume b < 2a, which implies a > %, then the right hand side can be
written as

t3 Ry — 2R > % <zZHa —b|?+2(c—a,a— b>)
> % (la = b +2(c —a,a - b))
=P8 (o el ~ a—cl?)
1
> D (ol —ef?)
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It can be written as

20+ 1

ti 1Ry — t7 Ryy1 > L(lups]® = [Juel?)

thus 2 + 1 2 +1
a a
tiRy i1 + Ll |® < ti_ Ry, + Lljug|?,
which implies
20 + 1 2a +1
tiRys1 < 67 Ry + Lllugi || < 3R + Li[w |,
and 1 90+ 1
a
Ry < tﬁ[t%Rl + Ly |?].
i

Theorem 2.11. Assume the function f(x) : R" — R is convex with a
global minimizer x.. Assume V f(x) is Lipschitz continuous with constant
L. Assume tz — 1 = t%_l with tg = 1. Consider the following accelerated
gradient method

{Xk+1 =yr — mVf(yr)

_ X0 = Yo-
Vil = Xep1 + EH(Xpep1 — Xp)
If
11 1 1 1
< < - > vk
2al == ID YT TP
then

Foa) = 760 < 1 (F0x0) = £ + 2 L = ).

Remark 2.11. Notice that we only have m < % Even though it may
converge with a slightly larger ny, in practice, the accelerated gradient method
might blow up for a step size like n = %, which is however a stable one for
the gradient descent method.
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3

The line search method

Now we consider a more general method for minimizing f(x):

Xk+1 = Xk + NkPk,

where 1, > 0 is a step size and pr € R" is a search direction. Examples of
the search direction include:

1. Gradient method pr = —V f(xg).
2. Newton’s method pj = —[V2f(x)] 'V f(xx).
3. Quasi Newton’s method py = —ByV f(xx), where By, ~ [V2 f(x;)] L.

4. Conjugate Gradient Method pr = —(Xp —Xg_1 + BV f(xk)), where
B is designed such that py and x; — x;_1 are conjugate (orthogonal
in some sense).

The search direction py is a descent direction if (pg, —V f(xx)) > 0, i.e.,
Px pointing to the negative gradient direction.
3.1 The step size

To find a proper step size ng, it is natural to ask for a sufficient decrease in
the cost function:

f(Xx +mepr) < f(xXk) + cam(Vf(xr),pr), ¢ €(0,1). (3.1a)

The constant ¢; is usually taken as a small number such as 1074, and ([3.1al)
is called Amijo condition. To avoid unacceptably small step sizes, the cur-
vature condition requires

(Vf(xk +mPr); Pr) > ca(V f(%Xk), Pr), 2 € (c1,1). (3.1b)

47
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Define ¢(n) = f(xx + npx), then ¢'(n) = (Vf(xx + nPx), Px), thus
simply requires ¢'(n;) > c2¢/(0), where ¢/(0) = (Vf(xx),pr) < 0 for a
descent direction pg. Usually, co is taken as 0.9 for Newton and quasi-
Newton methods, and 0.1 in conjugate gradient methods.

The two conditions in with 0 < ¢1 < ¢g < 1 are called the Wolfe
conditions.

The following are called the strong Wolfe conditions.

f(xk +npr) < f(xk) +ean(VF(xk),pe), c1€(0,1). (3.2a)
(Vf(xk + k), Pr)| < 2 (Vf(xk), Pr)l,  c2 € (c1,1). (3.2b)

Lemma 3.1. Assume f : R™ — R is continuously differentiable and has
a lower bound, and py is a descent direction. Then for any 0 < ¢1 < co < 1,
there are intervals of n satisfying the Wolfe conditions (3.1)) and the strong
Wolfe conditions (3.2)).

Proof. The line £(n) = f(xx) + nci(V f(xk), px) has a negative slope with
0 < ¢1 < 1. So the line must intersect with the graph of ¢(n) = f(xx +npk)
at least once for n > 0, because 0 > ¢/(0) > ¢'(0), £(0) = ¢(0) and ¢(n) is
bounded below for all 7.

Let 1 > 0 be the smallest such intersection point. Then

f&k +mpr) = f(xr) +me(Vf(xk), Pr),

and holds for any n € (0,71) because n; > 0 is the smallest intersection
point.

By the Mean Value Theorem on ¢(n) = f(xx+npx), there is 72 € (0,71)
such that

f(xk +mpr) — f(xx) = (Vf(xk + n2Pk), mPk)-

By the two equations above, we have

(Vf(xi +mpr), Pr) = ci{V f(xk), Pr) > c2(V f(xz), Pr)-

So 72 satisfies . Since Vf is continuous, there is a small interval
containing g, in which 7 satisfies . Notice that the left hand side of
the inequality above is negative, thus the strong Wolfe conditions also hold
at 7o and in a small interval containing 7s. O

In practice, the search of a proper step size satisfying the Wolfe condi-
tions can be achieved by backtracking, e.g., use n < cn with ¢ € (0, 1) until

the step size satisfies (3.1)).
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Example 3.1. For the gradient descent method py = —V f(xx) with a fizved
step size n < %, where L is the Lipschitz constant for the gradient V f(x),
the descent lemma (Lemma and sufficient descrease lemma (Lemma
gives

L

s MV,

f(xk) = f(xpt1) > n(

ot 7)< F0ek) + (1~ SV S (k). o

Son < % satisfies (3.1a)) with ¢ = 1 — %77'

If we further assume f(x) is strongly conver with p > 0. Then Lemma

[1-7] gives
(Vf(xp+1) = V&), Xp1 — Xp) > pil| X1 — X%,
thus
(Vf(xk+1pr) — VI (%K), =0V f(xk)) = pllnV f(xx)]%.
So we get

(Vf(ex +mpx), =V (x1)) = (= DIV f ()17,

which can be written as

(Vf(xk +mpr) Pr) > c2(V f(xx), Pr)

with co = 1 — un. By requiring ¢1 < ca < 1. So if assuming L > 2u, which
is usually satisfied in practice, then any stable step size n < % satisfies the

Wolfe condition (3.1)).

3.2 The convergence

We consider the angle 6, between the negative gradient and the search

direction:
(=V f(x%), Pr)
IV f(xe)llpll

Theorem 3.1 (Zoutendijk’s Theorem). Assume f : R" — R is continu-
ously differentiable with Lipschitz continuous gradient ¥V f(x), and f(x) is
bounded from below. Consider a line search method Xx4+1 = X+ kP, where
Pk is a descent direction and ny satisfies the Wolfe conditions (3.1)). Then

cos b, =

Z cos? 04|V f (xp) || < 4-o0.
k=1
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Proof. By , we have
(Vf(xp1) = VI(xR), pi) = (c2 = DV f(xk), Pr)-
The Lipschitz continuity and Cauchy Schwartz inequality give
(Vf(xrt1) = VI&R), Pr) < IV f(xp41) = VI &R)IPell < Lllmepllprl-

Combining the two inequalities, we get

c2 — L(V f(xx), Pr)
Nk =2 5 .
L Pkl

Plugging it into (3.1al), we get

1— oo [(Vf(x1), pr)]?

f(xi +mepr) < f(x) —

L P ||?
which can be written as
1—c¢
f(xpg1) < flxn) —weos® O [V f(xp)[?, w=c 7 2.

Summing it up, since f(x) > C, we get

N 1 1

> cos” Ol IV f(xi)[1? < =[f(x0) — f(xn11)] < =[f(x0) — CI.

= w w

N
So ay = Y cos? 0|V f(xx)||? is a bounded and increasing sequence, thus
k=

the infinite series converges. O

The convergence of the series in Zoutendijk’s Theorem gives cos? 0y ||V f (xz )| —
0. Thus if cos? 0, > 6 > 0,Vk, then |V f(xx)|| — O.

Example 3.2. Consider Newton’s method with pr = —[V2f(xx)] 'V f(xz).
Assume the Hessian has some uniform positive bounds for eigenvalues (i.e.,
the Hessian is positive definite with a uniformly bounded condition num-
ber:):

pl <V2f(x) < LI, L>p>0,x,

then we have (eigenvalues of A are reciprocals of eigenvalues of A~1)
LI <V < ST, L 0,vx
L Jz
For convenience, let By, = [V2f(x)]™! and hy = Vf(xy). Since By is

positive definite, its eigenvalues are also singular values. By the definition
of spectral norm, we get

1 1
[Pell = 1BRV f(xi)[| < IBRIIV f (x)[| < ;IIVf(Xk)II = ;Hth-
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By the Courant-Fischer-Weyl min-max principle (Appendiz , we have

cosf = (=VfGx),pe) _ hiBphy . hiBehe _p_ 1
IVFElpell  hellllpell = " lhelllhell = L L/p’

where L/ = ||Bgl||| By Y| 4s the condition number of the Hessian. With
Theorem [3.1], we get ||V f(xx)|| — 0. Recall that a strongly convez function
has a unique critical point which is the global minimizer. So the Newton’s
method with a step size satisfying the Wolfe conditions converges to the
unique minimizer X, for a strongly convex function f(x) if ||[V2f(x)|| has a
uniform upper bound, see the problem below.

Problem 3.1. Recall that |V f(xx)|| — 0 may not even imply X, converges
to a critical point, see Example [2.9 Prove that ||V f(xx)|| — 0 implies xj,
converges to the global minimizer under the assumption

pl <V%f(x)< LI, L>pu>0,Vx.

3.3 Local convergence rate

So far we have only discussed the global convergence, e.g., the convergence
for arbitrary initial guess x¢ in an iterative method. If the initial guess is
very close to a minimizer, we can discuss the local convergence.

We will make the following assumptions:

1. The Hessian exists and is Lipschitiz continuous with parameter M > 0:
IV2f(x) = V(¥ < Mlx —yll, Vx.y,
where the left hand side is the matrix spectral norm.

2. There exists a local minimum x., and the Hessian V2 f(x*) is posi-
tive definite:
pl <VPf(x*)< LI, L>p>0.

Notice that this does not imply the function is strongly convex.
3.3.1 Gradient descent
Consider the gradient descent method

X1 = X — NV f(xp).

By Fundamental Theorem of Calculus on the single variable vector-
valued function g(t) = VFf(x, + t(xx — x4)), we get

Vi(xk)=Vf(xp)—Vf(x) = /01 V2 f (ke (xp—%4)) (Xp—%4 ) dt = G(x—X,),
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where .
G = /0 V2 f (%, + t(x — x,))dt.
Then
X1 — Xe = X — X — NGE(xp — X4) = (I — nGg) (X — Xx)
= (X1 = xull <N = nGrllllxe — x|l

Lemma 3.2. If V2f(x) is Lipschitiz continuous with parameter M > 0 and
|x —y|l =7, then

V2f(x) — MrI < V*f(y) < V2f(x) + MrI.

Proof. Let H = V2f(y) — V2f(x). Since H is real symmetric, its singu-
lar values are absolute values of its eigenvalues, Lipschitiz continuity gives
|H|| < M||x —yl|| = Mr = |N(H)| < Mr, where \;(H) denotes the eigen-
value. So \j(H) — Mr <0 and Mr — \;(H) > 0. O

Theorem 3.2 (Local linear rate of gradient descent). Let f(x) satisfy the
assumptions in this section. Let xq be close enough to a strict local minimizer
Xy !

_ 2
To = ||X0 — X«|| < T = M,u

Then the gradient descent method with a fized step size 0 < n < L%Lu satisfies
[%k+1 = Xl < cpllxp — x|,
where
1 1
e = max{[l —n(p — 5 Ml — 3], |1 = n(L + 5 Mllxi =[]} < 1.

2

In particular, if n = y

= k
T 2u )
X — Xl < = 1-— X0 — Xxll-

Remark 3.1. The numbers p and L in this local convergence rate theorem
are eigenvalues bounds of the Hessian at only X, rather than uniform bounds
for the Hessian at all x.

Proof. Let r, = ||xx — X«||, by the lemma above, we have
V2f(x4) — tMrpl < V2f(xe + t(xp — x4)) < V2F(x4) + tMriI

thus
(b — tMri)T < V2 f (% 4+ t(xp — %4)) < (L4 tMrp)1
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Notice that the inequalities still hold after integration. For instance,
(=t Mr)T < V2 f(x.+t(x5—%.)) & V2 (x4 (x—%,))—(u—tMr)T = 0,

and
/OI[VQf(X* St — %)) — (= M) T)dE > 0

because

Vz, 2" [V f(xe+t(xp —%4)) = (u— tMry) 1]z > 0

=z’ /Ol[VQf(x* +t(xg — x4)) — (0 — tMr)I]dtz > 0.

So after integration we get

1 1

1 1
[1—n(L+ iMTk)]I <I-—nGp<[l—nu- 5Mrk)]f-

So
11 = nGrll < max{[ax(n)], [br(n)[}
where
1 1
ag(n) =1 —n(p—5Mry),  by(n) =1—n(L+ 5Mry).
Notice that a;y(0) = 1 and aj(n) = —(u — $Mry) < 0, if assuming
rE < QM" And b,(0) = 1 and bj(n) = —(L + $Mr;) < 0. For small

enough 7, |[|[I — nGy|| < 1, which can ensure r1 < 7 since ||xp1 — X <
11— nGllxe — ..

In particular, under the assumption r; < 7, it is straightforward to check
that

2
n< = laml <1

2
< —=1b < 1.
U bk(n)]

Now set n = Liw, then bi(n) < 0 and ag(n) > 0. In this case, with
n= LLW it is straightforward to check that

1

L—p
—b _ —Mry,.
lak(n)| = [br(n)] L+M+n2 Tk

Therefore, ri+1 < || — nGy||rk gives

<L—M + M,
T TL.
_L+Hk L+ut

Tk+1
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Let ak:%rk andq:f—fr‘“<1, then it is equivalent to
1—(ap —q)? 1 ag
i1 < (1-gartat = L) = oy T ca
1 1 1
IR I B P (Ch ) SR S T B
a1~ a+k ak+1 ag ag
So we get
q ko4 ke T
-1>20+g¢)"(—-1)=14+¢9¢)"(— —1),
1 M ) = e -
thus

< qro < o 1
“ro+ (14 q@kF—ro) T T—ro(1+ )k

3.3.2 Newton’s method

Newton’s method is the most well-known method to approximately solve a
nonlinear equation F(x) = 0 where F': R"™ — R" is a smooth function:

Xpt1 = X — VE(xp) F(xp),

where VI is the Jacobian matrix.

The Babylonian method for finding square roots, especially the root of 2,
has been known since the ancient Babylon period around the 17th century
BC. It is preciously Newton’s method applying to the function F(z) = 22 —2:

Tyt = o — Fxp)/F(x) = 21 — (27 — 2)/(221) = 21/2 4 1/24.

If 29 = 1, then x3 = 1.41421568627 and |3 — /2| = 2.12E — 6.
When applying the Newton’s method to V f(x) = 0 for finding minimiz-
ers of f(x), we obtain the Newton’s method for finding critical points:

Xpp1 = Xp, — [V2f(x5)] 7'V F(x5).

Another way to derive the simplest Newton’s method is to consider a
quadratic function:

$0) = ) + (x = x0TV F i) + 5 x =30 V2 () (x = ).

Assume the Hessian is positive definite, define X1 as the minimizer of ¢(x).
Then

0 = Vo(xpi1) = VI (xx) + V2 (x0) (X1 — X2)

gives the Newton’s method.
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Theorem 3.3 (Local quadratic rate of Newton’s method). Let f(x) satisfy
the assumptions in this section. Let xqg be close enough to a strict local
MINIMIZET Xy !

_ 2u
ro = ||Xx0 — X«|| < T 3V
Then r, = ||xx — X«|| < 7, and Newton’s method converges quadratically,
M||x; — x| 3M
|| k *H < ||Xk _ X*HQ'

ka—i—l - X*H < >~
2~ Ml —x]) = 2

Proof.
Xpy1 — Xe = X — X — [V2f(x3)] T [V F(31) = VF(x2)]
1
== % = (V0] [ VL 0~ ) o — )
= [V2f(xn)] ™ Gr(xr — %)

where

1
Gr = /0 [V2f(xx) — V(%0 + H(xp, — X4)]dt.

By Theorem [I.7] and Lipschitz continuity of the Hessian,
1
Gkl < /0 IV f (k) = V2 (% + t(xp, — %) | dt

1
< [ M- - x.ar
0

1
— Zp M.
ok

With Lemma [3:2] We also have
Vi2(xp) > VF2A(x,) — Mrpd > (p— Mry)I.
So if r < 47, Vf2(xx) > 0 and
V.2 ()] 7HE < (= Moy~
Thus if r;, < 32—]\’2, we get

2
Mri

riet < V2 )] TG Gae—x0) | < IV F2(ei)] I Gl < 20— Mry)

O]

< rg.
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Part 11

Nonsmooth problems
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4

Introduction and extended
convex functions

4.1 Motivation and examples

Let A € R™" b€ R™and x € R™. If m < n, then Ax = b can have
multiple solutions. In many applications such as compressing data, a sparse
solution is often needed.

(a) MRI Image (b) Finger Print

Figure 4.1: Many images (or data) have sparsity, e.g., it seems unnecessary
to store all pixels in an image to store all the information it contains.

Consider the images in Figure [{.I] as an example. The most intuitive
Euclidean basis for representing the images is highly redundant, i.e., it is
unnecessary to store all pixels in an image to store all the information the
image contains. If there is a sparse representation of the data under cer-
tain transform, then advantages are gained in compression (e.g., JPEG),
interpolation, computation and etc.

For compressing an image b € R™, we consider a frame of R™, which is
defined as any spanning set of R". For instance, a basis is always a frame,
but a frame may not be a basis. In particular, we consider the following
setup:

59
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o A redundant frame {¢; € R™ :i = 1,--- ,n} with n > m, consists of
many sets of different bases (e.g., from computational harmonic anal-
ysis) such as Discrete Fourier Transform, Wavelets, Wavelet Packets,
Gabor Transforms, etc. The elements in the frame are also called
atoms.

¢ Any vector y € R™ can be spanned by the atoms ¢;:

m
y=> ¢z = Ix,
i=1
— T s : —
where x = (21, ,x,)" is a coefficient and ® = (¢1,--- , Pp).

i %ﬂb g

e The coefficient x is not unique because the linear system is underde-
termined. Ideally, we want to find the coefficient with the smallest
Ix|lo (the number of nonzero entries) for compression.

So it motivates the following /°-minimization

min ||x||g, x satisfies Ax =b, (4.1)
X

which is unfortunately an NP-hard problem due to the nonconvexity of ||x||o.

4.1.1 /'-norm minimization

The basis pursuit [4] solves the following convex minimization problem:

(Basis Pursuit) mxionHl, x satisfies Ax =b. (4.2)

The ¢'-minimization is the convex relaxation of and it can be
proven to have the same minimizer as the NP-hard ¢°-minimization
for very special problems, e.g., A is a Gaussian random matrix with suitable
scaling for n w.r.t. m, see [I]. In applications, the £!-minimization
produces sparse minimizers, which are quite useful, even if they are different
from the true minimizer of £°-minimization , e.g., a good compression
does not have to be the best possible compression.

In this chapter, we will use the hard-constrained ¢!-minimization (4.2)
as an example for discussing optimization algorithms, we will also consider
two easier problems:

1
(LASSO)  min ulxl|s + 5 14x — bl 3, (4.3)
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and

1
min x| + %HXH%, x satisfies Ax =b. (4.4)

The LASSO problem (4.3) was introduced in [16]. It is proven in [I§]
that the minimizer (4.4]) for large enough o minimizes (4.2]).

4.1.2 Total variation minimization

The total variation (TV) norm minimization represents a similar yet more
chanllenging nonsmooth convex minimization problem. As an example, we
will consider the TV norm minimization for image denoising [13, [15].

For simplicity, here we first describe it for a continuum setup. Consider
a rectangular domain 2 = [0,1] x [0,1], and a function u(z,y) € H'(Q)
(differentiable functions), which represents an image with infinite resolution.
Then its total variation norm can be defined as

o isotropic TV-norm: |jullpy = [[ 1/|uz|? + |uy|?dzdy.

o anisotroric TV-norm: ||ul|7y = [[q |ue| + |uy|dzdy

With L?-norm as |julzz = /[[q [ul2dzdy, for a given a(z,y), the ROF
(Rudin, Osher, and Fatemi, 1992) model [13] is to minimize (over u in a
proper function space)

1
lellry + SAllu = allZz,

where A is a fixed parameter.

Notice that the TV-norm contains the absolute value function thus it
is similar to the ¢'-minimization. For certain noisy images, e.g., Gaussian
noise, with suitable A, the ROF model using isotropic TV-norm can work
well, see Figure [8:2] and Figure 8.3]

4.1.3 Constrained minimization

Consider a constrained minimization

min f(x),

where C' is a convex, e.g., a plane S = {x € R" : Ax = b}, or a simplex S =

{xeR":x; >0,> ;2 <1}, oracone S={x=(z,y,2): 2 > V2 + y?},
etc.
The indicator function for a set S is defined as

0, xeSs
Ls(x) = {—i—oo, x¢s’ (4.5)
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Then the constrained minimization is equivalent to an unconstrained prob-
lem

min f(x) + ts(x).

Such an unconstrained problem is not easier to solve due to the discontinuity
of the indicator function, but it is another example of nonsmooth convex
minimization.

4.2 More on convex functions

We include some useful properties about convex functions, with some proof.
The other omiited proof can be found in classical references such as [12].
4.2.1 Epigraph and continuity

Recall that a function is convex if and only if f((1 —a)x + ay) < (1 —
a)f(x) +af(y) for any a € [0, 1].

Definition 4.1. The epigraph of a function f: R"™ — R is defined as the
set {(x,y) e R" xR :y > f(x)}.

Definition 4.2. A set S € R" is convez if (1—a)x+y € S for any a € [0,1]
and any X,y € S.

Theorem 4.1. For a function f: R®™ — R, it is convex if and only if its
epigraph is a convex set.

Theorem 4.2. If f : R" — R and f; : R® — R fori=1,--- N are
convezx, then

1. g = f(Ax +b) is conver where A is a matriz.

o8

l
—

2. g=7Y fi(x) is convez.

(2

3. g = max; fi(x) is convex.

Proof. The first two can be checked by the definition of a convex function.
The last one can be verified via the epigraph. O

Theorem 4.3. If f : R — R is convex, then f is continuous. Moreover,
it 1s also locally Lipschitz continuous, which means that for any xq, there
is ball centered at x¢ with radius & > 0, such that for any x in this ball,
|f(x) — f(x0)| < L|x — x| for some constant L.
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Proof. We only consider the proof of continuity for the single variable case.
See Corollary 10.1.1 in [I2] for the general case.

So for a convex function f(z), we want to show |f(z) — f(a)|] — 0 as
x — a. We discuss it for two cases: x > a and z < a.

J

(osfep ( b;fu,))

® > ><
First, assume x > a, then consider b, c such that ¢ < a < x < b. The

convexity implies that the point (z, f(x)) is below the segment connecting
(a, f(a)) and (b, f(b)) thus the slopes of two segments give

fa) = fla) _ f(b) — fla)

Tr—a - b—a
Similarly, we get
f(@) — f(a) > fle) - f(a)7
thus
f(e) = f(a) fb) = fla)

(z —a)

By fixing b, ¢, letting  — a, we get f(z) — f(a).
The second case of x < a can be similarly shown, thus f is continuous
at a. O

< f(x) = fla) < (z —a)

c—a b—a

4.2.2 Subgradient and subdifferential

Definition 4.3. For a function f : R"™ — R, a vector v.€ R" is a
subgradient (or subderivative) of f(x) at x if

fly)> f(x)+ (v,y —x), VyeR"

The derivative of a smooth f(x) is the slope of the tangent line The
definition simply means that the subderivative is the slope of a line which
lies below the function graph. For example, for f(z) = |z|, at = = 0, any
line passing (0,0) with a slope between —1 and 1 lies below the function
graph, thus any number in [—1, 1] is a subderivative.
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Definition 4.4. The set of all subderivatives of a function f at x is called
the subdifferential of f at x, denoted as Of(x):

Of(x) ={veR": f(y) 2 f(®) + (v,;y —x), Vy€eR"}.

Theorem 4.4. A function f : R"™ — R is convex if and only if it has a
subderivative at any x € R™.

Proof. We only prove the only if direction. Let z = (1 — a)x + ay with
a € [0,1]. Let v be a subderivative at x, then

(%) = f(2) + (v, x — 2) = f(2) — alv,y — ),
F(¥) 2 f(@) + vy —2) = f(z) + (- a) v,y — )
Adding them, we get
(1—a)f(x)+af(y) = f(z) = f(1 - a)x + ay).
O
If a function has subderivatives at x, it is called subdifferentiable at x.
Theorem 4.5. For convex functions f : R® — R and g : R — R,
1. f is differentiable implies f is subdifferentiable and 0f(x) = {V f(x)}.
2. If the Of(x) contains only one element, then f is differentiable at x.
3. dlaf] = aldf], a€R.
4. 0[f +gl=0f +0g.

So the subderivative is natural generalization of the derivative. Be aware
that the subderivative is NOT the weak derivative defined in Sobolev spaces.

Example 4.1. For f(z) = |z,

{1}, x>0
of(x)=4{-1}, =z<0.
[—1,1], =0
For () = x| = 3 .
{1}, xT; > 0

Vv edf(x), vi=({-1}, x;<0.
[—1,1], HJiZO
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4.3 Extended real-valued functions

Notice that the indicator function (4.5]) is NOT a function f : R" — R thus
the results in the previous subsection may not apply to (4.5). To this end, we
define an extended real-valued function as a mapping f : R" — RU{%o00}.

4.3.1 Proper, convex, and closed functions

Definition 4.5. An extended real-valued function f: R"™ — R U {+o0} is
called convex if its epigraph is a convex set.

Definition 4.6. Define the domain of an extended function f : R" —
R U {£o0} as
dom(f) ={xeR": f(x) € R}.

Definition 4.7. An extended function f : R" — RU{%o00} is called proper
if it does not attain the value —oo and there exists at least one x such that
f(x) is a real number, i.e., its domain dom(f) is nonempty.

Definition 4.8. An extended function f: R" — RU{zxo0} is called closed
if its epigraph is a closed set.

A closed function is also lower semicontinuous:

Theorem 4.6. For an extended real-valued function f : R" — RU{£o0},
the following are equivalent:

1. f is a closed function.
2. The level set {x: f(x) < a} is a closed set for any a € .

3. f is lower semicontinuous: for any x, for any sequence x, — X,
< limi .
f(x) <liminf f(xn)

Theorem 4.7. A proper (extended) function f : R" — R U {400} is
convex if and only if dom(f) is convex and

FOx+ (1 =Ny) SAf(x)+ (1 -XN)f(y), Vx,yedom(f),Ae(0,1).
A proper convex function can also be equivalently defined as:

Definition 4.9. A proper convex function f : R" — ( — 0o,+00] is a
function defined for any x € R™, not identically +oo, satisfying dom(f) is
conver and

fOx+ (1 =Ny) SAx)+ (1 =Nf(y), xyedom(f),Ae(0,1).

0 xes
For example, an indicator function 1g(x) = ¢ is convex
+00, x¢S

if S is a convex set. And g is a closed function if and only if S is a closed
set. So g is lower semicontinuous if and only if S is a convex set.
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4.3.2 Existence and boundness of subderivatives
All results in this subsection can be found in [3, Chapter 3].

Theorem 4.8. For a proper extended function f : R"™ — ( — 0o, +00], for
any x, 0f(x) is either a closed and convex set or an empty set.

Theorem 4.9. Consider a proper extended function f : R" — (—o0, +00].
Assume its domain dom(f) is a convex set, then

1. Ezistence of subderivatives at any x € dom(f) implies convexity of

f(x).

2. Convexity of f implies that subderivative exists at any x in the interior
of dom(f), denoted as int(dom(f)) and Of(x) is bounded:

Vv € Of(x),||v| < C  for some C.

3. If U C int(dom(f)) is a nonempty compact set (bounded and closed
set in R™), then convexity of f implies Uycyy 0f(x) is bounded (all
subderivatives in U have a uniform bound).

4. For boundary points of dom(f) of a conver function, subderivatives
exist at the relative interior of dom(f) but they can be unbounded.

Remark 4.1. The subdifferential can be extended to functions defined on
infinite-dimensional Banach space [11]. See also [2, Chapter 16] for subdif-
ferentials of a lower semicontinuous proper convex function.

4.3.3 Strong convexity

Definition 4.10. An extended function f: R" — RU{+o00} is u-strongly
convex if dom(f) is convex and the following holds for any X € (0,1):

FOsH(1=2)y) < M O+1-NF(¥) - SAL-N)x=y[?  ¥x,y € dom(f).

Theorem 4.10. An extended function f: R"™ — R U {400} is p-strongly
convez if and only if f(x) — &||x||* is convez.

Even though 0f(x) denotes a set, for simplicity, we often abuse
the notation by using it to denote any element in this set. Lemma
can be extended as (see [3, Theorem 5.24] for the proof):

Lemma 4.1. For a proper function f(x) : R — (—o0,400]|, assume
dom(f) is convex, then the following are equivalent:

L fOx+(1=Ny) < AN (x)+(1-=Nf(y), Vx,yedom(f),\e(0,1).
2. f(x) = f(y) +(0f(y),x —y), Vxy € dom(f).
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3. (0f(y) —90f(x),y —x) >0, Vx,y € dom(f).
For a proper closed and convex function, the following are equivalent:
1. f is p-strongly convexity
2. f(x) = f(y) +(0f(¥). x—y) + 5lx—yl* V¥xy € dom(f).
3. (0f(y) = 0f(x),y —x) 2 pllx - y|*, Vx,y € dom(f).

An example is that v + 5|/x||* is p-strongly convex for a convex set S.

4.4 Optimality conditions

For a function f: R™ — R, we have:

Theorem 4.11. For a convex function f: R™ — R, x, minimizes f(x) if
and only if 0 € Of(xx).

Proof. [(x) > f(x.) = f(x.) + (0,x — x.) € 0 € D (x.). m
For a proper extended function such as tg(x) + 4[/x||* ([4.5)), we have

Theorem 4.12. For a proper convez function f : R" — R U {+o0}, x,
minimizes f(x) if and only if 0 € Of (x4).

Proof. f(x) > f(x4) = f(x«) + (0,x —x4) & 0 € 0f(x4), Vx € dom(f).
O

Theorem 4.13. For a proper closed function f : R" — R U {400}, if
it is u-strongly convex, then it has a unique minimizer Xs.

For the indicator function tg, its subdifferential is given as
Ou(x) = Ng(x), x €S,
where Ng is the normal cone of S:
Definition 4.11. For a set S C R™ and x € S, the normal cone of S at x
’ Ns(x) ={y: (y,z—x) <0,vVz € S},
and Ng(x) is an empty set for x ¢ S.

For example, for the basis pursuit problem (4.4)), it can be written as
) 1
min [ [x][1 + o~ [%[I* + L ax=py- (4.6)

The subdifferentials of the first two terms have been given in previous
sections. For the affine set S = {x: Ax = b} with A = R™*", the normal
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cone is simply Ng(x) = {ATy : Vy € R™}, which is the row space of the
matrix A.

The function in is a proper convex function since the affine set
S = {x: Ax = b} is convex. Notice that S = {x : Ax = b} is also a closed
set, thus the function is also a proper closed (also lower semicontinuous)
convex function, and by Theorem it is also é—strongly convex. Thus it
has a unique minimizer.

Problem 4.1. Derive the subdifferential for the indicator function of a
closed unit ball S = {x € R" : (x,x) = 1}.



5

Subgradient and proximal
gradient methods

In this chapter, we introduce some basic algorithms. A suitable application
would be the ¢!-minimization problem (4.3):

. 1
min p[x[1 + 5[] Ax = b] 3.

5.1 Subgradient method

Now consider minimizing a convex function which is only subdifferentiable
but not differentiable. By Theorem to find a minimizer of a convex
functin f(x), we only need to find a critical point by solving an inclusion
equation:

0¢ af(X*),

which can be approximated by various iterative schemes.
The simplest method is to use the subgradient method:

X1 = Xk — MkVe, Vi € 0f(xx), (5.1)
where 71 > 0 is some step size and vi can be chosen as any subderivative
in the set 0f(xx).

5.1.1 Convergence of subgradient method

Theorem 5.1. For the subgradient method

Vi
X1 = Xk — nkm, some v € Of(xx,)

assume the boundedness of subderivatives ||v| < M,Vk. Define

Xj, = argmin f(xg).
1<i<k

69
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For a proper convex function f(x) with at least one global minimizer X, the
following holds:

1. If § Nk = 400 and § N2 < +oo, then f(Xg) — f(x) — 0 as k — .
k=0 k=0

2. With a step size ng = \/%H fork=0,1,--- ,n, then

_ 1
F5e) = fx.) = O(72).
3. With the Polyak’s step size ny = %
_ 1
Irer =l < e =l f(Re) = Flxe) = O()

If further assuming f(x) is p-strongly convez and closed (or equivalently
lower semicontinuous), then with the step size rule n = ﬁ”ka,

4o F() = F(xe) = O(3) and |lxi — x| = O().
Proof. Step I. By the definition of the subderivative v, we have
Fxi) < F(%0) 4 (K = Xay Vi),
thus for £k =0,1,--- ,n,

Vi
Xi — 771<:H7 -

X

— 2:
ks =12 = o

2
= |lxx — x> — Ukm<xk — Xs, Vi) + 0h

< Ik = el = e (F () — F(x2)) + 12
Vil
2

< e = xull® = 3 (F(Re) = F0x0)) + 7

Summing for k =0,1,--- ,n, we get

2 () — Se) Y e+ Y0
k=0 k=0

1 = x? < llxo — %1 —

Ixo0 — x. ]2 + 3 72
= f(x) — fx) <M -
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71

Step II: To obtain f(xx) — f(x«) as k — oo, we need Y. nx = +o00 and

- 1 = 1 = 1 o
k:zjo 77,% = +00, e.g., N = % gives kzo 7z < +o0 and k;:o % = +oo.
Step III: Plugging in n, = \/% for k=0,1,--- ,n, we have

o — %2+ S 72 xo—x )+ S <L
0 * M. 0 — X« n¥l
k=0 k=0

f(Xe) = f(xe) <M =M

n n C
2 2 2 2 et

_aplxo =% 2+ C?
20vn+1

Step IV: For the Polyak’s step size n, =

F (%) —f(xx)

[IVill ’
2
%11 — Xl |2 < JIxk — X2 — ka(f(xk) — f(x) +7f

| (xk) — f(x) P

v l?

| (xk) — f(xs)[?
M? )

= [lxr — x.” —

< Jlxp — x| —

Summing for £ =0,1,--- ,n, we get

1 n
73 D0 1F6) = Fx)? < o = l? = g — % < 1o — .,
k=0

= (k) — f(x4)

— Xu|-

< M ”
—||X
>~ /7n+1 0

Step V: Now assume f(x) is strongly convex, by Lemma the strong

convexity gives
Fe) 2 F ) (9 (xk), % = 60+ & [ =2l

thus
(07 (xa) 3 = %) < Flo0) = S xa) = e =l

and
2

k1 — %2 = \Xk S,
A

2
= ka - X*HZ - Ukm@% - X*;Vk> + 771%

2
= [|xp — Xu||? = M (VEy Xp — X} + 07
KAl

I

< (1—2mp—
—( vl 2

e 2nkHv1k”nf<xk> ()]
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We get
00 = £x2) < D 2 (= 2 gy o 1L,
21y 2 p 2
_ plk—1) 2 mE+1) 2 1 2
and
pk(k —1) o pk(k+1) 2 2
k - )| < ———— s | e — TR 7N
o= x0)] < PEE e P~ = P
Summing it for k =0,1,--- ,n, we get
- un(n + 1) s M2 I~ k M?* Xk
DR f(x)] < e x| Y e <Y
= 4 7 kzok—i—l 1 kzok—l—l
2 n 2
n(n+1) M= k < M n,

7 UG =Sl = 2 kIR = SOl < Zm D pmg <

which gives f(Xx) — f(xx) < M2 1

n n+1l°
. Fiinally we also have §[|x; — x.[|? < f(Xg) — f(x4), thus [|x; — x,|| <
VT -

5.1.2 Polyak’s step size and Fejér monotonicity

In Theorem [5.1] without the strong convexity, the Polyay’s step size ensures
|xk+r1 — X«|| < [|xk — x«|| for one global minimizer x,, which is called Fejér
monotonicity:

Definition 5.1. A sequence {x;,}72 is called Fejér monotone w.r.t. a set
S if there is one 'y € S such that |xp+1 — y|| < ||xx — y|| for any y.

Let X, be the set of all global minimizers of the convex function in
Theorem then {x;}?°, is Fejér monotone w.r.t. X,, which does not
imply x; — X, since x, € X, may not be unique. On the other hand, we
have (see [3, Theorem 8.17)):

Theorem 5.2. For subgradient method with the Polyay’s step size for a
proper convez function in Theorem[5.1], xi, converges to one global minimizer

of f(x).
5.2 Proximal point method

For solving 0 € 0f(x4), instead of using df(xy), if using the subderivative
at xg11, then the method is called proximal point method:

X1 = Xk — MeVit1, Vi1 € Of (Xpq1). (5.2)
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For readers who are familiar with ordinary differential equations (ODEs),
consider approximating u'(t) = F(u), then the explicit forward Euler method
is

Uk+1 = Uk + AtF(uk),

and implicit backward Fuler method is
Uk+1 = Uk + AtF(Uk+1)

Notice that subgradient method is similar to the forward Euler method
and the proximal point method is similar to the backward Euler method,
if we set F'=—Vf.

For simplicity, consider a constant step size n in . For implementa-
tion, we rewrite it as

Xpi1 + 10f (Xpr1) = Xk © X1 = (I +n0f) " (xk).

By Theorem (I +n0f)~! is equivalent to the following proximal oper-
ator:

Definition 5.2. The prozimal operator of a convex function f(x) with a
parameter v > 0 is defined as the following function:

1
Prox)(x) = aremin f(u) + — |[u — x/||°.
}() = awgmin £ () + 5-fu — x|

The proximal operator Prox'} (x) is a well defined for the following;:

: . RN 1 2
1. For a convex function f : R" — R, f(u) + 5 [ju — x[|* is a strongly
convex function, so it has a unique minimizer.

2. For a proper closed convex function f: R" — R U {+o0}, f(u) +
%Hu —x||? is a proper closed strongly convex function, so it has a
unique minimizer (Theorem [4.13)).

In general the function Prox}(x) does not have an explicit formula. But
for special functions, explicit formulae are available:
r—r, x>1,
1. For f(z) = |z|, Prox}(:v) =qx+7y x<-1,
0, x € [-1,1].

T =, Tp> 17
2. For f(x) = [|x[l1, Proxj(x) =v, vi=qazi+7, z;<-1,
0, x; € [—1,1].

3. For an indicator function (4.5) of a convex closed set 5, Prox} (x) is
the Euclidean projection of x to S.

Problem 5.1. Derive the explicit proximal formulae in the examples above.
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5.2.1 The Moreau-Yosida regularization
By Theorem we have

Definition 5.3. The Moreau-Yosida regularization (a.k.a. Moreau enve-
lope) of a function f(x) is

Fofo0) = minl () + - fa = x

which is well defined if f : R" — R U {400} is a closed (or equivalently
lower semicontinuous) proper convex function.

Recall that the proximal operator is given as

1
Prox)(x) = i + —ju— x|,
rox f(x) arggun[f(u) 2,nllu x||7]

which is an operator thus different from the function f,(x).
Theorem 5.3. For a closed (or equivalently lower semicontinuous) proper
convex function f(x), its Moreau-Yosida regularization (a.k.a. Moreau en-
velope) satisfies

1. fy(x) is convex and differentiable.

2. Vfp(x)= %[X — Prox? (x)], Prox? (x) =x =V fy(x).

3. V fy(x) is Lipschitz-continuous with L = %

Remark 5.1. It can be proven that f is strongly convex if and only f, is
strongly convez, see [10].

Problem 5.2. Prove that f,(x) is convez.
Proof. See [3, Theorem 6.60] for the differentiability. We give a brief proof

of 2 and 3. Let u = Prox? (x) and v = Proxq} (y). Since u is the minimizer
to g(z) = f(z) + %Hz — x|, we have

9(v) > g(w) + {0, v — u) + ;nrv —ul?

1 1 1
= f(v) + %HV—X\F = fw)+ 5 lu —x|* + v ul?
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thus
1 2
fy) =f(v) + %IIV =4l
1 1
R e e L
1 1 (v—x,x—-y) 1 9
>f(u) + o-flu = x| + v —uf? + " x —y
U 2n 2n

X—u

1 2
Y =X+ gl =yl

— 1
V,y—x>+%uu—vu2

1 _ 2
—fw) + gl =l + Ly -+ |

X—y u-—v

n n

Step I: by throwing away the last quadratic term, we obtain

7y—X>

thus % = V f,(x) due to the differentiability of f,.
Step II: the inequality above gives

2

n n

fo(y) = fn(x) +

X—u 77Hx—y u—v

7y_X>+§

By switching x and y, we also have

y—vVv

fn(x) = fn(y) + ¢

Adding them, we get

X—u y-v 2
n n

(VIn(x) = VI(y),x = y) =0l Vfi(x) = V)17

With Cauchy-Schwartz inequality (V f,(x) — Vf(y),x —y) < [|[Vfy(x) —
Vfa(y)Il|x — y|, we get the Lipschitz continuity. O

X—u y-—V
Ui Ui

{

i

,X—y>Z?7H

5.2.2 The first convergence proof of the proximal point method

Assume x, minimized a closed convex function f(x), the Moreau-Yosida
regularized function f,(x) has the same minimizer x,:
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where the equal sign attains if u = x = x,.
Due to the Prox?(x) = x — nV fy(x), the proximal point method for
minimizing f(x) is simply the gradient descent method minimizing f;,(x):

Xkt1 = Prox?(xk) =xy, — NV fp(xk).

Recall that Vf, is Lipschitz continuous with Lipschitz constant L = L

thus the O(4) convergence rate theorem for gradient descent (Theorem [2.3)
immediately applies to the proximal point method, which is however in the
form of f(xx) — fy(x:) = O(3).

If assuming strong convexity of f(x), the linear convergence rate theorem
(Theorem for gradient descent gives a convergence rate for small enough
step size.

In Section we will prove a better result

1
14+ 2nu

k
I~ xl? < (g e x>0

5.3 The proximal gradient method

Now we consider the composite optimization problem
min f(x) + g(x),

where f is a closed (or equivalently lower semicontinous) proper convex
function, and g is a differentiable convex function with Lipschitz continuous
gradient.

Now we consider the following proximal gradient method by using the
proximal operator of f and the gradient of g:

Xpe1 = (I +ndf) "' xx = nVg(xx)] = Prox[xy — nVg(xz)).

Notice that the discussion in this section applies to both gra-
dient descent method (if f(x) = 0) and the proximal point method

(if g(x) = 0).
5.3.1 Forward-backward splitting

The proximal operator is the simple forward-backward splitting. For in-
stance, consider solving the (or inclusion) equation for two vector valued (or
set-valued) operators A and B:

0=A(x)+ B(x) (or0ec A(x)+ B(x)),
The forward-backward splitting is given as
Xpr1 = (or €) xi + 7[A(xk) + B(xk+1)]-

Examples:
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1. Plug in 7 = —n, A(x) = Jdg(x) = {Vg(x)} and B(x) = 9f(x), then
we obtain the proximal gradient method.

2. In particular, if f(x) is an indicator function of a closed convex set S,
then its proximal operator (I+ndf) 1(x) = Prox?(x) is the Euclidean
projection to S, denoted as Ps(x). In this case, the forward-backward
splitting or the proximal gradient method is also called the projected
gradient method:

X1 = Ps[xi — nVg(xp)],

which is an intuitive method for migl g(x).
PE

3. Consider solving the ODE x/(¢t) = A(x) + B(x), then the implicit-
explicit (IMEX) scheme is precisely the forward-backward splitting:

Xp4+1 = Xi + At[A(Xk) + B(Xk+1>].

For example, for the convection diffusion equation u; = u, + us,x, the
IMEX method is a popular choice for the time discretization:

" =" 4 Atu? 4l

Notice that the gradient descent method for minimizing a function g(x)
is the same as the forward Euler method x1 = x; — AtVg(xy) for approx-
imating ODE x'(t) = —Vg(x). Similarly, the proximal gradient method for
composite optimization is the same as the IMEX method for ODE. Though
such a connection between optimization and ODE solvers is often used to
construct new methods for either optimizaiton or ODE solvers, there is a
significant difference between the gradient descent method and the forward
Euler method: a ODE solver is used to approximate and capture time dy-
namics, yet the gradient descent is to find only the minimizer, which is the
equilibrium solution to the ODE x'(t) = —Vg(x).

5.3.2 Properties of the proximal operator

Theorem 5.4. For a proper closed (or equivalently lower semicontinuous)
convex function f: R"™ — R, then following are equivalent:

1. u= Prox}(x) = (I +~0f)"1(x).
2. x—u€yif(u).

3. %<X —u,y —u) < f(y) — f(u),Vy or equivalently

() > flu) + <i<x Cu)y—u), Vy.

Proof. The equivalence between 1 and 2 is implied by Theorem For 3,
it simply means that %(x —u) is the slope of a subtangent line. O
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5.3.3 Convergence under convexity

Theorem 5.5 (Sufficient Decrease Lemma). Assume f: R" — RU{+o0}
is a closed (or equivalently lower semicontinous) proper convex function,
and g : R™ — R is a differentiable convex function with Vg being Lipschitz
continuous with Lipschitz constant L. Let F = f + g, and X = Prox? [x —
nVg(x)], then

P - P 2 (- ) I -

Remark 5.2. By setting g(x) = 0, we get the unconditional stability of the
prozimal point method xpy1 = (I +ndf)~1(xy) for minimizing f(x):

1, _
f(xk) = f(Xpt1) > HHXk —xp41]l?, V> 0.
Proof. By Theorem we have

X = Proxjlx —1Vg(x)] = ~(x — 1Vg(x) ~ %,x — %) < /(x) = /(%)

= (Vg(x),x — %) < —}7||x — x|+ f(x) - f(%)

_ . 1 _
= F3) = () = {Vg(x), x = %) = Tllx = x|
We get the desired result after combining it with the Descent Lemma (Lemma
on g:
_ _ L _
9(%) < g9(x) + (Vg(x), % = x) + o [x = x|
O

Theorem 5.6 (Prox-Grad Inequality). Assume f : R™ — R U {+o0} is
a closed (or equivalently lower semicontinous) proper convex function, and
g : R" — R is a differentiable convex function with Vg being Lipschitz
continuous with Lipschitz constant L. Let ' = f + g, andy = Prox? [y —

nVg(y)], with step size n < %, then

_ 1 _ 1
F(x) = F(9) 2 () = 9(y) = (Va(y).x =y} + 7 [Ix = yl? - o x vl
In particular, with n = %, we have

Fx) ~ F(5) > 9(x) — g(y) — {Valy).x —y) + 2l 51>~ £ [x — v

Remark 5.3. Let g(x) = 0, then we get the following inequality for the
prozimal operator:

1 1
f(x) = f(Proxi(y)) = 2%~ Prox](y)[* ~ o I% yl?,¥n > 0.
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Remark 5.4. By setting y = x = X3, we get the following property of the
proximal gradient method:

1 1
F(xy) — F(Xg11) > %ka —xp1?, Vn < R

Proof. Define ¢(u) = g(y) + (Vg(y),u —y) + f(u) + 55[lu — y||?, then it is
a proper closed %—strongly convex function. By Theorem and Theorem
¢ has a unique minimizer u, and it satisfies

0€ Vy(y)+0f(uy) + 117(11* -y)

& u = +00f) " (y —1Vg(y)).
which means y = u, is the mimizer to ¢(u).
By Lemma [4.T] we have

6(x) > 6(y) + (06(y).x — y) + ;nux 3P ¥,y € dom(g).

Plugging in y = y (recall y is the minimizer of ¢) and d¢(y) > 0, we
have

b(x) — 6(3) > ;lux—yﬁ

By the Descent Lemma (Lemma , we have

9(¥) < 9(.‘>')+<V9(3>'),.\?—.‘>'>+§Ily—3¥’ll2 < g(y)+<V9(Y),y—Y>+21nIIy—yH2-

_ _ 1 _ _ _ _ _
o(¥y)=9(y) +(Vg(y), ¥y —y) + %Hy —ylI?+f(¥) 2 9(y) + f(¥) = F(y).
Combine the two inequalities above, we have
1
(%) = F(3) 2 5 lIx~ vl
which is the desired result. O

Theorem 5.7. (Fejér monotonicity and O(%) convergence rate.) Assume
f i R" — R U {+o0} is a closed (or equivalently lower semicontinous)
proper convex function, and g : R" — R s a differentiable convex function
with Vg being Lipschitz continuous with Lipschitz constant L. Assume the
existence of global minimizers of F(x) = f(x)+g(x). With step size n < %,
the iterates of the proximal gradient method satisfies

h 41 = x| < [l = x|,V

where X, is any global minimizer to f(x) + g(x). With step size n = %, the
iterates of the proximal gradient method satisfies

L 1
Flxii1) = F() < 5 lxo —xull v
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Proof. Step I: By the Prox-Grad inequality above, we have
_ ]. 12 ]. 2

F(x) = F(y) 2 9(x) —g(y) = (Vg(y),x —y) + %HX —yIT =g, =yl
Convexity gives g(x) — g(y) — (Vg(y),x —y) > 0, thus

F() = F(9) 2 ool = 912 = 5 x — v

y) = T y 2 yi--

Plug in x = X, Yy = Xy = ¥ = Xg+1, then

0> 20[F(x.) = F(xs1)] 2 [xn1 — x| — 1 — ..

Step II: Sum up the inequality above, we have

92 n—1

Y F(x) = Fxirn)] > llxn = %l = llx0 = %]l > —[lx0 — x.]].
k=0

By Theorem (Sufficient Decrease Lemma), we have

_ L _ L
F(x) = F(%) 2 S llx = x| = F(x) = F(xer1) 2 5 llxn = xpall,

thus
n—1

Flx) > Fxisn) = onlFle)~F ()] = 5 0 F (e F(x] > [xo-x.
k=0

O]

The Fejér monotonicity and F(x;) — F(x«) does imply convergence
to some global minimizer, which is not necessarily x.. See [3] for general
statements. For simplicity, we give a proof for a well defined function F =
f + g on the whole space R™:

Theorem 5.8. Assume f: R"™ — R is a convex function, and g : R" —
R is a differentiable convex function with Vg being Lipschitz continuous
with Lipschitz constant L. Assume the existence of global minimizers of
F(x) = f(x) + g(x). With step size n < %, the iterates Xy, of the proximal
gradient method converges to one of the global minimizers as k — oo.

Remark 5.5. By setting g(x) = 0, we get the convergence of the proximal
point method for minimizing f(x).

Proof. The Fejér monotonicity in the previous theorem implies the bounded-
ness of the sequence {x;}72, C R", thus there is a convergent subsequence
Xk; — Y« @8 J — 00.
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By Theorem .3} the convexity implies the continuity of F', thus F'(xy,) —
F(y«).

The convergence rate theorem above also gives F(xg;) — F(x.) for
any global minimizer x,, thus F(y.) = F(x4). So y« is one of the global
minimizers.

So the Fejér monotonicity also applies to y.:

%1 = yull < Ik =y,

which forces xj — ys. O

5.3.4 Convergence under strong convexity

Theorem 5.9. (Linear convergence rate.) Assume f: R" — R U {400}
is a closed (or equivalently lower semicontinous) proper convex function,
and g : R" — R is a p-strongly convex function with Vg being Lipschitz
continuous with Lipschitz constant L. Then F(x) = f(x) 4+ g(x) is a proper
lower semicontinous p-strongly convex function, thus it has a unique global
minimizer X.. With step size n = %, the iterates of the proximal gradient
method satisfies

1 =l < (1= ) o = )

2. Flxy) — F(x.) < 5 (1= 4)"|lxo — x.[%.
Proof. The Prox-Grad inequality gives
F ()~ F (i) 2 06) ~0(005) (V06 ) 360 -3+ s i~ e
Strong convexity gives

9(x.) — g(xk) — (Vg(xp), %0 — x5) + 5 [|x, — x4]|2

2
thus
L L
0> F(x.) = Flxirn) > 5% = x| = (5 = 5)llxe =
So B
s =%l < (1= £)lx = .2
and

Flxisn) — F(x,) < (2

L
5 — D)= %

L
— D=2~ S x| < (5

O
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5.4 The second convergence proof of proximal point
method

We now reconsider the proximal point method for minimizing f(x):
Xp+1 = (I +n0f) H(xx) = Prox’s (x).

By letting g(x) = 0 in theorems for the proximal gradient method, we
can get the following theorem:

Theorem 5.10. (Fejér monotonicity and O(4) convergence rate.) Assume
f:R" — R U {+o0} is a closed (or equivalently lower semicontinous)
proper convex function. Assume the existence of global minimizers of f(x).
For any positive step size n > 0, the iterates of the proximal point method
satisfies
Iper — % < e — %],V
Fxkin) = £(x.) < gollxo =l 5 V.

where X, is any global minimizer to f(x).

Theorem 5.11. (Linear convergence rate under strong convexity.) Assume
f:R" — R U {400} is a closed (or equivalently lower semicontinous)
proper p-strongly convex function, then it has a unique global minimizers
x4. For any positive step size 1 > 0, the iterates of the proximal point
method satisfies

k
1w =) < (Vi) o =% ].

k
2. flog) = fx) < 22 (1 h0) o — %2

Remark 5.6. The proximal point method is unconditionally stable, i.e.,
f(xx) is under control for any step size. With strong convezity, faster rate
is achieved for larger step size 1.

Proof. For the proximal point method, there is some subderivative vi11 €
Of (Xg+1) such that
Xk = Xg+1 + NVl
Xf — Xoe = Xj1 — X + NVE41
Ik = % 1* = %41 = X+ 7Vvepa

By Lemma we have

I = xal|* = lxps1 = %l + 2041 = %, nVR11) + [I7Viga |
> || xpg1 — Xl |2+ 20(Xpt1 — X, V1)
= || Xk+1 — X*HZ + 20(Xk41 — X, Of (Xp+1) — Of (Xp41))

> |1 — %al[* + 2npllxpgs — x|
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thus we obtain

1 k
—x 2> (142 —x |2 =[x — 2<< ) —x. %
Y L e e e T

Let g(x) = 0 in the Prox-Grad Inequality, then we get the following inequal-

ity for the proximal operator:

1 1
f) = F(Xep1) 2 %HX* = xp1ll? — 3y I~ x|, vn > 0.

Thus

1 142 1 k1
Flovein) = £x2) < gl =l < 5 (S5 ) o=l

O

5.5 The fast proximal gradient method

The proximal gradient method can be accelerated by combining with Nes-
terov’s acceleration method in Section The vanilla version of the fast
proximal gradient method can be written as

xpr1 =T +00f) yr — e Valyr)]

trt1 :%(1-}-\/47%-{-1) X0 = Yo,to = 1.

— tp—1 —
Vi1 = Xep1 + F (Ker1 — %)

The sequence t; should satisfy ti — ity < ti_l, for which we can simply use
tp = %:

{ka = (I +10f) yr — mVy(yr)] X0 = Yo,

k—1
Yi+1l = X1 + 1o (Xkt1 — Xk)

5.5.1 Convergence rate under convexity

Theorem 5.12 (O(%) convergence rate). Assume f: R" — R U {-+o0}
is a closed (or equivalently lower semicontinous) proper convex function,
and g : R® — R is a differentiable convexr function with Vg being Lips-
chitz continuous with Lipschitz constant L. Assume the existence of global
minimizers of F(x) = f(x) + g(x). With step size n = 1, the iterates of
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the fast proximal gradient method with ti —tp < t%_l (e.g., ti, = % or

tpa1 = % (1 + /4t + 1)) satisfies

F(xpy1) — F(xy) < 2L||x0 — x4]| vk,

1
ﬁa
where X, is any global minimizer to f(x) + g(x).

Remark 5.7. By letting f(x) = 0, this is the same result as Theorem .

Proof. The Prox-Grad inequality

Fx) — F(§) = g(x) — g(y) — (Va(y),x — y) + ;nnx . 21n||x )

L L
> Zlx = 31? - 5 Ix - vl

Plugging x = ix* +(1—- i)xk and y =y (then y = x;41) into we get

1 1 L 1 1 L 1 1
F (G4 (= 5m0) =Pl 2 5t (= e P Sl xek (1= ey
th th 24, th 214, te

L L
= %+ (te — 1)xp — texps | — =5 1% + (b — 1)xk — teyel*.
212 212

Convexity of F' gives

1 1 1 1
F (X* +(1- )Xk) < —F(x:)+ (1= —)F(xx).
tr tg k tk
Let Ry = F(xy) — F(x4), then
1 1

F (tlkx +(1- tk)m«) —F(xp41) < (1—5)[17 (xk) = F(x) | = [F (Xp41) = F (%)

1
k

Combining two inequalities, we get

1 L L
(1= —=)Rp—Rpi1 > —5 [[xet (te—D)xp—tixpr1 |2 — =5 [ %+ (te— D) xp—teys| .
t 212 212

If we define uy = x4 + (tx—1 — 1)Xp—1 — tg—1Xx, then
1% 4 (tr — D)x — texXpesr [|* = [ugpa |

Next, by plugging in

te — 1
Yit+1 = X1 + tron (Xk+1 — Xk)s
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we get

1% + (te — 1)xp — teyell® = 1%« + (t — 1)xp — texg — (te—1 — 1) (x5 — xp-1) |?

=[x 4+ (to—1 — Dxp—1 — tpaxg]|* = [Jug]|*.

So we get

1 L L
1— )Ry — Rpy1 > — 2 lug?
( 751‘3) k= Rpy1 > Qtillukﬂll QtzHukH

L L
(t; — tr) Ry, — t; Ryp1 > §||111c+1||2 - §||uk||2
L L
(t — te) Ri + §”uk|’2 > i Riy1 + §||uk:+1\|2
L L
tho1 Ry + §Huk|!2 > i Ryy1 + §||uk+1||2-
So with ¢y = 1, we have
L L L
ti Rit1 + §Huk+1|l2 < t5 Ry + §Hulll2 = F(x1) = F(x) + 5 llx = x1|%.
Plugging x = x, and y = yo (then y = x;) into the Prox-Grad inequality
F(x) = F(y) 2 g(x) —g(y) — (Vg(y),x —y) + %HX -ylI° - %HX -yl
L, ., L )
> Zlx — _ lx —
S
so with xg = yg, we get
L L
F(x) = Fx1) 2 5% = xi|* - 5l = yoll?
L L
= Fla) — Flx) + 2 %~ 3l < 2 e — xol

Thus I )
Rirt < 2llx0 — %42
ki1 < 2||X0 X | 2

Finally, the kig rate is obtained from the rate ¢, = O(4). For instance,

%. We can also take

1 k+2
_ 142
tk+1—2(1+ 4tk+1>:>tk2 5

which can be verified by induction.

we can take t =
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5.5.2 Convergence rate under strong convexity

If g(x) is also p-strongly convex, then o = £ denotes its condition number.
See [3, Theorem 10.42] for the convergence rate of a modified fast proximal
gradient method:

Theorem 5.13. Assume f: R"™ — R U{+o0} is a closed (or equivalently
lower semicontinous) proper convex function, and g : R" — R is a p-
strongly convex function with Vg being Lipschitz continuous with Lipschitz
constant L. Then F(x) = f(x) + g(x) is a proper lower semicontinous fi-
strongly convex function, thus it has a unique global minimizer x,. With
step size n = %, the iterates of the following modified fast proximal gradient
method

{Xk“ = (I +09f) yr — e Valyr)] X0 = Vo,

o—1
Yi+1 = Xg41 T %(XWA — X)

satisfies
k
P~ Fx) < (1= /) (Plxa) = Fex) + 5-llxo =[P

5.5.3 Restarted fast proximal gradient method

For f(x) = ||x||1, the proximal gradient method is often called ISTA (it-
erative shrinkage/thresholding algorithm), and the fast proximal gradient
method is called FISTA.

The performace of the fast proximal gradient method can be significantly
improved if using a restarted version (reset ty = 1,yny = xy every N
iterations):

Xpr1 = (L +09f) " lyr — mVa(yw)]
tkr1 = % (1 + \/4ti =+ 1) , if % is an integer, set yr = xg, tr = 1.

— te=1 _
Vi1 = Xpp1 + F (Ker1 — %)

5.6 Comparison and examples

So we can summarize all the global convergence rate results so far in this
chapter as follows (see Section for the linear rate of the proximal point
method):
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Assumptions Convexity | Strong Convexity Step Size
Subgradient Method (’)(ﬁ) (’)(%) Np = 7 or Polyak step size
Proximal Point Method O(3) O(<1+77u) ) vn >0

Proximal Gradient Method O(3) O((1 - %)k) n< i

Fast Proximal Gradient (’)(ki) (9(( \/E )k n< 1

Table 5.1: The convergence rate for F(xj) — F(x,) of different algorithms
minimizing F(x) = f(x) + g(x), where f(x) and g(x) are convex, p is the
strong convexity parameter of g, and L is the Lipschitz constant of Vg.

Assumptions Convexity | Strong Convexity
Gradient Descent with n < L O(3)
Fast Gradient Descent, n =

Gradient Descent with n < ==

o((1- 321"

o((#)”)
o((1-/%))

Gradient Descent with n =

h
NH +‘w +wh\
=

Fast Gradient Descent, n =

Table 5.2: The global convergence rate for f(xy)— f(x) of minimizing f(x),
where f(x) is convex, y is the strong convexity parameter of f, and L is the

2
Lipschitz constant of Vf. Remark: 1 — \/% < (%Z:) if u/L < 0.085.

As a comparison, we also recall the global and local convergence rates
proven for the smooth problems

Finally we take look at how slow/fast these methods can be for mini-
mizing ||x||; + |[Ax — b||?. See Figure We remark that monotone decay
for F'(xj) — F(x4) can be proven for the subgradient method and the prox-
imal gradient method, but for the fast proximal gradient method. We can
observe that indeed F'(xj) — F(X.) is not monotone for the fast proximal
gradient method, but obviously the fast proximal gradient method is much
better.
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Assumptions ‘ Rate
. . _ 20 2 Xkt 1 =Xl _ 2
Gradient Descent with |[xg — .|| < 7 and n = T Hxﬁ*X*H SH -
’ ; _ 2p X1 X 3M
Newton’s method with [|xg — x.|| < 517 e < 2u

Table 5.3: The local convergence rate for minimizing f(x), where f(x) is
not necessarily convex, x, is a local minimizer, p is the strong convexity
parameter of f, and M is the Lipschitz constant of the Hessian V?2f.
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min, ||z, + ||Az — b||?

o Subgradient Method with O(1/v/k)
« ISTA (Proximal Gradient) with O(1/k)
FISTA (Fast Proximal Gradient) with O(1/k?)

0 20 40 60 80 100
Iteration number

(a) Provable rates are the worst case rates, which are usually ob-
served in the beginning.

min, ||z, + || Az — b||?

. Subgra(iient Method with O(l /Vk) ‘
+ ISTA (Proximal Gradient) with O(1/k)

FISTA (Fast Proximal Gradient) with O(1/k?)
£ 100 -
R

\
/:2\ /
) This is the local
& linear rate
107°F .
0 50 100 150 200 250 300

Iteration number

(b) Even if the function has no strong convexity nor smoothness, a
local linear rate may be observed: for large k, the iterates xj stay
on a lower dimensional set, and the function becomes smooth on
this set. Such a set is often called active set.

min, ||z]; + [ Az — b||*

1010

o Subgradient Method with O(1/v/k)

« ISTA (Proximal Gradient) with O(1/k)
FISTA (Fast Proximal Gradient) with O(1/k?)

o restarted FISTA

F(ar) — F(x.)

]

0 100 200 300 400 500 600
Iteration number

(c) For £' problem, restarted FISTA can perform extremely well.

Figure 5.1: A LASSO problem ([#.3]) with A € R*1000 The cost function
F(x) = ||x||1 + ||Ax — b||? is neither smooth nor strongly convex.
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6

Fixed point iteration and
Douglas-Rachford splitting

In this chapter, we consider some more sophisticated splitting algorithms to
solve a more chanllenging ¢!-minimization problem ([4.2)):

min [|x[|1 + ¢4x; ax=b}-

6.1 Nonexpansive operators
Definition 6.1. An operator T : R™ — R" is called
o contractive if |T(x) = T(y)| < |lx—yl, Vx,y.
o nonexpansive if |T'(x) —T(y)|| < |x—yl|, Vx,y.
o firmly nonexpansive if | T(x) —T(y)||? < (T(x)-T(y),x—-y), Vx,y.
With the Cauchy-Schwartz inequality
(T(x) =T(y),x—y) <[T(x) =T)[lx =yl
we can see that a firmly nonexpansive operator must be nonexpansive.

Theorem 6.1. For an operator T : R™ — R”™ and the identity operator
I:R™ — R", the following are equivalent:

1. T is firmly nonexpansive.

2. I =T is firmly nonexpansive.

3. 2T — I is nonexpansive.

4 IT) = T2 + (T = T)x) — (- TYFIP < 1x - v

91
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Proof. For 1 and 2:
IT(x) = T(y)I* < (T(x) = T(y),x ~y)
I —T'(x) = [y = T)I* = [Ix =yII* + | T(x) = T(y)|* = (T(x) = T(y), x ~y)
< x =yl = (T(x) -~ T(y).x—y) = (x - T(x)] - [y - T(y)], x ~ y).
For 1 and 3: let R = 2T — I, then
IR(x) = R(y)|I* = [|12[T'(x) - T(y)] - (x = )|
=4|T(x) = T(y)|I* + Ix = y|* = 4T (%) = T(y), x —y) < []x —y]*
& ITx) - TE)I? < (T(x) - T(y),x~¥)
For 1 and 4: it can be similarly shown. O

Example 6.1. Let T(x) = nVf(x), 0<n< % where V f is Lipschitz
continuous with Lipschitz constant L:

1. T is nonexpansive.
2. By Theorem if f is convez, then T is firmly nonexpansive.

3. If f is convex, the gradient descent operator operator I — T is also
firmly nonexpansive.

6.2 The third convergence rate of proximal point
method

One important example of firmly nonexpansive and contractive operators is
the proximal operator:

Theorem 6.2. For a proper closed convez function f: R"™ — (—o00, +00],
its proximal operator Prox?c is firmly nonexpansive:

I Prox?(x) - Prox? )| < <Prox?(x) - Prox?(y), X —y).
If f is also p-strongly convex, then

(1 + ) | Prox(x) — Prox'}(y) |2 < (Prox'}(x) — Prox(y),x — y).

Remark 6.1. With the Cauchy-Schwartz inequality (T'(x) —T(y),x —y) <
1T (x) — T'(y)|lllx — yl|, the proximal operator is contractive for a strongly
convex f.
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Proof. Let
X—u

u= Prox?(x) = +n0f)" (%) > € 0f(u),

v =Prox}(y) = (I +19f) "} (y) = ¥ - Y eafw).

For a p-strongly convex function (u = 0 for a convex function), by Lemma
[4.1] we have
(0f (1) — 0f(v),u—v) = pullu— v?

thus
X—u y-—

Ui n
(x =y, u=v) > (1+nu)lu—v]|*

Vv
0 — V> > /J,Hll - V||27

{

We now reconsider the proximal point method for minimizing f(x):
X1 = (I +00f) Hxp) = Prox?(xk).

Theorem 6.3. (Linear convergence rate under strong convexity.) Assume
f:R" — R U {400} is a closed (or equivalently lower semicontinous)
proper p-strongly convex function, then it has a unique global minimizers
X4. The iterates of the proximal point method satisfies

k
L = x| < (555) o = x.ll, ¥ >0,

2k
2. f(xi) = F(x:) < 552 () ko = %2 ¥ >0,

Remark 6.2. This is a better rate than the linear rate in Section[5.]] since

1 2
< 14 2nu < 1+ 2nu + n’u’.
(HW> T o N N+ n7p

Proof. By Theorem [6.2] the proximal operator is contractive

I Prox’s(x) — Prox(y)|| < Ix =yl

1+ pn
Notice that we have x, = Prox?(x*). Plugging in x = x; and y = x,, we

k
get [xrin — x| < (1 ) I — x| thus [x =) < (55) IIxo = .-
Let g(x) = 0 in the Prox-Grad Inequality (Theorem , then we get
the following inequality for the proximal operator:

1 1
f) = F(Xep1) 2 %HX* = X1l — 3y I~ x|%, vn > 0.

Thus

1 ; 1+77M< 1 )k-l-l )
— ) < —||xs — < — Xyl
Floseen) = 1x2) < 5ol =l < T2 () o -l

O
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6.3 Fixed point iteration

We now consider iterative schemes in the form x;,1 = T'(x)). There are
many fixed point theorems and we list a few.

Theorem 6.4 (Banach Fixed Point Theorem). Let T' : R™ — R" be a
contractive operator/mapping, then T has a unique fized point T(X.) = X,.

In the Banach Fixed Point Theorem (1922), the Euclidean space R™ can
be replaced by a non-empty complete metric space.

Theorem 6.5 (Brouwer Fixed Point Theorem). Let S™ be the unit ball in
R™ IfT : 8" — S™ is continuous, then T has at least one fized point
T(X4) = Xx.

In the Brouwer Fixed Point Theorem (1911), the unit ball can be re-
placed by a nonempty compact convex set.

Theorem 6.6 (Browder-Gohde-Kirk Fixed Point Theorem). Let X be a
uniformly convexr Banach space. LetY be a non-empty, bounded, closed and
convex subset of X. If T : Y — Y is an nonexpansive operator, then it has
a fixed point.

A few quick examples:

1. If T : R® — R” is nonexpansive, then 7" may not have a fixed point.

cosf —sind)\ (x 0
Counter example, T'(z,y) = < 0 0 ) <y> + <1>

2. If T : 8" — S™ is nonexpansive, then T has at least one fixed point
but x;+1 = T'(x) may not converge. Counter example: T'(x) = —x.

For the counter example above, even though the iterative scheme for the
operator Xi+1 = T'(xx) = —xj, does not converge, the relaxation scheme

Xk+1 = 0x;. + (1 — H)T(Xk)
always converges. Such a fact still holds for a general setup:

Theorem 6.7. Assume T : R™ — R"™ is nonexpansive and T has at least
one fixed point x,. Then the iteration scheme

Xk41 = S@(Xk) = 0xy, + (1 — G)T(Xk)7 0 e (0, 1)
satisfies:
1. xp converges to y., one of fized points of T.

1
1

2o 31— xull* < (5 = Dlixo — w1
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Proof. Step I

41— %2 = 105k — %] + (1= O)[T(xx) — x|
= Ollxr = x* + (1= O)|IT(xx) — x.l|* = (1 = O)||T'(x) — x|
< Ollxk — xl* + (1= )l — %1 = 01 = O)|T (1) — x|

0
=l = %el12 = 15 S0 k) — %

I

1? Sum it up, we get

Step II: we first get ||xpr1 — Xu||” < ||x — X

n

1-46
(n+ Dl =%l < 3 ng1 =30 < == {10 =3l = 1 =),
k=0

where the first inequality is implied by

xh 1 = xill? < Ol — x| + (1= O T(xx) = T(xp-1)|| < [k = xp1-

Step III: ||xp11 — X«||? < ||xp — X4||? implies that {x;} is a bounded
sequence thus it has a convergent subsequence xi;, — yu. || Xpi1 — x| <
%H(é —1)|Ixo — x4]|? implies

k1 = x5l[* = 0 = [[Sp(xx) — xkl| = 0 = (1 = O)||T(xx) —xx/| = 0

thus || T'(xg;) — x| — 0.
Since [|[T(x) —x — [T(y) — yll| < 2|[}x —yl|, T — I is continuous, thus
IT(y«) — y«|| = 0, which implies y, is a fixed point.
Finally, ||xp11 — X«||? < ||xx — X4]|? for any fixed point x, forces the
whole sequence converging to y..
O

6.4 Douglas-Rachford splitting
Now we consider a composite optimization problem

min (x) + g(x),
where both f(x) and g(x) are convex but not differentiable. We assume
that the proximal operators for f(x) and g(x) are available. Consider the
basis pursuit problem (4.2)) as an example:

H%cin ||XH1 + L{X:Ax:b}v

we have f(x) = [x|l1 and g(x) = t{x.ax=p}- Assume AR™*" with m < n
has linearly independent rows so that AAT is invertiable.
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For the ¢! function, its proximal operator is called Shrinkage operator:

T, —, ;> 1,
Prox'}(x) =V, Vvi=Sz+7y x;<-—1,
0, T; € [—1, 1].

For the indicator function, the proximal operator is the Euclidean pro-
jection:

Prox](x) = x + AT(AAT) (b - Ax),

where AT(AAT)~! is also called pseudoinverse of A, see Appendix

So for the problem , we have proximal operators for f and g, but
not for f 4 g. The divide and concur approach is to do a splitting by using
Prox; and Prox,. And the most robust splitting method is called Douglas-
Rachford splitting introduced by Lions and Mercier in 1979:

1. The same splitting was used for solving the heat equation by Peaceman
and Rachford in 1955 and Douglas and Rachford in 1956. Such an ap-
proach is under the name alternating-direction implicit (ADI) methods
for solving PDEs. It is for solving equations like 0 = Ax + Bx

2. Lions and Mercier in 1979 extended it for solving inclusion equations
like 0 € Of(x) + Dg(x).

3. It is exactly equivalent to the very popular ADMM (Alternating Direc-
tion Method of Multipliers) method and some special version of split
Bregman method, which are widely used for problems in nonlinear
mechanics and image processing.

Definition 6.2. For minimizing f(x)+g(x), the simplest Douglas-Rachford
splitting is given as

]I+R}Rg

5 (yr), Vn>0,

Yk+1 =

where 1 is the identity operator, R? = 2Prox? —T and R = 2Prox] —T

The sequence y; does NOT converge to x, and the variable y is only an
auxiliary variable. Instead, x; = Prox/(yx) will converge to x.. So a more
explicit expression of the simplest Douglas-Rachford splitting is

_ I+R7Ry _ B 4 Prox"(2x, —
Douglas—Rachford . Ye+1 = 9 (Yk) =Yk Xk I‘OXf( Xk Yk)
X, = Prox(yx)

The Douglas-Rachford splitting is robust in the sense that the convergence
is true for any convex functions f and g with any step size n > 0:
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Theorem 6.8. If f : R — (—o0,+00] and g : R — (—o00, +00] are proper
closed convex functions, assume f(x)+g(x) has at least one minimizer, then
the general Douglas-Rachford splitting converges to a fixed point y:

Vi1 = [01+ (1= 0)RIRY|(yx), 6 € (0,1),
and xj, = Proxg(yk) converges to Xy, one of the minimizers of f(x) + g(y)
with
Lo lyksr = vl S Mlyk —yell- But [|xp41 — Xu|| < |lxk — x.|| is not true.

2.
1.1
it =6l < ke vl < 75— Dllyo — y.
Remark 6.3. If we take 8 = 0, we get the Peaceman-Rachford splitting:
Yit1 = R}IRY(yr)

Peaceman-Rachford : ,
Xk = Prox](y&)

which however does not converge unless at least one of the two functions is
strongly convex. For example, if f and g are indicator functions of two lines
passing the origin in R?, then the double reflection iteration will diverge.

Proof. Step I: existence of minimizers implies that 7' = 1 + (1 — 0) R? Ry
has fixed points:

T(ys) =y«

< RIRJ(y«) =y«

& 2Prox Ry (y«) — Ry(y«) =y«
& Prox? R)(y«) = Prox)(y.) (z=Prox}(y.))

& Prox?(Qz —ys) =2z ((I+n09)z=y.)
& z=(1+n0f)"'[22z — (I +1dg)z]
< 0€0f(z)+ dg(z).

Step II: by Theorem[6.2] Prox is firmly nonexpansive, thus R = 2 Prox —I
is nonexpansive (Theorem . SoT =01+ (1-0) R;Z R is also nonexpan-
sive since it is a convex combinatin of I and R? Ry

Step III: by Theorem yr converges to one fixed point y,. Thus

x = Prox](yx) converges to one minimizer x., due to the fact we have
shown in Step I:

T(y.) =y« 0€0f(z) +dg(z), z=Prox)(y.).

Theorem [6.7] also implies

—_

vk — yl” < —Dllyo — v«

G

=
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6.5 Examples and comparison

Sometimes the general or relaxed Douglas-Rachford splitting is also written
in the form of

U
I+R}R]
2

See Figure for a numerical example.

Vi1 = [(1=MT+ A Iye), A€(0,2). (6.1)

6.6 Convergence under strong convexity

Lemma 6.1. If f: R" — (—o0, +00| is a proper closed p-strongly convex
function, its proximal and reflection operators satisfy

IR} (%) = R}(y)I|* + 4pn]| Prox’}(x) — Prox}(y)|* < [lx — y|I*.

Remark 6.4. With only convexity u = 0, the reflection is only nonexpansive
I R}x) - RIy)I? < [x -y
Proof. By Theorem we have
IR} (x) = R}(y)[I* = |2 Prox}(x) — x — (2 Prox}(y) —y)|*
=4pn| Prox’}(x) — Prox}(y)||* + [lx — y[I* — 4(Prox’}(x) — Prox}(y),x — y)
< — 4| R}(x) = RI)I° + |x -yl
= R}(x) = R}(y)[|* + 4pn|| Prox}(x) — Proxj(y)[* < x — y|*.
O

Theorem 6.9 (Convergence of Peaceman-Rachford under strong convex-
ity.). If f : R® — (—o00,400] is a proper closed convex function and
g : R" — (—00,4+00] is a proper closed p-strongly convex function, then
f(x) + g(x) has a unique minimizer x.. The iteration

=R"TR"
Yk+1 FRo(yk) V>0
Xk = Prox](y«)
converges and
1 1
i — x| < ———lyo — v~
oin [l — " < n+14wllyo yll

Remark 6.5. Notice that we can switch f and g in the Peaceman-Rachford
splitting

z =R7R'}(z
Xk = Prox(zy)
and the same results apply, because it is the same iteration as above if we

set zg = yo-
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min, ||z, + ||Az — b||?

102E
Q:;w;
e e—
_10% \’\,._\ 3
\g:%: M:’\.
= ’ '\'V\‘\A,\,\_
| 1072} 4
=
&
& 10744 ° Subgradient Method with O(1/v/k) ]
+ ISTA (Proximal Gradient) with O(1/k)
FISTA (Fast Proximal Gradient) with O(1/k?)
+ Douglas-Rachford n=0.1, A =1
10 -6 ! ! ! I

0 50 100 150 200 250 300
Iteration number

(a) Douglas-Rachford splitting converges for any step size n > 0 but
proximal operator for g(x) = ||Ax — b||* requires (I +n2ATA)~!.

min, ||z(|; + || Az — b||?

s T,

1| © Subgradient Method with 0(1/Vk)
+ ISTA (Proximal Gradient) with O(1/k)
FISTA (Fast Proximal Gradient) with O(1/k?)
+ Douglas-Rachford =0.1, A = 2 (reduces to Peaceman-Rachford)

0 50 100 150 200 250 300
Iteration number

10

(b) If A = 2 in (6.1), then it does not converge. For this example
A € R0 thys no strong convexity for g(x).

min, ||z]; + [ Az — b||*

102

3 ok
S oo I

1074 | » Subgradient Method with O(1/Vk)

+ ISTA (Proximal Gradient) with O(1/k)
FISTA (Fast Proximal Gradient) with O(1/k?)

+ Douglas-Rachford n=0.03, A = 1.5

0 50 100 150 200 250 300
Iteration number

ot

1078

(c) If tuning parameters, Douglas-Rachford splitting can be faster
than FISTA or restarted FISTA for certain accuracy threshold.

Figure 6.1: A LASSO problem (#.3)) with A € R4*1000 The cost function
F(x) = ||x||1 + [|[Ax — b||? is neither smooth nor strongly convex.
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Proof.

IRF R (yx) — R} RY(ys)[I* + 4pan|| Prox( (yy,) — Prox)(y.)|*
<[IRJ(yk) = Ry (yo)|I” + dpnl| Prox] (i) — Proxg ()|
<llyx — s,

thus

I I

[yes1 — ¥l + 4pmllx, — x| < lyk — v+

n
> Apmlxr — % < llyo — yoll® = lyn1 — v+l < llyo — vl
k=0

O]

Lemma 6.2. If f: R" — (—o00,+00) is a p-strongly convex function and
V f is Lipschitz continuous, its reflection operator is a contraction:

IR0~ RY0)IE < (1= sy ) Ix = vl

Proof.

1T+ 0V f1(x) — [T+ 7V fl(y)l>
=[x = yI* +7?[IVf(x) = VIX)I* + 2n(x =y, Vf(x) = V()
<x —yl* +7*L*|x —y[I* + 2n]x — yl[IVf(x) = Vf(y)]
<(1+7n*L* +2nL)|x — y|?

thus
1
| Prox}(u) — Prox}(v)[* > WHX -yl
Plug it into Lemma 6.1}, we get the desired result. O

Theorem 6.10. (Linear rate of general Douglas-Rachford splitting.) As-
sume f: R"™ — (—o00,400] is a proper closed convex function, g : R" —
(—00,4+00) is a convex function and Vg is Lipschitz continuous with Lips-
chitz constant L. Then the general Douglas-Rachford

=01+ (1—-6)R"TRY

xp = Prox)(yx)
satisfies

Lolyker =yl < llyw = vell- But [[xp11 = %a| < [[x = x| és not true.
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1+1 = x| < Mlyr =yl < [0+ (1= O)e lyo -y,

where

4un S 1—-nL

c=4/1— .
(1+nL)? — 1+4nL

Remark 6.6. The best provable rate w.r.t. 6 would be § =1 (Peaceman-
Rachford). On the other hand, such a provable rate is usually much slower
than the actual convergence rate, thus the fastest parameter may not be 6 = 1
in practice.

Proof. 1. Lemma [6.2| implies || R} (x) — R} (y)|| < ¢[[x — y[|.
2. R? is nonexpansive, so

IRJRI() — RYRIW)] < el — vl

3. Let T'= 01+ (1 — ) R} Ry, then
IT(x) =TI <0+ (1=0)lx -yl

thus
%k = %l < lye =yl < [0+ (1 = 0)]"lyo — yall-

6.7 Maximal monotone operators

We summarize the main results in this chapter by considering set valued
operators:

1. An operator T is a set-valued mapping or multi-valued function on R"
if T(x) C R", and its domain is defined as

dom(T) = {x e R": T'(x) # 0}.
2. An operator T is called monotone if
(I'x)—T(y),x—y), Vx,y € dom(T).
3. The graph of an operator is defined as
Graph(T) = {(x,y) e R" x R" : y € T(x)}.

4. A monotone operator T is called maxzimal monotone if there is no
other monotone operator S such that Graph(T) is a proper subset of
Graph(S).
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5. The inverse operator is defined as T71(x) = {y : x € T(y)}.
6. The resolvent of an operator T is defined as Jp = (I +T)7L.

7. The reflection of an operator T is defined as Ry = 2Jp — 1 = 2(1 +
T)~' — 1.

8. If T is nonexpansive, then (1—0)T146T is called 6-averaged operator for
0 € (0,1). By Theorem the fixed point iteration of any 6-averaged
operator always converges.

Lemma 6.3. If A is maximal monotone, Ry is a nonexpansive (single-
valued) operator with dom(Ra) = R™ , and Ju is a (1/2)-averaged with
dom(Jy) =R"

Examples:
1. If f(x) is a proper convex function, then Jf is a monotone operator.

2. If f(x) is a proper closed convex function, then Jf is a maximal mono-
tone operator, thus Prox? is (1/2)-averaged and R? is nonexpansive.

3. If f(x) and g(x) are proper closed convex functions, then

I+ R}Rg

R?RZ is nonexpansive < is firmly nonexpansive

(1—60)I+6R}RY

RT}RZ is nonexpansive = converges for any 6 € (0,1),n > 0.

2
We list the algorithms as follows:
I+R} Ry

Yirr = [(1 =T+ X——](yr), A€ (0,2)
General Douglas-Rachford : =y — AX; + )\Prox’}(ka —vi)

Xy, = Prox(y&)

_ T+R7Ry _ B n B

Douglas—Rachford . Yi+1 = 2 (Yk) =YL — X+ PrOXf(QXk Yk:)
Xk = Prox(yx)

Yit1 = RIR)(yx)

Peaceman-Rachford :
Xk = Prox](yx)
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6.8 Davis-Yin splitting
For a composite problem of two functions ming f(x) + g(x), the Douglas-

Rachfording splitting is given as

Yit1 =Yk — X + Prox}(2x) — yy)
xp = Prox](yk)

To extend it to three functions
min £(x) + g(x) + h(x),

the Davis-Yin splitting [5] is given as

X1 = Prox](z)

2
Xpr1 = Prox?(?xk_% -z — th(xk+%)) ,
Zikt1 = Zk T Xp+1 — Xjppl

which can be proven convergent for convex functions f, g, h with Vh being
Lipschitz continuous with Lipschitz L, and n < %

Remark 6.7. When h(x) =
Rachford splitting. When g(x
forward-backward splitting.

0, Dawvis-Yin splitting reduces to Douglas-
) = 0, Davis-Yin splitting reduces to the

Remark 6.8. The Davis-Yin splitting is equivalent to a 3-block ADMM
method (for a dual problem), which however is slightly different from the
popular version of 3-block ADMM method.
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7

Fenchel duality and primal
dual methods

7.1 Convex conjugate

The convex conjugate is also called Legendre Transform, Fenchel Transform
and Fenchel dual:

Definition 7.1. For an extended function f : R — [—o0,400|, its convex
conjugate is defined as

(%)= max(x,y) — f(y).

Theorem 7.1. For any proper function f : R — (—o0,+o0], f*(x) is a
closed convex function on its domain dom(f*) = {x: f*(x) < +oo} even if
f(x) is not convex.

Theorem 7.2. For any proper convez function f : R — (—o0, +00], f*(x)
s a proper closed convex function.

Example 7.1. By solving the critical point equation, we can find that

1. For f(x) =¢€*,
zlogx —x, x>0
ff(x)=10, x=0.
400, z <0

2. For f(z) =ax + b,

«/ v J=b, x=a
d (x)_{—i-oo, r#a

Theorem 7.3. The convexr conjugate satisfies:

105
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» For anyf:]R—> (—OO,—i-OO], f(x)+f*(Y) > <Xay>v vx,y.
o Forany f: R — [—o0, 40|, f(x) > f™(x), Vx.
o For any proper closed convex function f, f(x) = f**(x), Vx.

Example 7.2. If f(x) = ||x]|| for some norm, then the convexr conjugate is
the indicator function of the dual norm unit ball

—|—OO, ||XH* >1 '

1. For the vector 2-norm ||x||2, ||x||« = ||x]|2.

2. For the vector 1-norm ||x||1, [|X]|+« = [|X]lcc = max; |z;|.
3. For the vector co-norm ||X||ec, ||X|[« = |Ix||1 = >, |24l
4. For the vector p-norm ||x||p, ||x||« = ||x]lq, where

Ixlp = || |p; !
X|lp = T , —+-=1
P P q

7.1.1 Fenchel Duality Theorem

Theorem 7.4. Let f and g be two proper conver functions. Assume the
intersection of relative interior of dom(f) and relative interior of dom(g) is
not empty, then

min[f(x) + g(x)] = —min[f*(y) + " (=y)]

Theorem 7.5. For a proper closed convex function f, the following are
equivalent:

L fx)+(y) = xy)
2.y €0f(x).
3. x€0f*(y).

Therefore, for two proper closed convex functions, we have the following
primal dual relation:

y = arg;nin ffly) - (x"y) ex ecdf(y)

X" = argmin(x, y*) + g(x) & —y* € dg(x").
X
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7.1.2 Strong convexity and smoothness

Theorem 7.6 (Conjugate Correspondence.). Strong convezity is equiv-
alent to smoothness of the conjugate function:

1. If f is proper closed p-strongly convex, then V f* is Lipschitz contin-
wous with L = i

2. If f : R® — R has Lipschitz continuous gradient, then f* is u-
1

strongly conver with p = 1.
Example 7.3. Consider the problem miny f(x)+g(x), where f(x) = ||x||1+
iHXHQ,g(X) = Ux:ax=b}(X). Then the strong convezity of f implies V f*
1s Lipschitz-continuous with L = «. For finding V f*, there is no need to
evaluate f*:

x=Vf*(y) &y € 0f(x) =l + x & x = (T+ad] - 1) ay)

7.1.3 Moreau-Decomposition

Theorem 7.7 (Moreau-Decomposition). For any proper closed convex func-
tion f: R — (—o0,+0o0], for any x and n > 0,

1

Prox't(x) +1 Prox?* (%) =x.

Thus by Moreau-Decomposition, we have Prox s« whenver we have Prox .

Example 7.4. Now consider solving the basis pursuit problem . It
is proven in [18] that the minimizer for large enough o minimizes
. So assume we use a large enough o, we consider written in the

following form

. 1
min [fxc1 4 e ax=py (%) + 5[]

Let f(x) = [[x|l1 and g(x) = t{x:ax=p}(X) + 5=|1x||?, then we have both
proximal operators. Among all methods introduced so far, we can use only
Douglas-Rachford splitting to solve it. But if we consider the Fenchel’s dual
formulation:

min[f(x) + g(x)] = —min[f*(y) + ¢" (=)},

then for solving miny[f*(y) + g*(—y)], we may use Fast Prozimal Gradient
method since Vg* is Lipschitz continuous due to the strong convezity of g(x).
On the other hand, this may not be a good choice since the Lipschtiz constant
s exactly a.
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7.2 How many different Douglas-Rachford split-
tings?

Now consider solving

min[f(x) + g(x)] = —min[f*(y) + 9" (-y)),

with f(x) = [x[l1 and g(x) = t{x.ax=p} (X). To apply the Douglas-Rachford
splitting, it seems that there are at least four choices to do fixed point
iteration yx 1 = T(yx):

LT = 5[T+ Ry Ry
2. T = 5[I+ Ry Ry
3. T = [T+ Rype(y) Rge (_y)]-
4 T = 3[T+ Ry () Ry y).

For the first two choices, for the Peaceman-Rachford splitting, it can be
easily proven that they are the same if using special intial guess:

Theorem 7.8. The sequence produced by

{Zk+1 = Ry R} (z)
xp = R}(zx)

is the same as the sequence produced by

Remark 7.1. For general Douglas-Rachford splitting, though the same re-
sult cannot be shown, in practice the difference in numerical performance
between two different versions caused by switching f and g is marginal and
minimal.

Now the question is, does it make a difference if using Douglas-Rachford
splitting on the Fenchel’s dual problem? It turns out that they is still no
difference.

For solving miny[F'(x) + G(x)], with step size n > 0, it can be written
as

I+RLRL

General Douglas-Rachford : v = [(1-A)I+A 5

1(vi), A€ (0,2).
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For the primal problem ming[f(x) + g(x)], we take G(x) = f(x) and
F(x) = g(x), then

I+R?R"
Vigr = [(1= NI+ A—2](vg), A€ (0,2)

DR on (P): = Vi, — AXp + A Prox}(2x;, — vi) . (71
X = Prox?(vk)

For the dual problem miny[f*(y) + ¢*(—y)], we take F(y) = ¢*(—y) and

G(y) = f*(y), then
Prox}. = — Proxg* )

Using step size 7 > 0, we have

I+R7 Ry,

uppr = [(1 =T+ A—=%](ug), A€ (0,2)
DR on (D) : = ug — Ay — A Proxg. (2yy — ug) . (7.2
N = Prox}. (uy)

Theorem 7.9. The general Douglas-Rachford splitting on the primal prob-
lem (7.1)) is exactly the same as general Douglas-Rachford splitting on the

dual problem (7.2)) if n = % In particular, u = %, Xp — Xy and Yy — Yx.

Problem 7.1. Prove the two theorems in this section. If using (7.2), how
to recover the physcial variable x from its iterate ug or yi ¢

7.3 Primal Dual Hybrid Gradient (PDHG) method

For a given composite problem in Theorem we have the following three
equivalent formulation:

Primal Problem (P) : mxin[f(x) + g(x)]
Dual Problem (D) : — m}jn[f*(y) + 9" (—y)]
Primal Dual (PD) rmin m}z}x[(x,y) — f(y) + 9(x)]
Primal Dual relation :x, € 0f"(y«), ¥y« € —0g¢"(X4).
In (PD), the cost function is
L(x,y) = (x,y) = [*(y) + 9(),

and for finding the saddle point miny maxy L(x,y), a simple method is to
use implicit gradient descent/ascent:
Xk+1 — Xk OL(Xp41,Yk)
=— = —yr — 0g(x
n Ox Yk 9(Xk+1)
Yit1 — Yk _ OL(Xk41,Yk+1)
7 dy

=Xpt1 — O (Y1)
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which gives the Arrow-Hurwitz method (1958):

Xp1 = Proxg[xi — nyx]

, n>0,7>0.
Yet+1 = Proxflyr + mxp41]

Arrow-Hurwitz : {

For the Arrow-Hurwitz method to converge, the step sizes must be small
enough. A better method is the Primal Dual Hybrid Gradient (PDHG)
method introduced around 2010:

— Prox”[x; —
PDHG : {X’““ roxy Xy — 1] L >0,7 >0, < 1.

Yit1 = Proxjulyy + 7(2x541 — X))

Theorem 7.10. The PDHG method with T = % is equivalent to the Douglas-

Rachford splitting %. Thus the PDHG method with T = % converges
for any n >0 if f and g are two convex functions satisying assumptions in
the Fenchel’s duality Theorem.

Proof. Define vy, = x;, — nyg, then the PDHG method above with 7 = %

becomes

— Prox”!
{Xk+1 roxg[vk] Cnso.

Viekl = Vi — Xpp1 + Proxf[(2xp41 — vi)]

7.4 A simple version of ADMM

The Alternating Direction Method of Multipliers (ADMM) introduced in
1970s is a widely use propular method. We first consider its simplest version.
For solving miny f(x) + g(x), we rewrite it as

min f(w) + ¢(z), w=z.
For such a constrained minimization, the Lagrangian is defined as
L(szvy) = f(X) +g(Z) - <y7W - Z>a

where y is the Lagrangian multiplier. For finding a saddle point to the
Lagrangian, the Augmented Lagrangian is given as

-
L(w, ) = f() + g(a) — {y,w —2) + lw ]
The ADMM method with step sizes 7 > 0 and o > 0 is given as
Zky1 = argmin L(wy, z, k)
z

W1 = argmin L(W, Zg11, Yi)
w

oL
Yi+1 =Yk + 0@(Wk+17 Zit+1,Yk)
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which is equivalent to
. T 2
k1 = argmin g(z) — (v, we —2) + |wi — 7
z
. T
(ADMM) :  wyyq = argmin f(w) — (yr, W — 2p11) + §Hw — zk+1\|2
W
Vil =Yk + 0(Wri1 — Zgy1)

Theorem 7.11. The ADMM method with 0 = T = n is equivalent to the
n n

Douglas-Rachford splitting % on the dual problem with F' = g*(—y)

and G = f*(y). Thus the ADMM method converges for any two convex

functions if using step size 0 =1 > 0.

e I+R7 RY
Proof. For the DR splitting vi1 = LG (vy), yr = Proxg(vy), define

2
Vet1ZYk — 7,1 and Y=Yk — wy.. then it can be verified. d
n + n ’

Problem 7.2. Finish the proof above.
Problem 7.3. Start with the general DR splitting on the dual problem
m n
Vel = [(1 =M+ )\%(vkﬂ, yi = Proxg(vy) to derive a general
ADMM method with a relazation parameter A € (0, 2).
7.5 Split Bregman method
The Bregman distance for a convex function f is defined as
Dy(x,y) = f(x) = f(y) = (0f(y),x —y)-

The Bregman distance was used for the original Bregman iteration for
minimization. The split Bregman method by Goldstein and Osher in 2009
is also a very popular method. For simplicity, we first consider it for solving

min f(w) + g(z), w=z.
Consider an unconstrained problem
in f(w) + g(z) + 3w — 2]
min f(w) +g(z) + 5w — 2|,

for which the Bregman iteration is given as

: T 2
Zi4+1 = argmin g(z) + §||Wk —z— uy
z
(Split Bregman) :  wyg,1 = argmin f(w) + g”W —zppq — ug?
W

Uyl = Ui + (Wil — Zg41)
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Plug in u = %y, then it can be written as

. T
21 = axgmin g(z) — (yi. Wi — ) + & [wy — 2]
z
. . T
(Split Bregman) :  wygy1 = argmin f(w) — (yr, W — 2p11) + §||W — zk+1||2
W
Vit1 =Yk + T(Wit1 — Zp41)

So this version of split Bregman method is equivalent to ADMM with
o = T, thus also equivalent to the DR spliting on the dual.

7.6 Equivalence of popular algorithms
Now consider popular algorithms for solving
Primal Problem (P) : m}in[f(X) + g(x)]
Dual Problem (D) : — myln[f*(y) + 9" (—y)]

Primal Dual (PD) :m}in m}z,zx[(x, y) — A (y) + 9(x)],

the following are exactly equivalent:
1. PDHG on (PD) with step size choice 7 = %
2. Simple Douglas-Rachford splitting on (P) with step size n > 0.
3. ADMM on (D) with step size 7 = o = 1.
4. Split Bregman on (D) with parameter 7 = 7.
5. Simple Douglas-Rachford splitting on (D) with step size % > 0.

6. ADMM on (P) with step size 7 =0 =

=

7. Split Bregman on (P) with parameter 7 = %
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Splitting methods for TV
norm minimization and
similar problems

In this chapter, we consider solving a problem in the form
min f(Kx) + g(x),

where K is a matrix or a linear transformation, and we have the proximal
operator for f(y) but not for F(x) = f(Kx). One example is the ROF
model for TV-norm denoising in Section We may consider the TV-

norm denoising for a one-dimensional signal as an example:
. o )
min | D]y + 5 x — ), (s.1)

where d € R" is a given 1D noisy signal and D is the finite difference matrix
for approximating first order derivatives:

-1 1

8.1 Lagrangian and the dual problem

For a linear operator K, let K* denote its adjoint operator. For a real matrix
D, its adjoint D* is simply the transpose matrix D”. We also consider a
more general problem in the following form

min f(x) +9(y), Ax+By=0C,

113
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where A and B are matrices. Notice that x and y may not have the same
size. For example, for ming[f(Kx) + g(x)], we can rewrite it as

minff(v) + g(x)], v Kx =0,
For a constrained problem, the Lagrangian is given as
L(x,y,z) = f(x) + g(y) + (2, Ax + By — C).

Under some technical assumptions (see [12), 14]) for the matrices A and
B and convex functions f and g for ensuring regularity and total duality,
we have

min max[f(x) + g(y) + (2, Ax + By — C)]
= max{min[f(x) + (z, Ax) +min[g(y) + (2, By)] + (2, ~C)}
= max{— max[(x, ~A"z) — f(x)] - max[(y, ~B"z) —g(y)] + (2, -C)}
=max[—f*(~A"z) - g*(~B"2) + (2, ~C)]
= —min[f*(~A"2) + ¢"(=B"2) + (2,C)],
which implies the following problems are equivalent:
Primal Problem (P):  min[f(Kx) + g(x)]
Dual Problem (D) : — min[f*(y) + g*(~K"y)]
Primal Dual (PD) : min max[(Kx,y) — f*(y) + g(~K"x)].

8.2 The dual proximal gradient method

For the example (8.1)), we have f(x) = ||x[|; and g(x) = ||x — d||?, and
their conjugate functions are computable:

2

1 d
*(y) = ofy : <1 *(y) = — 2_ 2
) =dy: Iyllo <1}, g*(y) za”}’-i-adH 5

So we have
Primal Problem (P) :mxin | Dx||x + %HX —d|?,
Dual Problem (D) : — minl*(y) + o]} D7y — ad* — ]
ual Problem : — min — —ad|]* — —].
y Y 2¢ Y 2a
For the primal problem (P), we can apply the subgradient method which
is however as slow as not converging in practice. We cannot use the prox-
imal gradient method for (P) since the proximal operator to ||Dx]|; is not
available. But it is quite straightforward to use the (fast) proximal gradient
method on (D), which is also called the dual proximal gradient method.
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8.3 The PDHG method

For the Lagrangian L(x,y) = (y, Kx) — f*(y) + g(x), to find the saddle
point miny maxy L(x,y), the Arrow-Hurwitz method (1958) is to use im-
plicit gradient descent/ascent:

X — X 8_[/ X y *
k+1 k - _ ( k+1 Yk;) =—-K"yr — 3g(xk+1)
n ox
— OL(Xp41, *
}’k+1n Yk _ ( kg; Yk+1) = Kxpq1 — Of " (Yi+1)

which gives :

= Prox” —nK*
Arrow-Hurwitz : {XHI roxz [ = Ky )
Yit1 = Proxpfyr + 7KXp 1]

The convergence of the Arrow-Hurwitz method can be proven if g is strongly
convex, and the step sizes must be small enough. A better method is the
Primal Dual Hybrid Gradient (PDHG) method:

X1 = Prox)[xy, — nK*yy]

, n>0,7>0,mm<

1
PDHG : { T

Yi+1 = Proxpyr + 7K(2xg 41 — Xi)]

Theorem 8.1. (O(3) convergence rate.) Let X, = %Zle x;, the PDHG
method with ™y < W for convex functions f and g satisfies

- . 1
L(%,y) = L6 78) < 2 [l = %ol + [y = yol*]

Recall that the PDHG method is equivalent to Douglas-Rachford split-
ting solving the primal problem, if K = I. For a general linear operator K,
this equivalence is no longer true. However, the PDHG method for a general
linear operator K is still equivalent to Douglas-Rachford splitting solving a
different problem [9]:

min f(Ku+Cv) + g(u) + ty—o,

where
1
C=(n"I-KK")2, ~|K|<1.

8.4 The accelerated PDHG method

The accelerated PDHG method introduced by Chambolle and Pock around
2010 is a very popular and easy-to-implement method. The PDHG can be
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equivalently written as

Yir1 = Proxf.fyy + TKxy]
PDHG : Xpp1 = Proxp[xg — nK*yg1]]

Xk = Xpy1 +O0(Xpp1 —xx), 0=1

The accelerated PDHG method by Chambolle and Pock is for a u-strongly
convex function g:

1 o
ToNo < &> Xp = Xp,

Yi+1 = Proxj. [vr + TKXg]

fast PDHG : X1 = Prox][x; — nK*yji1]]
Ok = \/ﬁ7 M1 = Ok, Thr1 = ;*:
Xp = Xpp1 + O (Xpp1 — X)

Theorem 8.2. (O({:) convergence rate.) Let X = %Ele x;, the fast

PDHG method with 1 < s for a convex function f and a strongly convex

) . K12
function g satisfies

. . i 1 1
0 < sup L(%Xg,y)— inf L(x,¥x) < sup sup —[=[x—xol*+ =y —yol*.
yEB> x€B1 YEB2 yEB> k2"t o

where (B, Ba) is a closed bounded set containing a saddle point. If there is
only one saddle point, then (Xg,¥ir) — (Xs, Ys)-

8.5 ADMM

For a more general problem
min f(x) +9(y), Ax+By=C,

recall that the Lagrangian is given as
L(x,y,z) = f(x) 4+ g(y) + (z, Ax + By — C).

The augmented Lagrangian with a parameter o > 0 is given as
Ls(x,y,2) = f(x)+9(y) + (z,Ax+ By — C) + %HAX + By — C|°.
The ADMM method with step sizes 7 > 0 and o > 0 is given as

Xk+1 = argmin Lo(X, Yk, 2k)

y

0Ly
Zit1 = 2 + TE(XIH-L Vi+1, Zk)
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which is equivalent to
. g 2
Xj41 = argmin f(x) + (z, Ax + By, — C) + §||AX + By, — C||
X
. o
(ADMM) :  ygy1 = argming(y) + (zx, Axpr1 + By — C) + 5 [[Axp41 + By — C|?
y
Zpi1 = 2 + T(AXg 1 + Bygr — C).
From the Lagrangian, we can derive the dual problem:

(P): minf(x)+g(y), Ax+By=C
(D):  —min[f*(~A"2) + g*(~B"2) + (2.C)],

Theorem 8.3. Assume some technical conditions for matrices A, B and
convex functions f, g so that (P) < (D) and F(z) = f*(—A”z) and G(z) =
g*(=BTz) + (z,C) are well defined, then the ADMM method with o = 7 =17
1s equivalent to the Douglas-Rachford splitting % on the dual problem.
Thus the ADMM method converges for any two convex functions if using
step size 0 =71 > 0.

Problem 8.1. Start from the general Douglas-Rachford splitting (1 — AT+

n RN
)\% to derive a general ADMM method with an additional relaxation

parameter X € (0,2). What assumptions do we need so that the limiting
Peaceman-Rachford splitting for A = 2 will converge?

8.6 Implementation of TV norm minimization

The TV norm minimization for image denoising has been proposed since
early 1990s [13, [15].

8.6.1 Continuum ROF image denoising model

The discussion of a continuum setup only serves as an intuitional guide
for us to derive the discrete analog later. Consider a rectangular domain
Q = [0,1] x [0,1], and a function u(z,y) € H'(f), which represents an
image with infinite resolution. Then its total variation is defined as

Jullry = [[ [Vuldady,

where Vu = (ug, uy) and [Vu| = /|uz|? + |uy|2. With L?*norm as

Jullze =/ /[ JuPdady,
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for a given a(z,y), the ROF (Rudin, Osher, and Fatemi, 1992) model [13]
is to minimize (over w in a proper function space)

1
lullry + Al all3

where A is a fixed parameter.

Figure 8.1: Periodic or zero bounary conditions are suitable for MRI images,
but not for a generic image.

The function space that the minimizer should belong to, is a subspace of
H'(Q) with suitable boundary conditions. For instance, periodic or homo-
geneous Dirichlet boundary conditions make sense for MRI images, but not
for a generic image. For convenience, for a generic image, we just consider
homogeneous Neumann boundary conditions, which will naturally emerge
in the discrete setup as will be seen in the following subsections. See Figure

B.Il
To this end, we define

H={uc H(Q): Vu-n|spg = 0},

where n is the unit normal vector of the boundary 0f2.
The gradient operator V is a linear mappping, and we use an abstract
name for it K = V:

K=V:H—V=(L*2),L*N)
u— Vu = (Ug, Uy)

To understand the adjoint operator of K = V, we need the H (div)-space:
H(div) = {a = (¢, ¢%) € (13(Q), I¥Q) : V- (¢, ¢?) € L*(@Q)} C V.
Remark 8.1. Elements in H(div) are not necessarily in H'(Q)). For in-

stance, let f(x) = {1’ = 8, then q(x,y) = (0, f(x)) is in H(div) but
fla) ¢ HY(Q).

)
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The divergence operator V- is a linear mapping from H (div) to L*(Q).
If we assume suitable boundary conditions for smooth q so that boundary
terms in the integration-by-parts vanish, then K* = —V. is the adjoint
operator of K = V since

(Ku,q) : // Vu-qdzdy = // uV-qdzdy = (u, —V-q),Vq € (C}(Q),C3(Q)).

8.6.2 Discrete ROF model

Consider an image of size n x n, corresponding to domain [0,1] x [0, 1]
and a uniform grid z;,y; = (j —1)h, j = 1,--- ,n with h = nil. Notice
that an image does not have any necessary association of a domain of size
[0,1] x [0,1], and this assumption of domain [0, 1] x [0, 1] should not affect
the final implementation.

Recall that D is the finite difference matrix approximating first order

derivative, then we have

Now for a bivariate function u(z,y), let U be a 2D array with U(j,i) =
u(x4,y;), then

1 1
U%u:EUDT%ux, EDU%uy.

Remark 8.2. We may also choose the notation U(i,j) = u(zi,y;), then
+DU ~ u.

For function u(z,y) and a(z,y), we have

||ul|rv ~ Zzh2\/\uz($i,yj)|2 + [y (24, y5)|?
(]

lu—allfs = D2 W2 lulwi y;) — ali, y;)I*.
i

Introduce U, := %UDT and U, := %DU. Let A be a 2D array with
A(j,1) = a(x;, y;), then the discrete ROF model is

i, 375 (102G + U007 + WU G) = AT )

UeRan
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1
= mi hy/[UDT](4,4)% + [DU](j,1)? h2—)\U','—A','2).
Un%nzz( VIUDTIG, 02 + [DUIG, i) + W AU G, 6) — AG )
Notice that its minimizer does not depend on the choice of h if A = %
for some constant C'. An image has no physical grid spacing anyway, so h
should be arbitrary, for which we should take A = % In practice, C' = 10

usually produces a reasonable result. See Figure [8:2] and Figure [8.3]

(a) Noisy Image (b) C=4

Figure 8.2: ROF solutions using isotropic TV-norm with different A\ = %

8.6.3 Primal, dual and primal-dual forms

Using all notation above, the discrete ROF model can be written as

Lmin f(KU) +g(U), (3.22)

where K = Vj, : R"*" — R2("*") ig 4 linear mapping

K({U)=V,U =-(UDT,DU), (8.2b)

==
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(a) Noisy Image

(c)C=38 (d) C =12

Figure 8.3: ROF solutions using isotropic TV-norm with different A = %

and

F(P,Q) =Y h3\P2i.j) + Qi g),  g(U) =AY W|U(i,5) — ali. )2
i,J i,J
(8.2¢)
It is straightforward to verify that the adjoint operator of K is given by
o B v ]R2(n><n) —y R

(P.Q) — +(PD+D7Q)

The convex minimization (8.2a)) is called primal form. To solve ({8.2al),
equivalently we can solve its dual form

— min f*(P)+ ¢ (—K"P). (8.3)
PE]RQ(nxn)
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Both (8.2a)) and (8.3)) are also equivalent to the primal-dual form:

i KUP)— f*(P U), 8.4
Uéanl’Ilanpgflg(l?fm)< ) — f*(P)+9(U) (8.4)

Recall that the minimizer U* to and the minimizer P* to are
related via the optimality condition in the primal-dual form in the previous
chapter. To recover the physical image U from P, we need the relation
obtained from the Legendre transform of g(U):

0 € K*P + dg(U),

which gives

1
0=K"P+ MU~ A4)=U=A4-KP

8.6.4 ADMM on the primal problem

Both alternating direction method of multipliers (ADMM) (Glowenski and
Marrocco 75) and Douglas-Rachford splitting (Lions and Mercier 79) are
popular and successful splitting convex minimization algorithms, and we
have seen that they are equivalent in the following sense:

ADMM on primal < Douglas-Rachford on dual,

ADMM on dual < Douglas-Rachford on primal.

By plugging in the linear constraint Ax+By = C as P—KU = 0, ADMM
with 7 = o applied on f(P) + ¢g(U) in the primal form (8.2a) becomes

: o
Pit1 = argming f(P) + (Qx, P — KU) + 5 [[P — KU|1?
: o
(ADMM) :  Upyq = argmingg(U) + (Qg, Pr+1 — KU) + §I\Pk+1 - KU|?

Qi1 = Qi+ 0(Pry1 — KUp41).

For f(P) where P = (P, (), its proximal operator for (V) = (U,V) is
defined as

1
Prox(V) = argmin f(P,Q) + 5P - v

= avgmin 322y PG4 + Q(0.1) + 3 hA(1PG.6) = UG0) P +1QG.5) = V(5.0)P)
4,J

= argmin 37 W[/ P(i, ) + @30.) + 21”(113(@',;') — UG )P +1Q6:5) = V(i )]
v
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Example 8.1. Consider f(x,y) = /a2 + y2, its subdifferential can be com-
puted as

Vf:( = ) Y ) ) ‘$|+‘y’>0
f (z,y) = Vaty? /a2 ty? ,
{q—f,f],[—é?“fb .zl + 1yl =0

With the subdifferential, we can compute the conjugate function as an indi-
cator of the unit ball:

f* (l‘, y) = L{(:c7y)::c2+y2§1}(xa y)

Problem 8.2. Derive the formula for Prox? (V) using Moreau’s formula
1
Prox? () +n Proxfén (zn) = z.
To implement the second line in ADMM, by ignoring constants, we con-
sider _
U1 = argmingg(U) = (Qe, KU) + 5 [KU = Prya |

Notice that g(U) is a simple quadratic function, thus the minimizer is ob-
tained by finding critical point, for which we need to take derivative of
IKU — Ppyq || wort. U:

d
@(ICU — P11, KU — Ppyy) = K2(2K*KU — 2K*Pjyq).

So the second line can be equivalently written as
)\<Uk+1 — A) — /C*Qk + T’C*’CUk+1 — T/C*Pk+1 =0

which is
M+ 7K°K) U1 = - A+ K*Qp + TK Py

Notice that K* = —Ay is precisely the discrete Laplacian with purely
Neumann boundary conditions, and AI — 7Ay can be inverted efficiently in
a simple way, see Appendix

8.6.5 Douglas-Rachford splitting on the dual problem

Using notation in this section, for the TV-norm denoising problem of a 2D
image B € R™ ", the primal problem is equivalently written as

A
i KU 2IU - BJ?
Uénﬂ;gn\\ 1+ hH 1%,

where ||-||r is the Frobenius norm for a matrix |[U—B||p = \/Z” \U(4,5) — a(i, 7)]?
and the 1-norm for a pair of matrices V = (P, Q) is

F(V) = [(P,Q)ll = Y. /P(i.0)* + QUi 5)*.

.3
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The convex conjugate of F(V) is

F*(V) =) upiig2+Qig)<ty-
g

Up to a constant shift, the dual problem can be written as
h A
—min F*(V) + —||[K*V — ZB|%..
min F*(V) + S| KV = S B3
Problem 8.3. Derive the dual problem.

The proximal operator of F'* can be easily computed as the projection
to the unit ball for each entry (i, j).
Now consider the proximal operator of the function

h A
* _ * - B 2
G (V) = oIV = 2Bl
which is written as
Prox. (W) = argmin —= [ K"V — 2 B|% + ||V — W[
X v = — - = —V = .
G & an RoNET o) F

Let V = argmin, then the critical point equation gives

h A 1

= *V—ZB)+ Z(V — =

)\IC(ICV ; )+n(v W) =0
1 1

= (-I+ ﬁIC/C*)V — KB+ -W.
noA n

We need to solve V in an equation in the form
KK*V + 3V =F

where § = %h and F = n LB+ W is some known vector field. At first glance,
this corresponds to an equation

V(-V-p)+8P=f,

which involves the mixed second order derivatives, which is a harder equation
to solve than the Poisson equation.

However, we can just solve Poisson equation to solve this seemingly
difficult equation:

1. Let U = —Vj -V = K*V, then taking negative divergence for both
sides, we get —Vj, - (V,U) 4+ U = =V}, - F, thus we solve one Poisson
equation to get U.
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2. The kernal of K£* is orthogonal to the range of K (column space of a
matrix K is orthogonal to the left null space of K'), thus

R2™) = Ker(K*) & R(K),

which implies a very useful fact (corresponding to Helmholtz decom-
position for suitable vector fields):

V=V,2W+G, V, G=0.

3. Finally, we need to solve Poisson one more time:

V- V=U= -V, - (ViW+G)=U=-A,W=U.

4. To recover G, plug V = VW + G back into the original equation, we
get G =F — gV, W — V,U.

Putting everything together, we get

V=F+(1-8)V,W—V,U
VW = Vi(=Ap) N (=Ap + 1) Y=V, - F)
ViU = Vi(=Ap + BT) =V, - F),

where (—Aj, +B1)~! can be computed similarly for computing (—A) ™!, see

Appendix

Remark 8.3. It is not a surprise that the seemingly more difficult equation
V(=V-p)+0p = fccm actually be solved by two Poisson equations (—Ap) ™!
and (—Ap+ BI) 7L, since the Douglas-Rachford splitting on the dual problem
is equivalent to ADMM on the primal problem, which involves a Poisson
equation (—Ap, + BI)~ L.

Remark 8.4. Despite the mathematical equivalence between Douglas-Rachford
splitting on the dual problem and ADMM on the primal problem, in terms
of computational cost, ADMM on the primal problem is better, since only
one Poisson equation (—Ayp + BI) ™! needs to be computed in each iteration.

8.7 Comparisons and concluding remarks

So for the TV norm minimization problem in this chapter, we have consid-
ered three algorithms:

1. The (fast) proximal gradient method on the dual problem (D).

2. The (fast) PDHG method by Chambolle and Pock.
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3. The ADMM method on (P) (Douglas-Rachford splitting on (D)).

In terms of implementation, the first two methods do not involve inverting
big matrices, e.g., solving a Poisson equation, which is however needed in
ADMM. On the other hand, ADMM may converge faster than the first two
methods in terms of iteration numbers, though each iteration of ADMM
is more expensive. Moreover, in practice, one may use an inaccurate ap-
proximation to the solution of the Poisson equation in ADMM and its per-
formance is often quite satisfying. For instance, for solving the Poisson
equation, a few iterations of conjugate gradient method can be used as a
(very inaccurate) approximation. See [19] for examples and justifications.
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Appendix A

Linear algebra

A.1 Eigenvalues and Courant-Fischer-Weyl min-
max principle
Notations and quick facts:
o AT denote the transpose. A* denote the conjugate transpose of A.

e A matrix A € C"" is called Hermitian if A* = A. Any Hermitian
matrix A has real eigenvalues A\ > Ay > --- > )\, with a complete set
of orthonormal eigenvectors.

o Any real symmetric matrix has real eigenvalues A\;y > Ao > --- > )\,
with a complete set of real orthonormal eigenvectors.

For a Hermitian matrix A, Rayleigh-Ritz quotient is defined as

*A
Ra(z) = ==X zeq™
T
Let {v; € C": j =1,--- ,n} be orthonormal eigenvectors of A then they

n
form a basis. Thus any vector x can be expressed as x = ) a;jvj. Let V be

7=1
a matrix with columns as v; and a be a column vector with entries a;. Then

n
z=Vaand z*z = a*V*Va = a*a = . |a;|>. Let A be a diagonal matrix

7j=1

n
with diagonal entries A\;. We have Av; = A\jv; thus Az = > ajAv; =
j=1

> ajAjvj = VAa. Thus 2* Az = a*V*VAa = a*Aa = Y A\jla;|?. So we get
j=1 j=1

n n n
MY lag? <o Njlag? < A eyl
j=1 j=1 j=1
which is the min-max principle.

133
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Theorem A.1 (Courant-Fischer-Weyl min-max principle). Let A\ and A,
be the largest and the smallest eigenvalues of a Hermitian matriz A, then
for any vector x € C™,

x*Ax

x*x

Ap <

< A1

Next, we consider a positive definite matrix A, i.e., the eigenvalues are
positive:
AM>A > 2> 0, > 0.

Then A is invertible and A~! has the same eigenvectors v; with eigenvalues
AL
Theorem A.2 (Kantorovich inequality). Let A € C™*" be a positive defi-

nite matriz, then

[l AAiAn

> "
AN @ A 1D = gt el

Proof. With similar discussions as before, we get

" 2
2
.
] B L—l' i ]

1
j=1 j=1 B

Il
—

J

laz|?
n

> lag)?

j=1

where b; = . We can rewrite it as

Izt e)
(x*Ax)(z*A~1z) (b))’

where ¢(b) = ——L— and ¥(b) = . b;/A;.
Z )\jbj j=1

Consider the convex function g(\) = 1, then ¢(b) = g(\.) with a specific
point A\, = > \;b;.
j=1

Consider a line segment connecting (A1, )\%) and (A, %) in the same
plane where the graph of g(\) lies. Then this line segment intersects with
the vertical line A = A, at some point (A, /\—Cl + %) where ¢+ d = 1 and
c,d > 0.

Notice that all the b; form a set of convex combination coefficients, thus
the value of ¥(b) can be regarded as a convex combination of points (A, %)
for all j, which is a point in the same plane. In particular, this point is on
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the vertical line A = A, and lower than the intersection point (A,
and higher than (A, )\—1*) due to the convexity of the function g(\)

So we have
o) 1/A
— c d "
) T £+ L
Notice that A\* can also be written as \* = ¢A\y + d\,. Since ¢ =1 — d and
d=1-—c, we get

c d cAp+dyi (I—=d)A+ 1 —c)A1 A1+ A — A

SVRLED WS V5 W A, = 0
Hhos s(b) 1/ 1/A 1/
> N * > min @ —F——.
O e s v R O D v oy

The minimum value is achieved at A = (A1 + A,)/2. Plug it in, the proof is
concluded. O

A.2 Singular values

For a matrix A € C™*", let A* denote the conjugate transpose of A. Then
A*A and AA* are both positive semi-definite (or definite) Hermitian matri-
ces thus have real non-negative eigenvalues, denoted as A\;(A*A) and \;(AA™)
ordering by magnitudes.

The matrix A has [ = min{m, n} singular values, defined as

0i(A4) = \JNi(A*A) = (A4,

The singular values are defined for any matrix A and are always real non-
negative. Eigenvalues are defined for square matrices and are not necessarily
real.

A.3 Singular value decomposition

Theorem A.3. Let | < min{m,n}. Any matric A € C"™*" of rank k has a
decomposition A = UXV* (singular value decomposition (SVD) where
U of size m X1 and V of size n X | have orthonormal columns and ¥ of
size I x | is diagonal matriz with singular values of A. It also has a compact
decomposition A = U;X1 V) (compact SVD) where where U of size m X k
andV of size nxk have orthonormal columns and X1 of size kx k is diagonal
matriz with nonzero singular values of A.

Proof. Assume n < m, we consider the matrix A*A (if n > m, similar
procedure for AA*). The matrix A*A is positive semi-definite Hermitian
thus has non-negative real eigenvalues with a complete set of orthonormal
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eigenvectors. And A*A has the same rank as A (why? good excercise to

figure it out), thus A*A has k nonzero eigenvalues. Let D be a k x k diagonal

matrix with all nonzero eigenvalues of A*A as diagonal entries, and V be a
n X n matrix with orthonormal eigenvectors as columns. Then

D 0

V*A*AV = :

Let V' = [V} V3] corresponding to nonzero and zero eigenvalues, then
V'l i« D0
lVf] AA V| = lo 0] .
By multiplying matrices in the left hand side above, we get
Vi A*AVy = D, VyA*AV, =0.

Recall V' = [V} V5] has orthonormal columns thus VV* = I, which implies
ViVY + Vs = L.

Next, since V5 consists of eigenvectors to zero eigenvalue of A*A, we
get A*AVy = 0 thus V5A*AV, = 0. So we must have AVy = 0 because it
contradicts with V5" A* AV, = 0 otherwise.

Let Uy = AV, D3 where D3 is defined as taking square root for diagonal
entries of D. Then

U\D2Vy = AWV = A(I — VaVif) = A — (AVL)Vy = A.

The decomposition A = UlD%Vf‘ is exactly the compact SVD. Pick any U,
of size n x (n — k) such that U = [U; Uy| is a unitary matrix and define ¥

of size n X n as
5_|D? o)
0O O

then A = UXV is the full SVD. O
From the proof above, we get the following facts:
e The columns of V' (right-singular vectors) are eigenvectors of A*A.
o The columns of U (left-singular vectors) are eigenvectors of AAx.
o A real matrix A has real singular vectors.

e Let u; and v; be i-th columns of U and V corresponding i-th singular
value 0;(A), then

Av; = oy, A*u; = ojv;.
KA Ty T Y
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e The rank of A is also the number of nonzero singular values of A.

e The compact SVD of A looks like this:

A= &m

g1
¥ =

with

Ok

It is a convention to order o; in decreasing order: o1 > 02 > - -+ > 0.

o For a Hermitian (or real symmetric) positive semi-definite (PSD) ma-
trix A and its SVD A = UXV* we must have U = V, thus its SVD
A = UXU* is also its eigenvalue decomposition. Therefore, singular
values are also eigenvalues for PSD matrices.

A.4 Pseudoinverse

Let the compact SVD of A € C™*™ be

A= Elm

01
Y1 = , o; > 0.

with

Ok
The pseudoinverse AT € C"*™ is defined as At = V; XU}, Special cases:

1. A has linearly independent columns, then AT = (4*A)~'A* and ATA =
I, xn. In this case, AT is also called left inverse of A.

2. A has linearly independent rows, then AT = A*(AA*)~! and AAT =
I,,xm- In this case, AT is also called right inverse of A.

A.5 Vector norms

T
Fora::{xl To - xn} :

n
o 2-norm: ||z|| = |3
\/i=1

n
o I-norm: ||z|; = Zl|93|3
J:

o 00-norm: ||z||e = max; |xl;.
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A.6 Matrix norms

For a rank k matrix A = (a;;) of size mxn, assume its SVD is A = UXV with
T
nonzero singular values o1 > 09 > --- > 0. Let o = [01 oy -+ Ok

There are many norms of matrices. The following are a few important ones:

« lAz]
et 2]
matrices) and ||A| is equal to the largest singular value of A. By
Courant-Fischer-Weyl min-max principle Theorem

o Spectral norm: ||A|| is defined as [|A|| = ma, (x € R™ for real

[Az|| _ [[lAz]* _ *A*Aw
] (el

By taking x = v, the eigenvector of A*A corresponding to A\ (A*A),
we get [|Al| = /A1(A*A) = 0;.

o Frobenius norm: |A||rp = /tr(A*A > 3 laij|?. We have || Al p =

i=1j5=1

—

|lo|| because
|Allp = \/tr(V=ESUAUSY) = \/tr(V*£2V) = \tr(VV*52) /Z o2,

where we have used the property of trace function tr(ABC) = tr(CAB)
for three matrices A, B, C of proper sizes.

o Nuclear norm: ||A|lx = o1 + 02 + -+ 0. Then the nuclear norm of A
is simply ||o]|1.

. A . :
e Matriz 1-norm: || Al = max H”;ml (x € R for real matrices). Since
zelCn

Az is a linear combination of columns of A, therefore ||Az||; for ||z]|; =
1 is less than or equal to a convex combination of 1-norm of columns

m
of A thus [|Al|; = max Y |asjl.
ii=1

[| Az [|oo

Tl (x € R™ for real matrices). It

o Matriz co-norm: ||A|le = m%;%

is easy to show ||Alcc = max Z |agj].
i o5=1

Useful facts:

o For a matrix norm ||A]| induced by vector norms such as spectral
norm, 1 — norm and oo-norm, by definition we have

Azl < LA - [l
Since [[ABz|| < [[Alll - | Bz[ll < [[All - | BI[ - ]I, we also have
ABIF < [[AIl - [I1B1l-
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o For a matrix norm ||A]|| defined through singular values such as spec-
tral norm, Frobenius norm and nuclear norm, it is invariant after uni-
tary transformation: let 7' and S be unitary matrices, then [|Al| =
IITAS||. Notice that TAS = (TU)X(V*S) is the SVD of T'AS, so
T AS has the same singular values as A.

A.7 Normal matrices

A matrix A is normal if A*A = AA*. The following are equivalent:
o« A*A=AA*.
. ai(4) = ()]

e A is diagonalizable by unitary matrix: A = UAU* where A is diago-
nal. (Obviously, A = UAU* is also its eigenvalue decomposition. In
other words, A has a complete set of orthonormal eigenvectors (but
eigenvalues could be negative, could be complex). If A has negative
or complex diagonal entries, then A = UAU™* is not SVD and its SVD
has the form A = U|A|V* where |A] is a diagonal matrix with diagonal
entries |A;|. )

The equivalency can be easily established by SVD. All Hermitian matrices
including PSD matrices are normal. Here is one non-Hermitian normal
matrix example: a matrix A is skew-Hermitian if A* = —A. Skew-Hermitian
matrices are normal and always have purely imaginary eigenvalues.
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Appendix B

Discrete Laplacian

B.1 Finite difference approximations

For a smooth function u(z), define the following finite difference operators
approximating u'(z) at the point z:

o Forward Difference:  Dyu(Z) = M

o Backward Difference: D_u(z) = W
o Centered Difference:  Dou(z) = W
By Taylor expansion, the truncation errors of these operators are

Dyu(®) = o'(F) + O(h), Dou(F) = ' (7) + O(h2).

Define Dyu(z) = “(Cﬂh/m;u(i*hm, then a classial second order finite
difference approximation to v”(z) at 7 is given by (denoted by D?):
u(z+ h) —2u(z) +u(z —h)
2

D?u(z) = Dy D_u(&) = DyDou(z) = =u"(2)+O(h?).

The Poisson’s equations are

e 1D: v (x) = f(x)

o 2D: Au(z,y) = gy + Uyy = f(,7).
o 3D: Au(z,y,2) = f(z,y, 2).

B.2 1D BVP: Dirichlet b.c.

Consider solving the 1D Poisson’s equation with homogeneous Dirichlet
boundary conditions:

{ —u'(z) = fx), @ e(0,1), (B.1)
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Discretize the domain [0, 1] by a uniform grid with spacing h = %H and
n interior nodes: z; = jh, j =1,2,--- ,n. See Figure Let u(z) denote
the true solution and f; = f(x;). For convenience, define two ghost points
zo = 0 and zp41 = 1. Let u; be the value of the numerical solution at x;.
Since two end values are given as u(0) = 0,u(1) = 0, only the interior point
values u;(j = 1,--- ,n) are unknowns. After approximating ngTZ? by D?, we
get a finite difference scheme

—Uj_ 2Ui — U
—DQ’U,]: J 1+h2] i+l :f]> J=L2--n (B2)
° o 0 O-------- O-------- o 0O
0 T T2 T3 xj = jh Tn—1 Tn

Figure B.1: An illustration of the discretized domain.

Define
2 -1
u1 fi -1 2 -1
U2 Ja 1 -1 2 -1
Uy, = , F= e K= 72
Un fn -1 2 —1

With the boundary values ug = 0 and u,11 = 0 from the boundary condi-
tion, we can rewrite the finite difference scheme in the matrix vector form:

KU, = F.

B.2.1 Eigenvalues of K

In general it is difficult to find exact eigenvalues of a large matrix. For
the K matrix, if U is an eigenvector, then KU = AU approximates the
eigenfunction problem:

—u" = Au, u(0) = u(1) = 0. (B.3)

This is standard knowledge in an ordinary differential equation course to
find such eigenfunctions as sin(mmx) with eigenvalues \,, = m?r? for m =
1,2,---. So we expect that the eigenvectors of K would look like sin(mmz)
for small h. With the following trigonometric formulas,

sin(mnzji1) = sin(mm(xj+h)) = sin(mnz;) cos(mmh)+cos(mnx;) sin(mnh),

sin(mnzj_1) = sin(mm(x;—h)) = sin(mnz;) cos(mnh)—cos(mnx;) sin(mnh),
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thus,

—sin(mnrx;j_1) + 2sin(mnx;) — sin(mnzji1) = (2 — 2 cos(mmh)) sin(mnx;).

Notice the facts that sin(mmxg) = 0 and sin(mnx,+1) = 0, we also have
2sin(mmzy) — sin(mnrzg) = (2 — 2 cos(mmh)) sin(mmzy),

—sin(mmx,—1) + 2sin(mnrx,) = (2 — 2cos(mmh)) sin(mmz,,).

Let x = [x1, 22, -+ ,2,]T, then the eigenvectors of K are v,, = sin(mnx):
1
K sin(mnx) = ﬁ@ — 2cos(mmh))sin(mrx), m=1,2--- n,

with eigenvalues
1 1
Am = ﬁ[Z — 2cos(mmh)] = 4? sinQ(mgh).
Since all eigenvalues are positive, K is a positive definite matrix, thus
singular values are also eigenvalues. We have
1 T n 1
<

|K|| =01 = m£x4sin2(mgh) — 4? Sin2(§n+ 1) <4,

and .
. .9 U 4t
min 4 sin (mgh) = 4h2

Thus we have
1L 2T < K < 21
h? 2 -

for any n where h = %H

Define the eigenvector matrix as S = [sin(7x) sin(27rx) --- sin(nrx)]
and consider the diagonal matrix A with diagonal entries H#Sg(mﬂh),

1,---,n. Then K = SAS™!, and K~! = SA=1S~!. Therefore we get

thI <K'lc< LI
4~ 4sin®(Zh)"

We can check that 4}712 sin?(Zh) is a decreasing function of h, and 4% sin?(Zh) —
7% as h — 0 L’Hospital’s rule.
Thus we also have

1 1
RAI<K'< oo
4 - < w2’

and K| < %

B.3 Efficient inversion of discrete Laplacian

See Section 2.8 in MA/CS 615 notes.


https://www.math.purdue.edu/%7Ezhan1966/teaching/615/MA615_notes.pdf
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Appendix C

Basic Theorems in Analysis

The following results are standard in many real analysis books, e.g. [7].

C.1 Completeness of Real Numbers
Theorem C.1 (Completeness Theorem for Sequences). If a sequence of real
numbers {a,} C R is monotone and bounded, then it converges.

Theorem C.2 (Completeness Theorem for Sets). If a set of real numbers
S C R is bounded, then its supremum and infimum exist.

C.2 Compactness
Definition C.1. A subset S in R" is called compact if any sequence {a,} C
S has a convergent subsequence {ay,} with limit point in S.

Theorem C.3 (Heine—Borel). A subset S in R"™ is compact if and only if
it is closed and bounded.

Theorem C.4 (Bolzano-Weierstrass). Any bounded sequence in R™ has a
convergent subsequence.

Using Theorems above and proof by contradiction, we can show

Theorem C.5. A continuous function f(x) attains its maximum and min-
imum on a compact set in R™.

C.3 Cauchy Sequence

Definition C.2. A sequence {x;} C R" is Cauchy if
Ve > 0,3N,Vm,n > N, ||xpm — X, <e.

Theorem C.6. A sequence {x;} C R"™ converges if and only if it is a
Cauchy sequence.

145
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C.4 Infinite Series

o0
Theorem C.7. If > a, converges, then lim a, = 0.
n—0 n—00

o0
Theorem C.8. For a decreasing function f(z), > f(n) converges if and
n=1
only if [ f(z)dz is finite for some N > 0.
[e.e]
The theorem above implies > # converges and the Harmonic Sum
n=1

= +o00.

02
S|=
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